
Information Technology and Control 2020/3/49320

A WIP Vehicle Control Method 
Based on Improved Artificial 
Potential Field Subject to 
Multi-Obstacle Environment

ITC 3/49
Information Technology  
and Control
Vol. 49 / No. 3 / 2020
pp. 320-334
DOI 10.5755/j01.itc.49.3.25477

A WIP Vehicle Control Method Based on Improved Artificial Potential Field 
Subject to Multi-Obstacle Environment 

Received 2020/03/11 Accepted after revision 2020/05/30

    http://dx.doi.org/10.5755/j01.itc.49.3.25477 

HOW TO CITE: Ning, Y., Yue, M., Guo, L., Zhao, J. (2020). A WIP Vehicle Control Method Based on Improved Artificial Potential Field 
Subject to Multi-Obstacle Environment. Information Technology and Control, 49(3),  320-334. https://doi.org/10.5755/j01.itc.49.3.25477

*Corresponding author: yueming@dlut.edu.cn

Yigao Ning
School of Automotive Engineering, Dalian University of Technology, Dalian 116024, China

Ming Yue*
School of Automotive Engineering, Dalian University of Technology, Dalian 116024, China; 
State Key Laboratory of Robotics and System, Harbin Institute of Technology, Harbin 150001, China

Lie Guo, Jian Zhao
School of Automotive Engineering, Dalian University of Technology, Dalian 116024, China

This paper presents a control method for a WIP vehicle in multi-obstacle environment based on the improved arti-
ficial potential field. Firstly, an improved artificial potential field (IAPF) is developed, where a safe distance is intro-
duced to the existing repulsive potential field to solve the security issue, while the probable local minima caused by 
the obstacle around the target can also be eliminated simultaneously. Next, an obstacle avoidance controller is de-
signed based on the IAPF, where the nonholonomic constraint and underactuated characteristic of the WIP vehicle 
are fully considered, and the stability condition of the system is analyzed by means of the related control theory. 
Moreover, to further improve the control performance, a key parameter that play an important role in the controller 
is adjusted by taking advantage of fuzzy logic, and detailed analyses are given to demonstrate its necessity and effec-
tiveness. Finally, considering a motion environment that contains dense obstacles, narrow corridor and an obstacle 
near the target, numerical simulations are conducted to validate the proposed method, whose results indicate that 
the method has a good performance to control the WIP vehicle in multi-obstacle environment.
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1. Introduction
Wheeled inverted pendulum (WIP) vehicles, as a 
typical mobile robots, have become widely available 
and continuously attracted much attentions in recent 
decades, owing to their compact construction, high 
maneuverability, and low energy consumption char-
acteristics [3, 7, 15, 33, 38]. In the practical application 
process, such as home service, industrial production, 
transportation, space probe, etc., the WIP vehicle will 
inevitably encounter various obstacles, which seri-
ously influence the implementation of related tasks 
[2, 32, 40]. Moreover, the WIP vehicle subjects to the 
nonholonomic constraint between the wheels and 
ground due to the pure rolling motion [6, 11, 21, 34], 
and it is also a typical underactuated system that the 
number of control inputs is less than the degrees of 
freedom [8, 14, 29, 37], both of which make the control 
of the vehicle more difficult. Therefore, developing a 
control method for the WIP vehicle in multi-obsta-
cle environment not only has important theoretical 
meaning, but also has great practical significance.
To realize the better control performance of the WIP 
vehicle, plenty of valuable results have been carried 
out by many researchers. For example, dynamic sur-
face control [13] and nonlinear optimal control [17] 
are proposed to balance the vehicle body; terminal 
sliding mode control [11] and energy shaping [35] are 
developed to realize the forward motion control of the 
WIP vehicle; neural-adaptive output control [20] and 
robust model predictive control [36] are presented to 
achieve the trajectory tracking. Specifically, a suit-
able coordinates transformation is introduced in [5] 
to formulate the WIP model into a parametric strict 
feedback form based on the nonlinear model, and 
then an adaptive backstepping control method is ap-
plied to achieve output tracking of the WIP vehicle. In 
addition, to achieve fast positioning and maintain the 
balance of robot body simultaneously, Liang et al. [22] 
propose a time-optimal trajectory planning-based 
method for WIP robots on an inclined plane, where 
system state variables and their derivatives can be 
ensured in given ranges. Nonetheless, it is important 
to note that these methods are mainly focused on the 

