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This paper presents a new method for synchronizing between two fractional order chaotic systems in the si-
multaneous presence of three categories including uncertainty, external disturbance and time-varying delay.
The uncertainties considered in chaotic drive and response systems are on the nonlinear functions, the exter-
nal disturbances are finite with unknown upper bound, and the delays in the nonlinear functions are 1- variable
with time 2- unknown and 3- different from each other in two drive and response systems. A new hybrid method
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based on fuzzy, adaptive and robust techniques is proposed to achieve synchronization for a specific class of
fractional order chaotic systems. The fuzzy method is used to estimate the effects of uncertainties and delayed
functions, the adaptive method is employed to obtain the optimal weights of the fuzzy approximator as well
as the estimation for upper bound of disturbances, and the robust method is performed to ensure the stability
of synchronization and also to cover the errors of both fuzzy and adaptive methods. Simulation in MATLAB
environment shows the efficiency of the proposed method in achieving the synchronization goal despite the

problems of delay, disturbance and uncertainty.

KEYWORDS. Uncertainty; external disturbance; time-varying delay; synchronization; fractional order chaotic

system.

1. Introduction

Most physical systems are nonlinear in nature and
exhibit complex dynamic behaviors. One of these non-
linear phenomena is chaotic systems whose behavior
is strongly influenced by the initial values and is abun-
dant in chemical reactions, lasers, electronic circuits,
as well as in natural phenomena such as the solar sys-
tem, air and so on. Due to the nature of chaotic systems,
they are widely used in various fields such as encryp-
tion, secure data transfer, etc. [20, 21, 35, 25,12].

One of the fields of research related to chaos theory
is fractional order systems [9]. Many chaotic systems,
such as Lorenz [34], Chen [18], etc. [11] exhibit frac-
tional-order dynamic behavior. Due to the fact that
fractional order systems operate more accurately
than the integer order type, they are able to describe
and model operating systems more accurately and
also have a wide range of applications from signal and
image processing to automation and robotics control,
quantum [4, 15, 24]. Therefore, the chaos theory needs
to be further evaluated and developed in this area.

Various researches have been done in relation to frac-
tional order chaotic systems (FOCSs) and numerous
methods have been planned to control, stabilize and
synchronize them. Given the importance of synchroni-
zation [37], which offers tremendous potential for cha-
otic systems in the areas of secure communication, sig-
nal encryption, and fault diagnostics [7, 8, 17], and note
that the synchronization of fractional-order systems is
more intricate than integer order systems, the synchro-
nization issue of FOCSs is considered in this paper.

To date, several methods have been proposed to
achieve synchronization between two chaotic systems,
and various control methods have been used for getting
the purpose. These methods provide the various types

of synchronization, including complete, projective,
and lag synchronization [13, 32, 36] using various con-
trol methods such as adaptive [31], fuzzy [29], active
[5], passive [16], sliding mode [1] and the like. How-
ever, there are still fundamental challenges that need
to be addressed. The challenge of time delay is a very
important issue in chaotic systems like most physical
systems. This delay occurs due to the transfer of data,
energy or materials and sometimes leads to plant in-
stability. Despite the extensive studies in the field of
stability analysis on the issue of synchronization of
FOCSs in the presence of time delay, there is still a
critical issue, especially when the delay in the system
varies with time and is unknown. Another challenge in
synchronizing the fractional chaotic systems is the is-
sue of external disturbance. Despite the variety of syn-
chronization methods for integer-order chaotic sys-
tems in the presence of disturbances, limited studies
have been conducted in the field for fractional-order
systems, and at least it can be said that disturbances
with unknown upper boundaries are rarely considered.
The next challenge that has been considered in this
study is the discussion of the existence of uncertainty.
The existence of any kind uncertainty strongly affects
the synchronization process and it is necessary to find
the appropriate measures foe ensuring the stability of
the synchronization method.

Considering the mentioned challenges, which in-
clude 1- existence of disturbance with unknown upper
bound, 2- existence of uncertainty in the system mod-
el and 3- existence of unknown time-varying delay,
this paper presents a new method for synchronizing
a certain class of FOCSs. The upper limit of external
disturbance is considered unknown and not only there
is uncertainty as the parametric type, but also on the



Information Technology and Control

functions. In addition, there are unknown time-vary-
ing delay in drive and response systems that make
it more difficult to achieve the synchronization goal
and they are considered simultaneously with external
disturbances and uncertainties in this study. Due to
the appropriate efficiency of fuzzy, adaptive and slid-
ing mode methods in different applications [4, 28], an
innovative robust control scheme is proposed to syn-
chronize the fractional drive and response systems
that combines the above techniques. The fuzzy method
is used to estimate the effects of uncertainty and delay
in the model, and the adaptive method gives the opti-
mal gains for fuzzy method, in addition, approximates
the upper limit of the disturbance. Finally, the sliding
mode method makes it possible to achieve robust syn-
chronization and overcome the shortcomings of both
fuzzy and adaptive techniques. As many articles [30],
stability is guaranteed using the Lyapunov criterion.