control of WIP vehicles in barrier-free environment 
without consideration given to the vehicle control in 
obstacle environment. Furthermore, to avoid a single 
obstacle, a trajectory planning and tracking control 
scheme is proposed for the WIP vehicle in [27], by 
which the vehicle can get around the obstacle with a 
constant velocity and return to the established route 
ultimately. However, although the above studies have 
done much effort to the WIP vehicle control from sev-
eral aspects, the control in multi-obstacle environ-
ment is not involved and is still a challenging problem. 
For the general mobile robots control in a complex 
multi-obstacle environment, there are also abundant 
approaches presented in literature, such as potential 
field approach [4], elastic band approach [10], and dy-
namic window approach [28], etc. Especially, Khatib 
[16] proposes an artificial potential field (APF) ap-
proach, which has outstanding advantages of simplic-
ity, high-efficiency and smooth trajectory generation 
and has been widely used in obstacles avoidance of 
robots. Afterwards, to deal with the problem of goals 
nonreachable with obstacles nearby in traditional 
APF, new potential functions for mobile robots are 
proposed by taking the relative distance between the 
robot and the goal into consideration in [9]. To solve 
the potential field local minimum problem, Mabrouk 
et al. [23] propose a new extended APF by using dy-
namic internal agent states, which has been demon-
strated in problems with a single local minimum and 
a maze with multiple local minima. Furthermore, Sun 
et al. [30] propose an optimized APF algorithm for un-
manned aerial vehicle systems, which has been vali-
dated in quantitative test simulation models on Mat-
lab platform. Nevertheless, the robots in most of these 
studies are regarded as mass points and can generate 
acceleration along arbitrary direction, which are not 
satisfied by a practical WIP vehicle. Therefore, the 
above methods cannot complete the effective control 
of the WIP vehicle in multi-obstacle environment, 
which motivates this study.
Enlightened by the aforementioned literature, this 
paper proposes a control method based on improved 
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artificial potential field (IAPF) for the WIP vehicle 
in multi-obstacle environment. The main works and 
innovations are as follows: (1) a safe distance is in-
troduced to the traditional repulsive potential field to 
develop IAPF, by which the security issue can be ef-
fectively solved; (2) the obstacle avoidance controller 
for the WIP vehicle is designed based on IAPF, where 
the nonholonomic and underactuated characteristics 
are fully considered, and the stability condition of the 
system is analyzed in detail; (3) an adjustment ap-
proach based on fuzzy logic is proposed for a key pa-
rameter that plays an important role in the obstacles 
avoidance controller, hence the stability and efficien-
cy of the control method are both concerned.
The rest of the paper is organized as follows. The 
problem statement is introduced in Section 2, and the 
IAPF is presented in Section 3. Then the controller 
for obstacles avoidance of the WIP vehicle is designed 
in Section 4. Next, an adjustment approach based on 
fuzzy logic for a key parameter in the controller is pro-
posed in Section 5. After that, numerical simulations 
that consider multiple types of obstacles are conduct-
ed in Section 6 to verify the effectiveness of the pro-
posed method. Finally, some valuable conclusions are 
given in Section 7.