Accordingly, this paper has been compiled as follows:
In the second part, an introduction is given to frac-
tional relations and fuzzy approximation calcula-
tions, and the third part describes the chaotic system
class and the innovative synchronization method. In
the fourth section, the simulation results are given by
applying the proposed method to the fractional cha-
otic system. Finally, the conclusion of the article is
presented in the fifth section.

2. Introduction to Fractional
Relations and Calculations and
Description of Fuzzy Approximator

In this section, some definitions and relations of frac-
tions and necessary lemmas are given at first and then
the fuzzy approximator is described.

2.1. Introduction to Fractional Calculations

Definition 1. [6]. The fractional integrator and deriv-
ative operators are as follows:

q°
dt” ,a>0

Di=4¢ 1 ,a=0, @
’ ,a <0
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where o is a complex number that represents the frac-
tional order.

Definition 2. [2]. Equation (2) shows the fractional
order integral of Riemann-Liouville type for function
foforder a

1

The t, corresponds to the initial time and the function
I'(0) is defined as follows:

I'(a)= J‘e’tt“'ldt, ®)
0

where a indicates the operator of the Gamma function.

Definition 3. [3]. Equation (4) shows the fractional
order derivative of Riemann-Liouville type for func-
tion fof order « (n—1<a <nn eN)

_df()
dt”

1d g f()
F(n—a) dt" {(t_r)an+l dr.

tODzaf‘(t)
@

17

Definition 4. [26]. Equation (5) shows the Caputo
fractional derivative for the continuous function f(¢)
of order «

1 j- f(”’)(r)
F(m_a)tu (I—Z')a_n+l ,
d"f(t) ®)
dt"

D} f(1)=

m-l<a<m,

a=m

where m is the first integer greater than a.
Remark 1
According to definitions (3) and (4), the Caputo frac-

tional derivative of a constant integer is zero, while the
Riemann-Liouville fractional derivative is not zero.

Facts
1- For a = m, the function of Dtmf(l) is the same as

df" (1)

dar
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2- For o= 0, the function of D/ f (t) is as follows:

DU/ (1)=1(1) ®

3- The following linear condition is established for
the Caputo fractional order derivative, and accord-
ingly all calculations are performed in terms of the
Caputo derivative in this paper:

D[ f(t)+g(t)|=Dr 1 (¢)+Dr (). @

4- The following equation is established for the prod-
uct of Caputo fractional derivatives of the function g(t):

DDl g(t)=D""g(1)- @®

The a and f represent two fraction orders.

The following is a summary of the two lemmas used to
design a synchronization method.

Lemma 1. [14]. Consider a fractional non-autono-
mous system of form (9) where x = 0 is the equilibri-
um point.

D"x=f(x,t), ©)

where x = 0 and f(x, t) satisfies the Lipchitz condition
with afactor of I > 0. Assuming positive gains for a,, a,,
o, and a, there exists a Lyapunov function that satis-
fies the following condition

ax* <V (t,x)<ax (10)

V(t,x)<-apx. (D

Then, the system is asymptotically stable and this is val-
id for both Caputo and Riemann-Liouville definitions.

Lemma 2. [22]. The following inequality holds for
x, eRi=,..,n0<g<l

q

(bl b+t b ) <+, (12)

2.2. Overview of Fuzzy Approximator

A Fuzzy system is specified as a system that provides
an outline from the input vector to output vector:
x = y, where x=[x,,...,x, ] €X,x..xX, cR",yeR.
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The fuzzy system has an integrated fuzzification,
Gauss membership function, product inference, and
principal mean defuzzification, the i,, rule of the fuzzy
logic system is as follows:

Rulei:ifx;is Fyy, x,is F,,, theny = w;, where i = 1,..., m,
m indicates how many fuzzy logic rules there are, w,w,
shows the i, fuzzy law, F,(j = 1,..., n) indicates a fuzzy
collection in the world of discourse X,. Gauss function
is as membership function

i fo)e v

where a;;and b, are design components.

To realize the fuzzy system, one should combine the
fuzzy rules one after the other, i.e.