2. Problem Statement
The WIP vehicle is mainly composed of chassis, 
wheels, vehicle body, and other components [38], 
which can be described by the generalized coordinate 
vector q =[x, y, φ, θ]T, where x, y, φ, and θ represent the 
horizontal axis, vertical axis, steering angle, and tilt 
angle of vehicle body, respectively. Assume that there 
exists no slip between the wheels and the ground, and 
the pure rolling condition holds throughout, thus the 
vehicle satisfies the following nonholonomic con-
straint:
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sin cos 0x yϕ ϕ− =   .                                                  (1) 

Remark 1 The above constraint means the WIP 
vehicle can only move along the tangential direction 
of the present motion trajectory at any moment, and 
cannot generate acceleration along arbitrary 
direction, which is one reason that the common APF 
approach is unable to be applied in the control of 
WIP vehicles directly. 

Moreover, the dynamic model of the WIP vehicle 
can be formulated by Lagrangian modeling 
method, which can be further simplified based on 
the fact that θ remains in a small region, that is cos θ ≈1, 
sin θ ≈θ, and 2 0θ ≈ , as follows: 

12J r
d ωϕ τ=  ,                                                               (2) 

2 2 2 2
2

2 2

(4 )
2 2

v b b
v v

m J m L r m gL rx
J J

θ τ−
+ =  ,               (3) 

2 2

1 1 0
2 2v

b

gx
m L J J

θ θ+ − =

  ,                            (4) 

where τω=τr-τl, τv=τr+τl, , mv=I2/r2+mw+mc/2+mb/2,  
J1=I1+I3/2+I5/2+(mw+I2/r2)d2/4, J2=I4/2+I6/2+mbL2/ 
2, cos sinvx x yϕ ϕ= +   , and τl and τr are the 
control torques for the left and right wheels, 
respectively. More details about the derivation 
procedures of this model, the system 
dynamics, and related parameters, etc. can be 
found in [27, 38] and references therein, which 
are omitted here for simplicity. 

Remark 2 It can be seen from Equations (2)- (4) 
that there are only two control inputs τω and τv, 
but three motion freedoms φ, xv and θ. 
Specifically, the longitudinal motion freedom 
xv should be controlled by τv while the 
regulation of the tilt angle of vehicle body θ 
also depends on τv. This underactuated 
characteristic is the other reason that the 
common APF approach cannot be applied in 
the control of WIP vehicles directly. 

Therefore, assume the posture of the vehicle 
and the information of obstacles around the 
WIP vehicle can be obtained by related 
sensors, then the control problem of the 
vehicle in multi-obstacle environment can be 
described as follows: given an initial posture 
q0=[x0, y0, φ0, θ0]T, find proper control inputs τω 

and τv to make the vehicle reach the target 
posture qf=[xf, yf, φf, θf]T successfully, and at the 
same time avoid the obstacles in the 
environment without any collision. To solve 
the problem, this study intends to present a 
WIP vehicle control method based on 
improved artificial potential field, as shown in 
Figure 1, which will be developed in the 
following. 
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J1=I1+I3/2+I5/2+(mw+I2/r2)d2/4, J2=I4/2+I6/2+mbL2/ 
2, cos sinvx x yϕ ϕ= +   , and τl and τr are the 
control torques for the left and right wheels, 
respectively. More details about the derivation 
procedures of this model, the system 
dynamics, and related parameters, etc. can be 
found in [27, 38] and references therein, which 
are omitted here for simplicity. 

Remark 2 It can be seen from Equations (2)- (4) 
that there are only two control inputs τω and τv, 
but three motion freedoms φ, xv and θ. 
Specifically, the longitudinal motion freedom 
xv should be controlled by τv while the 
regulation of the tilt angle of vehicle body θ 
also depends on τv. This underactuated 
characteristic is the other reason that the 
common APF approach cannot be applied in 
the control of WIP vehicles directly. 