Z,-mzlwi( :J‘Ef(xj))
>0 (T 0f (%))

wh=[w,...,w,] (15)

> m

y(x)=

Dx = f(x,t) (14)

P(x)z[pl(x),pz(x),...,pm (x)]r @6)

», (.X?) _ j‘:l’uE'f (xj)

> (T k8 ()

By determining a constant value for membership
function, (i.e. a; and b, constant), and describing the
fuzzy rule w, as a variable component, we have

an

y(x) = WTP(x), (18)

where P(x) is a fuzzy basis function vector and W is
component vector.

There exists a fuzzy system y'(x) for each real contin-
uous function y(x) in the set X < R" and also for each
real number ¢ > 0, that satisfies sup |y (x) - y(x)| <&, s0
using the fuzzy system to estimate a continuous func-
tion y(x) is offered as follows:

f(x) = W*TP(x) + Af(x), 19

where Af(x) contents Af(x) < ¢ [10].
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3. The Proposed Method for
Synchronization of Two Disturbed
Uncertain Chaotic Systems of
Fractional Order in the Presence of
Unknown Time-Varying Delay

In this paper, two n-dimensional disturbed uncertain
FOCSs are considered as the drive and response systems.
The drive fractional chaotic system is defined as [33]

Dx, = f,(x,t)+ 12(3‘ x—1/'(t)1 )+Af(x) (1)
Dx, =f,(x, )+f22(x,x—r2 (1).t )+Af2 x)+d;(1)

, (x)ve(
Dx, =f,(x.t)+ f,(x.x=7(t).t) + AF, (x) + (),

(20)

where o € (0, 1) denotes the fractional order of sys-
tem, 2(¢) = [x,, x,,..., x,]” € R" is the states of the system
fulx, ©) € R, i =1, 2,.., n states a specified nonlin-
ear function of ¢ and x. The f,(x, x - 7 (), t) € R,
i =1, 2,.., n is a definite nonlinear function of the
states x and time ¢ and the delayed states in which
7(t) represents the unknown time variant delay. The
Af(x) € R,i=1,2,..,ndetermines the unknown para-
metric uncertainties and d”(¢) € R, i = 1, 2,..., n is the
unknown bounded disturbances.

There is the following assumption regarding the drive
system.

Assumption 1. Suppose that disturbances are in the
following form.

d’ (t)|£D,m.i=1,...,n, (21)

where D"i=1,...,n are unknown positive constant
values. The equations of the response system are also
in the following form:

+ul(t)

HORAU)

bayn :gn](y’t)+gn2(y’y_z. (t),t)-&-Agn( )+dé( ) (t)’

Daylzg“(y, )"‘glz(yay z'1 ) )+Ag1
D"y, = gy (3:t)+ gl y:y = 72(1) 1) + Ay )

where y(®) = [y,, Yy, Y,]7 € R" signifies the states
vector, g,(y, t) € R, i =1, 2,..., n determines nonlinear
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function of t and y that is known. g,,(y, y - 75(¢), t) € R,
i =1, 2,.., nis a definite nonlinear function of the
states y and time ¢t and the delayed states in which
73 (t) represents the unknown time variant delay. The
Ag,(y) €R,i=1,2,..,nindicates the unknown paramet-
ric uncertainties, u,(t) € R, i = 1, 2,..,, n is the control
signal and d¢(t) € R, i = 1, 2,..., n implies the unknown
bounded disturbance.

There is the following assumption regarding the re-
sponse system.

Assumption 2. Suppose that disturbances are in the
following form.

(1) <Dli=1,...n

where D/.i=1,...,n are unknown positive constant
values. According to the drive and response systems,
the synchronization error vector is defined as

€=Y,-x,1=1,..,n. (24)

Using dynamics Equations (20) and (22), the syn-
chronization error becomes as

D¢ —gn(%t) fll(xrt)"'glz(yy Tlg(t) ) flz(x,x—z'l'"(t),t)
+Ag1( ) 1(x +dy ) dm( )+“1(t)
De, = gZ] > )_le ,t)+g22( y—T;(t),t)—fzz(x,x—‘L’é"(t),t)
+Agz( )= () +3 (1) =dy (1) +uy (1)

=g (yt)~fu(xt)+ gn(y.y-1,

t),) nz(xx 7)'(¢), t)
+Ag,1() A, (x)+d, (1) =dy' (1) +u, (¢).

(25

One can rewrite the error system (25) as follows:

D =h,(x,y,t)+h, (x,y,x—rl.’" (1),y-7 (t),t)+

A (x,y)+d, (1) +u, () (26)

where

By (%, 1) = gll(y») (xat
h, (x y,x—1! ( 7 (¢ ,t)=
&y ) ( xx =7 (1).1)
Al (x,y)=A ()
d,.(t):dj() dim( )
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Assumption 3. Error dynamics disturbances are in
the following form.

|dl. (t)|£D.,i:1,...,n, (28)

where D, i = 1,..,n are unknown positive constant values.

Theorem 1. Consider error system (26). This system
can be stabilized with the following control signal

u, =—h, (x,y,t)—ke —1 sign(e)—

W!B(x,y)~D,tanh (ij. “
7;

As a result, the two systems (20) and (22) are syn-
chronized and the error will be zero between the two
response and drive systems.

e=y,-x,=0. (30)

Proof

Consider the following non-negative function as Lya-
punov’s candidate:

> (31

where ﬁ[ =D, —D, and D, is the estimation for distur-
bances upper bound, and W, is defined as follows:

W, =W, ~W, @2

where W, is the weights of fuzzy approximator and W,
indicates the estimation for the weights of fuzzy ap-
proximator. Derived from Equation (31) gives

ZDee—Z::/%W Wi- 2 D

ei(h“(x,y,t)+h[2(x,y,x —r{"(t),y—z’f(t),t) .

V)= n o
) Z‘ +Ah(x,y )+d, (z)+ui(t)—/%W.TW,~—D.D,-

By defining the following function:

0, (0, y,0) =hy, (0, y, 6 -7, y - 55@©), 1) +Ah, (x,y). (34

2022/2/51

Equation (33) is rewritten as follows:

n

V(t)zz{ei(hil(xay’t)“L("f(x’y’t)“Ldi(t)+

i=1
. . (35)
U (t))_%W;T Vf/i_bi Dl:|

i

The function ¢, (x,y, t) can now be rewritten as follows
using a fuzzy approximator.

0 (,y,0) = WiP(x,y) +¢; (36)

It is obtained by placing (36) by (35)

V(1) Ze hy(x,y,0)+ WP (x,y)+¢& +

¢@ym4)—%mﬁ%—ubp

i
7

By selecting the control signal as follows:
u, (1) =—h, (x,y.1)— ke —1 sign(e, ) -

VIA/,TPI( y)- Dtanh[ J
77;

where 7,is the design parameter. k; and [, are also con-
troller gains. Obtained by placing (38) by (37)

~ke] —lesign(e,)+eW P (x,y)+ee
V()= . o '
() 12:1: +e,d,(t)—Die, tanh[e—"j—%W[TW[—

77; i

(39

With mathematical simplification, Equation (39) is
rewritten as follows:

—k,e! —1.e,sign (e,) +VI/~,.T[e[E(x ,y)——iiWA ,j

n
i=1

~ A

te,&, +e,d, (t)~D,e, tanh (e—"j—Di D,
7;
(40)

By selecting the adaptive law for fuzzy system weights
as follows:
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= he(v5) @

Equation (40) is rewritten as follows:

V(t)= Z{—kief —le sign(e)+ee +ed (1)

. (42)
ﬁieitanh(ﬁj—biﬁi .
m;
Let us now simplify the Equation (42)
—k,el —le, sign (e, )+ec +ed, (t ( )
Vit)= .
1) ; —D,e, tanh (e,.] D.e, tanh -D, D;
7;
1
—k.e l|e|+ —e, +2£l+|e |D
<
=" —D.e, tanh[eij D, (e tanh
m:
43)

According to inequality 0 < |x| — xtanh (ﬁj <0.2785u

[23], the above equation becomes

n

V(t)< Z[ (k,-0.5)e l|e|+ g+

i=1

0.2785n,D, + D, [el.tanh [ij -D; J:l .
m;

By selecting the adaptive law to estimate the upper
bound of disturbances as follows:

D; = etanh (ij. (45)
m;

Itis obtained

(44)

V(r)< Z[ (k,—0.5)e’ Z|e|+ &} +0.2785n,D, }

i=l1
(46)

By defining

2022/2/51

1
o = ng +0.2785L.D,, 7

we have

V(0)< 3 [~(k~0.5)e 1 fe|+0, ] e

i=1

Integrate Equation (48) on the span € [0, T

r(r)-r

U [(k,=0.5)¢] +1 |e|]d., ja,.dé}
i=1 0 0

(49)

Considering V(T) > 0 the following is achieved:

n.T[ k. — ()Se+l|e|]
10

i=

According to Equation (50), it is known that the
closed system is stable and ultimately bounded by
applying control law (38) and adaptive laws (41) and
(45). As a result, synchronization of the two systems
is guaranteed and the error between the two drive and
response systems will be zero.