Therefore, assume the posture of the vehicle 
and the information of obstacles around the 
WIP vehicle can be obtained by related 
sensors, then the control problem of the 
vehicle in multi-obstacle environment can be 
described as follows: given an initial posture 
q0=[x0, y0, φ0, θ0]T, find proper control inputs τω 

and τv to make the vehicle reach the target 
posture qf=[xf, yf, φf, θf]T successfully, and at the 
same time avoid the obstacles in the 
environment without any collision. To solve 
the problem, this study intends to present a 
WIP vehicle control method based on 
improved artificial potential field, as shown in 
Figure 1, which will be developed in the 
following. 
Figure 1 

Integrated framework 

 
 

, and τl and τr are the control 
torques for the left and right wheels, respectively. 
More details about the derivation procedures of this 
model, the system dynamics, and related parameters, 
etc. can be found in [27, 38] and references therein, 
which are omitted here for simplicity.
Remark 2. It can be seen from Equations (2) - (4) that 
there are only two control inputs τω and τv, but three 
motion freedoms φ, xv and θ. Specifically, the longi-
tudinal motion freedom xv should be controlled by τv 
while the regulation of the tilt angle of vehicle body θ 
also depends on τv. This underactuated characteristic 
is the other reason that the common APF approach 
cannot be applied in the control of WIP vehicles di-
rectly.
Therefore, assume the posture of the vehicle and the 
information of obstacles around the WIP vehicle can 
be obtained by related sensors, then the control prob-
lem of the vehicle in multi-obstacle environment can 
be described as follows: given an initial posture q0=[x0, 
y0, φ0, θ0]T, find proper control inputs τω and τv to make 
the vehicle reach the target posture qf=[xf, yf, φf, θf]T 
successfully, and at the same time avoid the obstacles 
in the environment without any collision. To solve the 
problem, this study intends to present a WIP vehicle 
control method based on improved artificial potential 
field, as shown in Figure 1, which will be developed in 
the following.



323Information Technology and Control 2020/3/49

Figure 1
Integrated framework

 

 

potential field to develop IAPF, by which the 
security issue can be effectively solved; (2) the 
obstacle avoidance controller for the WIP vehicle is 
designed based on IAPF, where the nonholonomic 
and underactuated characteristics are fully 
considered, and the stability condition of the 
system is analyzed in detail; (3) an adjustment 
approach based on fuzzy logic is proposed for a key 
parameter that plays an important role in the 
obstacles avoidance controller, hence the stability 
and efficiency of the control method are both 
concerned. 

The rest of the paper is organized as follows. The 
problem statement is introduced in Section 2, and 
the IAPF is presented in Section 3. Then the 
controller for obstacles avoidance of the WIP 
vehicle is designed in Section 4. Next, an 
adjustment approach based on fuzzy logic for a key 
parameter in the controller is proposed in Section 5. 
After that, numerical simulations that consider 
multiple types of obstacles are conducted in Section 
6 to verify the effectiveness of the proposed 
method. Finally, some valuable conclusions are 
given in Section 7. 

2. Problem Statement 
The WIP vehicle is mainly composed of chassis, 
wheels, vehicle body, and other components [38], 
which can be described by the generalized 
coordinate vector q=[x, y, φ, θ]T, where x, y, φ, and θ 
represent the horizontal axis, vertical axis, steering 
angle, and tilt angle of vehicle body, respectively. 
Assume that there exists no slip between the wheels 
and the ground, and the pure rolling condition 
holds throughout, thus the vehicle satisfies the 
following nonholonomic constraint: 

sin cos 0x y  & &  .                                                  (1) 

Remark 1 The above constraint means the WIP 
vehicle can only move along the tangential direction 
of the present motion trajectory at any moment, and 
cannot generate acceleration along arbitrary 
direction, which is one reason that the common APF 
approach is unable to be applied in the control of 
WIP vehicles directly. 