4. Numerical Example

Simulation in MATLAB environment has been used
to show the capability of the proposed method. The re-
cently introduced Fei Yu and Chunhua Wang chaotic
system with exponential term as anon-linear part has
been used to implement the innovative synchroniza-
tion method. The system definition is as follows:

Xza(y—x)
y=bx—cxz (5D
—dz-

Its parameters are a = 10, b = 40, ¢ = 2, d = 2.5, their
phase portraits are shown in Figure 1.

The fractional equations of the chaotic system are:
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d®x
=aly—x
e =aly-x)
d y=bx—cxz (52)
dt”
dZ=exy—dZ.
dt®

With the values of a =10,b=40,c=2,d = 2.5 and a as
the fractional order, the phase portrait representation
of this system is shown in Figure 2.

By entering uncertainties, disturbances and delay to
system (52), the drive system is in the following gen-
eral form:

d” m "

dtfl = alox, = (1= (1)) + &% (x) +d7" (1)

dd;z = bx, —oxx, + A, (x) +d2 (1) (53)
da X)X m '
dTi%=elz —dx, (t—fz (t))+Af3 (x)+dy (¢),

where parametric uncertainties and external distur-
bances for the drive system are defined as follows:

Af; (x)=0.25c0s(6t)x,
A, (x)=-0.2cos(2t)x, (54)
Afy(x)=0.15sin(37)x,

d" (t)=-0.15sin(r)
dy (t)=0.1sin (3¢ (55)
d;' (t)=0.2cos(5¢).

The response system is as follows:

da

a3 (171 () g, ()4 (040, 1)
d” ‘

d;:z =by, —cyy, +Ag, (v)+d; (1) +u, (1)

% =" —dy, (t—rg (t))+Ag3 ()+d; (¢)+uy (1),

(56)

where parametric uncertainties and external distur-
bances for the response system are defined as follows:

Figure 1
Phase portraits of chaotic system (51)

- N w IS o

. 4 o
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Figure 2
Display of phase portraits for innovative FOCS (52)
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Ag, (y)=-0.25sin(4t) y,
Ag, (v)=0.1cos(t) y, ®7)
Ag,(y)=0.25sin(4t) y,

d; ()=0.1sin(7¢)
d; (1)=0.15cos(3¢) (58)
d; (1)=—0.15sin(5¢).

u, (1), u,(t) and u,(t) are the control signals obtained
from Equation (38) to achieve synchronization be-
tween the drive and response systems. The error be-
tween the states are defined as follows:

e =n"n~-
G=h—X% (59)
& =) =X

The error dynamics between the two chaotic systems
is obtained as follows:

d(Z

d_“el: (ez+yl(t z( )) xl(t 7" ( ))

—0.25sin (4t )y, —0.25cos (67) x,+0.1sin (7¢)+0.15sin(¢) +u,

dlZ

d a

+0.2cos(2¢)x, +0.15cos(3¢) - 0.1sin (3¢) +u,

d"e $ m X2Y2 Sl

dt"3 :—d(y3(t—z'2 (t))x3(t—1'2 (t)))+e 7"

+0.25sin (41 )y, —0.15sin(37) x,— 0.15sin (5¢) — 0.2 cos (5¢) +us.
(60)

=be,—c(y,y; —x.x;)+0.1cos(1) y,

Now by setting the initial values as «x,(0) = 3, y,(0) = 1,
2,(0) =4 for the drive system and «,(0) = 6.2, y,(0) = -14,
2,(0) = 2 for the response system and selecting the con-
troller parameters as

k, =500, k, = 500,k, = 500
I, =500,1, =500,1, =500
n, =0.01,77, =0.01,77, = 0.01
2,=0.01,4,=0.01,2 =0.01.

(6D)

The next step is selecting nine membership functions
for fuzzy approximator to estimate nonlinear func-
tions as follows:
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P(x)=e"" ) i=12,..,9. (62)
The results of the implementation of the proposed
method on the chaotic fractional system are shown in
Figures 3-10.

According to the main function of the proposed syn-
chronization method, which covers the variable time
delay in different ways in both response and drive sys-
tems simultaneously with disturbance and uncertain-
ty, profiles for these delays are shown in Figures 3-6.
To examine the ability of the proposed method in more
depth, these four different profiles are considered for
variable delays with time 7J"(¢), 73*(t), 7{(t) and 75(t).

Figure 3
The time delay (z7"(¢))
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Figure 4
The time delay (z7'(¢))
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Figure 5
The time delay (z:(2))
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Figure 6
The time delay (z3(t))
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Figure 7 shows the synchronization error resulting
from the implementation of the proposed method. As
it turns out, after a very limited time of about 0.005s,
the two drive and response systems exhibit exactly
the same behavior. Also for better evaluation, the er-
ror value based on different criteria Integral Square
Error (ISE), Integral Time Square Error (ITSE), In-
tegral Absolute Error (IAE) and Integral Time Ab-
solute Error (ITAE) is given in Table 1. By showing
the behavior of each state in both drive and response
systems, this synchronization is shown in more detail
in Figures 8-10. Figure 8 shows the behavior of x,, y,,
Figure 9 shows the behavior of x,, y, and Figure 10
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The display of synchronization errors (e,, e, e,) between

drive and response systems
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Figure 9
The time-domain display of signal (x,, y,) for drive and
response systems

3
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Table 1
The error value based on different criteria
Error ISE ITSE IAE ITAE
e, 0.0031 7.62e-4 0.0257 0.1505
e, 0.0012 5.32e-5 0.0127 0.0408
e, 0.0032 0.001 0.0395 0.1933
Figure 8

The time-domain display of signal (x,, y,) for drive and
response systems
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shows the behavior of x,, y, in both drive and response
systems. The tracking quality of each drive states by
the response states is quite evident in these figures.
In general, the simulation shows that the proposed
method is well able to synchronize two FOCSs in the
presence of external disturbances, uncertainties and
unknown time-varying delays.
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5. Conclusion

In this paper, a new method is presented for synchro-
nizing chaotic systems of fractional order. Three issues
affecting the synchronization of the chaotic system in-
cluding external disturbances, uncertainties and time
delays were considered simultaneously. External dis-
turbances were limited but with unknown boundaries,
uncertainties could be non-parametric and in addition
delay was considered as variable over time, which of
course could have unknown boundaries and different

References

1. Aghababa, M. P. Robust Stabilization and Synchroniza-
tion of a Class of Fractional-Order Chaotic Systems via
a Novel Fractional Sliding Mode Controller. Communi-
cations in Nonlinear Science and Numerical Simula-
tion, 2012, 17(6), 2670-2681. https://doi.org/10.1016/j.
cnsns.2011.10.028

2. Aghababa, M. P. Design of a Chatter-Free Terminal
Sliding Mode Controller for Nonlinear Fractional-Or-
der Dynamical Systems. International Journal of Con-
trol, 2013, 86(10), 1744-1756. https://doi.org/10.1080/0
0207179.2013.796068

3. Aghababa, M. P. Finite-Time Chaos Control and Syn-
chronization of Fractional-Order Nonautonomous
Chaotic (Hyperchaotic) Systems Using Fractional
Nonsingular Terminal Sliding Mode Technique. Non-
linear Dynamics, 2012, 69(1), 247-261. https://doi.
org/10.1007/s11071-011-0261-6

4. Ahmad, B., Alghanmi, M., Alsaedi, A., Agarwal, R. P.
Nonlinear Impulsive Multi-Order Caputo-Type Gen-
eralized Fractional Differential Equations with In-
finite Delay. Mathematics, 2019, 7(11), 1108. https://doi.
org/10.3390/math7111108

5. Bhalekar, S., Daftardar-Gejji, V. Synchronization of Dif-
ferent Fractional Order Chaotic Systems Using Active
Control. Communications in Nonlinear Science and
Numerical Simulation, 2010,15(11), 3536-3546. https://
doi.org/10.1016/j.cnsns.2009.12.016

6. Calderdn, A.J.,, Vinagre, B. M., Feliu, V. Fractional Order
Control Strategies for Power Electronic Buck Convert-
ers. Signal Processing, 2006, 86(10), 2803-2819. https://
doi.org/10.1016/j.sigpro.2006.02.022

7. Chenglin, Z., Xuebin, S., Songlin, S., Ting, J. Fault Diag-
nosis of Sensor by Chaos Particle Swarm Optimization

2022/2/51

forms on drive and response systems. To achieve syn-
chronization, a hybrid control method proposed which
included the fuzzy, adaptive and sliding mode tech-
niques. Finally, the simulation in MATLAB environ-
ment showed the ability of this controller to achieve
the goal of synchronizing two fractional order chaos
systems in the shortest time. Optimizing the control
signal and considering the constraints on it can be a
very good way to complete and develop this study.