Moreover, the dynamic model of the WIP vehicle 
can be formulated by Lagrangian modeling 
method, which can be further simplified based on 
the fact that θ remains in a small region, that is cos θ ≈1, 
sin θ ≈θ, and 2 0 & , as follows: 

12J r
d  &&  ,                                                               (2) 

2 2 2 2
2

2 2

(4 )
2 2

v b b
v v

m J m L r m gL rx
J J

   &&  ,               (3) 

2 2

1 1 0
2 2v

b

gx
m L J J

   && &&  ,                            (4) 

where τω=τr-τl, τv=τr+τl, , mv=I2/r2+mw+mc/2+mb/2,  
J1=I1+I3/2+I5/2+(mw+I2/r2)d2/4, J2=I4/2+I6/2+mbL2/ 
2, cos sinvx x y  & & & , and τl and τr are the 
control torques for the left and right wheels, 
respectively. More details about the derivation 
procedures of this model, the system 
dynamics, and related parameters, etc. can be 
found in [27, 38] and references therein, which 
are omitted here for simplicity. 

Remark 2 It can be seen from Equations (2)- (4) 
that there are only two control inputs τω and τv, 
but three motion freedoms φ, xv and θ. 
Specifically, the longitudinal motion freedom 
xv should be controlled by τv while the 
regulation of the tilt angle of vehicle body θ 
also depends on τv. This underactuated 
characteristic is the other reason that the 
common APF approach cannot be applied in 
the control of WIP vehicles directly. 

Therefore, assume the posture of the vehicle 
and the information of obstacles around the 
WIP vehicle can be obtained by related 
sensors, then the control problem of the 
vehicle in multi-obstacle environment can be 
described as follows: given an initial posture 
q0=[x0, y0, φ0, θ0]T, find proper control inputs τω 

and τv to make the vehicle reach the target 
posture qf=[xf, yf, φf, θf]T successfully, and at the 
same time avoid the obstacles in the 
environment without any collision. To solve 
the problem, this study intends to present a 
WIP vehicle control method based on 
improved artificial potential field, as shown in 
Figure 1, which will be developed in the 
following. 
Figure 1 

Integrated framework 

 
 

3. Improved Artificial Potential Field
The APF approach is widely used in robot collision 
avoidance because of its mathematical elegance, 
simple structure, and smooth motion trajectory, and 
some practical potential fields have been presented in 
literature [24-26]. Specifically, a commonly used at-
tractive potential and a new repulsive potential func-
tion are adopted in [9] to overcome the problem of 
goals nonreachable with obstacles nearby (GNRON), 
which can make the global minimum be at the target 
point and eliminate the problem of local minima si-
multaneously [30], as follows:
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where Ut(p) and Uo(p) denote the attractive potential 
field generated by the target point and the repulsive 
potential field generated by an obstacle, respective-
ly; ka∈ R+ and kr∈ R+ represent the attractive poten-
tial field gain coefficient and repulsive potential field 
gain coefficient, respectively; p=(x, y), po=(xo, yo) and 
pt=(xf, yf) represent the position of the robot, obsta-
cle and target point, respectively; Ro represents the 
influence distance of the repulsive potential field; 

ρ(p, pt) represents the distance between the vehicle 
and the target point; ρ(p, po) denotes the minimal 
distance between the vehicle and the obstacle; ε is a 
design parameter that satisfies ε ≥ 1 to guarantee the 
differentiability of Uo(p). However, the WIP vehicle in 
reality is not a mass point but has a specific size, and 
the control delay is always existed, which may cause a 
security issue when applying the potential field (6) for 
obstacles avoidance control.
Aiming at this problem, a safe distance is introduced 
to the repulsive potential field to further improve its 
application performance in this study, and the IAPF 
is as follows:
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where σ ∈ R+ can ensure that the repulsive potential 
is sufficiently large when the vehicle confronts the 
obstacle at a safe distance, and guarantee the con-
tinuous change of the repulsive potential from zero 
to large enough in its coverage. In addition, it can 
be deduced from (5) and (7) that the total potential 
Utotal(p)=Ut(p)+Uo(p) arrives at its global minimum, 
namely zero, if and only if the vehicle reaches the 
target point, i.e., p=pt. Nevertheless, if ka and kr are 
not selected appropriately for a given ε, local mini-
ma may be existed, which may lead the vehicle to be 
trapped at these points and cannot reach the target 
point. For example, given pt = (2, 1.5), σ = 0.1, Ro= 2, 
and choose ka= 2, kr = 100, ε = 3, then it can be cal-
culated that there is a local minimum at the point 
(3.09, 2.04), and the total potential is shown in Fig-
ure 2, where the obstacle is a circle of radius ro= 0.5 
with po= (1, 1). Furthermore, it can be found that the 
local minimum is on the line passing through the 
target point and the nearest boundary point on the 
obstacle, as shown in Figure 3 with the red dash-dot 
line, and this phenomenon is not an accident, which 
will be explained later in this study. Thus, to elimi-
nate the local minimum, parameters ka and kr should 
be properly chosen for a concrete value of ε, and the 
choosing method is introduced in the following.
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The WIP vehicle is propelled both by the attractive 
force from the target point and the repulsive force 
from the obstacle when the vehicle is within the in-
fluence area of the obstacle near to the target point, 
which can be obtained by calculating the negative gra-
dient of the corresponding potential field (5) and (7), 
respectively, as follows:
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Total potential with a local minimum
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with ▽ρ(p, po) and -▽ρ(p, pt) being two unit vectors 
pointing from the obstacle to the robot and from the 
robot to the target point, respectively. As shown in 
Figure 4, Ftotal denotes the resultant of the repulsive 
force and attractive force; the component force Fr1 
of the repulsive force Fo repulses the robot away 
from the obstacle; the other component force Fr2 
attracts the robot toward the target point, which is 
in the same direction as the attractive force Ft. 
Therefore, if the vehicle, the target point and the 
obstacle are not in collinear positions, there will be 
a nonzero force that actuates the vehicle to move 
toward this line. This means the local minima 
cannot exist outside the line that connects the target 
point and the obstacle, which only may appear on 
this line. In addition, the local minima in the 
situation that the obstacle is between the vehicle 
and the target point is not researched in this study, 
which may be solved by wall following method [9]. 
According to the analyses above and for 
convenience, we will focus on the case where the 
WIP vehicle, the target point, and the obstacle are 

collinear, with the vehicle and the obstacle 
locating at different sides of the target point. 
As shown in Figure 5, z is the constant distance 
between the target point and the obstacle 
nearby, which satisfies z=ρ(p, po) -ρ(p, pt)> σ. 
Figure 4 
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pulsive force Fo repulses the robot away from the ob-
stacle; the other component force Fr2 attracts the robot 
toward the target point, which is in the same direction 
as the attractive force Ft. Therefore, if the vehicle, the 
target point and the obstacle are not in collinear posi-
tions, there will be a nonzero force that actuates the 
vehicle to move toward this line. This means the local 
minima cannot exist outside the line that connects the 
target point and the obstacle, which only may appear 
on this line. In addition, the local minima in the situ-
ation that the obstacle is between the vehicle and the 
target point is not researched in this study, which may 
be solved by wall following method [9]. According to 
the analyses above and for convenience, we will focus 
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Figure 5
Position relationship for the vehicle, target and obstacle

on the case where the WIP vehicle, the target point, 
and the obstacle are collinear, with the vehicle and the 
obstacle locating at different sides of the target point. 
As shown in Figure 5, z is the constant distance be-
tween the target point and the obstacle nearby, which 
satisfies z=ρ(p, po) - ρ(p, pt)> σ.

2 11 1( , ) ( ) ( , )
2 ( , )
r

a t t
o o

kk
R

εερ ρ
ρ σ σ

−+ −
− −

p p p p
p p

2

( , )1 1( ) 0
( , ) ( ( , ) )

t
r

o o o

k
R

ερ
ρ σ σ ρ σ

− − >
− − −

p p
p p p p

.