Algorithm and Support Vector Machine. Expert Sys-
tems with Applications, 2011, 38(8),9908-9912. https://
doi.org/10.1016/j.eswa.2011.02.043

8. Dong, S., Zhu, H., Zhong, S., Shi, K., Liu, Y. New Study
on Fixed-Time Synchronization Control of Delayed
Inertial Memristive Neural Networks. Applied Mathe-
matics and Computation, 2021, 399, 126035. https://doi.
org/10.1016/j.amc.2021.126035

9. Fernandez, A, Baleanu, D., Srivastava, H. M. Series Rep-
resentations for Fractional-Calculus Operators Involving
Generalised Mittag-Leffler Functions. Communications
in Nonlinear Science and Numerical Simulation, 2019, 67,
517-527. https://doi.org/10.1016/j.cnsns.2018.07.035

10. Garrappa, R. Numerical Solution of Fractional Differ-
ential Equations: A Survey and a Software Tutorial.
Mathematics, 2018, 6(2), 16. https://doi.org/10.3390/
math6020016

11. Gupta, S., Srivastava, S., Varshney, P. Fractional Order
Chaotic Systems: A Survey. In 2017 International Con-
ference on Computing, Communication and Automa-
tion (ICCCA), 2017, (pp. 1109-1113). IEEE. https://doi.
org/10.1109/CCAA.2017.8229962

12. Jia, Q. Hyperchaos Generated From the Lorenz Chaotic
System and Its Control. Physics Letters A, 2007, 366(3),
217-222. https://doi.org/10.1016/j.physleta.2007.02.024

13. Jiang, C., Zada, A., Senel, M. T., Li, T. Synchronization
of Bidirectional N-Coupled Fractional-Order Chaotic
Systems with Ring Connection Based On Antisymmet-
ric Structure. Advances in Difference Equations, 2019,
2019(1), 1-16. https://doi.org/10.1186/s13662-019-2380-1

14. Khamsuwan, P, Kuntanapreeda, S. A Linear Matrix In-
equality Approach to Output Feedback Control of Frac-



15.

16.

17.

18.

19.

20.

2L

22.

23.

24.

Information Technology and Control

tional-Order Unified Chaotic Systems with One Control
Input. Journal of Computational and Nonlinear Dy-
namics, 2016, 11(5). https://doi.org/10.1115/1.4033384

Khan, U,, Ellahi, R., Khan, R., Mohyud-Din, S. T. Ex-
tracting New Solitary Wave Solutions of Benny-Luke
Equation and Phi-4 Equation of Fractional Order by
Using (G'/G)-Expansion Method. Optical and Quantum
Electronics, 2017, 49(11), 1-14. https://doi.org/10.1007/
s$11082-017-1191-4

Kuntanapreeda, S. Adaptive Control of Fractional-Or-
der Unified Chaotic Systems Using A Passivity-Based
Control Approach. Nonlinear Dynamics, 2016, 84(4),
2505-2515. https://doi.org/10.1007/s11071-016-2661-0

Li, C,, Qu, L. Applications of Chaotic Oscillator in Ma-
chinery Fault Diagnosis. Mechanical Systems and
Signal Processing, 2007, 21(1), 257-269. https://doi.
org/10.1016/j.ymssp.2005.07.006

Lu, J. G, Chen, G. A Note on the Fractional-Order Chen
System. Chaos, Solitons & Fractals, 2006, 27(3), 685-
688. https://doi.org/10.1016/j.chaos.2005.04.037

Luo, J., Li, M,, Liu, X., Tian, W., Zhong, S., Shi, K. Sta-
bilization Analysis for Fuzzy Systems with a Switched
Sampled-Data Control. Journal of the Franklin In-
stitute, 2020, 357(1), 39-58. https://doi.org/10.1016/j.
jfranklin.2019.09.029

Ma, J., Li, F., Huang, L., Jin, W. Y. Complete Synchro-
nization, Phase Synchronization and Parameters Es-
timation in a Realistic Chaotic System. Communica-
tions in Nonlinear Science and Numerical Simulation,
2011, 16(9), 3770-3785. https://doi.org/10.1016/j.cn-
s1ns.2010.12.030

Ma, J,, Zhang, A. H., Xia, Y. F., Zhang, L. P. Optimize De-
sign of Adaptive Synchronization Controllers and Pa-
rameter Observers in Different Hyper Chaotic Systems.
Applied Mathematics and Computation, 2010, 215(9),
3318-3326. https://doi.org/10.1016/j.amc.2009.10.020

Maligranda, L. Some Remarks on the Triangle In-
equality for Norms. Banach Journal of Mathematical
Analysis, 2008, 2(2), 31-41. https://doi.org/10.15352/
bjma/1240336290

Polycarpou, M. M., Ioannou, P. A. A Robust Adaptive
Nonlinear Control Design. In 1993 American control
conference, 1993, (pp. 1365-1369). IEEE. https://doi.
org/10.23919/ACC.1993.4793094

Sohail, A., Magbool, K., Ellahi, R. Stability Analysis
for Fractional-Order Partial Differential Equations by
Means of Space Spectral Time Adams-Bashforth Moul-
ton Method. Numerical Methods for Partial Differential

25.

26.

27.

28.

29.

30.

3L

32.

33.

34.

2022/2/51

Equations, 2018, 34(1), 19-29. https://doi.org/10.1002/
num.22171

Strogatz, S. H. Nonlinear Dynamics and Chaos with
Student Solutions Manual: With Applications to Phys-
ics, Biology, Chemistry, And Engineering, 2018, CRC
Press. https://doi.org/10.1201/9780429399640

Sweilam, N. H., Khader, M. M., Al-Bar, R. F. Numerical
Studies for a Multi-Order Fractional Differential Equa-
tion. Physics Letters A, 2007, 371(1-2), 26-33. https://
doi.org/10.1016/j.physleta.2007.06.016

Tripathi, D., Pandey, S. K., Das, S. Peristaltic Flow of
Viscoelastic Fluid with Fractional Maxwell Mod-
el Through a Channel. Applied Mathematics and
Computation, 2010, 215(10), 3645-3654. https://doi.
org/10.1016/j.amc.2009.11.002

Wang, J., Zhu, P, He, B, Deng, G., Zhang, C., Huang, X.
An Adaptive Neural Sliding Mode Control with Eso for
Uncertain Nonlinear Systems. International journal of
control, automation and systems, 2021, 19(2), 687-697.
https://doi.org/10.1007/s12555-019-0972-x

Wang, R., YunNing, Z., Chen, Y., Chen, X,, Lei, X. Fuzzy
Neural Network-Based Chaos Synchronization for a
Class of Fractional-Order Chaotic Systems: An Adap-
tive Sliding Mode Control Approach. Nonlinear Dynam-
ics, 2020, 100(2), 1275-1287. https://doi.org/10.1007/
$11071-020-05574-x

Xie, W., Zhang, R., Zeng, D., Shi, K., Zhong, S. Strictly
Dissipative Stabilization of Multiple-Memory Markov
Jump Systems with General Transition Rates: A Novel
Event-Triggered Control Strategy. International Jour-
nal of Robust and Nonlinear Control, 2020, 30(5), 1956-
1978. https://doi.org/10.1002/rnc.4856

Yan, B, He, S., Wang, S. Multistability in a Fraction-
al-Order Centrifugal Flywheel Governor System and
Its Adaptive Control. Complexity, 2020. https://doi.
org/10.1155/2020/8844657

Yang, L. X., Jiang, J. Complex Dynamical Behavior and
Modified Projective Synchronization in Fractional-Or-
der Hyper-Chaotic Complex Lii System. Chaos, Solitons
& Fractals, 2015, 78, 267-276. https://doi.org/10.1016/j.
chaos.2015.08.006

Yu, F., Wang, C. A Novel Three Dimension Autono-
mous Chaotic System with a Quadratic Exponential
Nonlinear Term. Engineering, Technology & Applied
Science Research, 2012, 2(2), 209-215. https://doi.
org/10.48084/etasr.86

Yu, Y., Li, H. X,, Wang, S., Yu, J. Dynamic Analysis of A
Fractional-Order Lorenz Chaotic System. Chaos, Soli-



35.

36.

Information Technology and Control

tons & Fractals, 2009, 42(2), 1181-1189. https://doi.
org/10.1016/j.chaos.2009.03.016

Zhan, T. S., Chen, J. L., Chen, S. J., Huang, C. H,, Lin, C.
H. Design of A Chaos Synchronisation-Based Maximum
Power Tracking Controller for A Wind-Energy-Conver-
sion System. IET Renewable Power Generation, 2014,
8(6), 590-597. https://doi.org/10.1049/iet-rpg.2013.0268

Zhang, W., Cao, J., Wu, R., Alsaadi, F. E., Alsaedi, A. Lag
Projective Synchronization of Fractional-Order De-

37.

38.

2022/2/51

layed Chaotic Systems. Journal of the Franklin Insti-
tute, 2019, 356(3), 1522-1534. https://doi.org/10.1016/j.
jfranklin.2018.10.024

Zhao, C.,, Zhong, S., Zhang, X., Zhong, Q., Shi, K. Nov-
el Results on Nonfragile Sampled-Data Exponential
Synchronization for Delayed Complex Dynamical Net-
works. International Journal of Robust and Nonlinear
Control, 2020, etc. https://doi.org/10.1002/rnc.4975

38.30(10), 4022-4042.

This article is an Open Access article distributed under the terms and conditions of the Creative
Commons Attribution 4.0 (CC BY 4.0) License (http://creativecommons.org/licenses/by/4.0/).