(16)

Since ka, kr>0, it can be written as
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Then, considering ρ(p, pt)= ρ(p, po)-z, it can be further 
derived as
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Letting h denote the supremum of the right-hand side 
of above formula and abbreviate ρ(p, po) as ρ, we have
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Since z<ρ<Ro, we have [1/(ρ-σ)-1/(Ro-σ)]>0 and 
(ρ-z)ε-2>0. Next, we will detailedly analyze the sign of 
{ρ/(ρ-σ)2-z/(ρ-σ)2-ε/[2(ρ-σ)]+ε/[2(Ro-σ)]}. As a conve-
nience, we first define

2 2( ) :
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= − − +
− − − −

. (20)

Then, through some algebraic operations, we can 
draw the following conclusion.
For ε=2, it holds that

 

 

 
The WIP vehicle is propelled both by the attractive 
force from the target point and the repulsive force 
from the obstacle when the vehicle is within the 
influence area of the obstacle near to the target 
point, which can be obtained by calculating the 
negative gradient of the corresponding potential 
field (5) and (7), respectively, as follows: 
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with ▽ρ(p, po) and -▽ρ(p, pt) being two unit vectors 
pointing from the obstacle to the robot and from the 
robot to the target point, respectively. As shown in 
Figure 4, Ftotal denotes the resultant of the repulsive 
force and attractive force; the component force Fr1 
of the repulsive force Fo repulses the robot away 
from the obstacle; the other component force Fr2 
attracts the robot toward the target point, which is 
in the same direction as the attractive force Ft. 
Therefore, if the vehicle, the target point and the 
obstacle are not in collinear positions, there will be 
a nonzero force that actuates the vehicle to move 
toward this line. This means the local minima 
cannot exist outside the line that connects the target 
point and the obstacle, which only may appear on 
this line. In addition, the local minima in the 
situation that the obstacle is between the vehicle 
and the target point is not researched in this study, 
which may be solved by wall following method [9]. 
According to the analyses above and for 
convenience, we will focus on the case where the 
WIP vehicle, the target point, and the obstacle are 

collinear, with the vehicle and the obstacle 
locating at different sides of the target point. 
As shown in Figure 5, z is the constant distance 
between the target point and the obstacle 
nearby, which satisfies z=ρ(p, po) -ρ(p, pt)> σ. 
Figure 4 

Force condition of the WIP vehicle 

 
Figure 5 

Position relationship for the vehicle, target and 
obstacle 

 
On that basis, rewrite Equations (8) - (9) as 

1( )t tFF p n ,                                                    (12) 

1 2 2 1( )o r rF F F p n n ,                                       (13) 

where n1=-▽ρ(p, pt), n2=▽ρ(p, po), n2=- n1, and  
Ft=ka ρ(p, pt). 

Thus the total force acting on the WIP vehicle 
can be expressed as 

total 1 2 1( ) ( )t r rF F F  F p n .                             (14) 

To eliminate the free path local minima, 
Ftotal(p) should be pointing to the target, 
namely, Ftotal(p) has a same direction with n1, thus 
the following condition should be satisfied 
according to (14): 

On that basis, rewrite Equations (8) - (9) as

1( )t tF=F p n , (12)

1 2 2 1( )o r rF F= +F p n n , (13)

where n1=-▽ρ(p, pt), n2=▽ρ(p, po), n2=- n1, and 
Ft=ka ρ(p, pt).
Thus the total force acting on the WIP vehicle can be 
expressed as

total 1 2 1( ) ( )t r rF F F= − +F p n , (14)

To eliminate the free path local minima, Ftotal(p) 
should be pointing to the target, namely, Ftotal(p) has 
a same direction with n1, thus the following condition 
should be satisfied according to (14):

1 2 0t r rF F F− + > . (15)

Substituting related Equations into (15) leads to
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For 1 ≤ ε < 2, it follows that
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Therefore, as long as we choose ka/kr>h1 when ε = 2, ka/
kr>h2 when ε > 2, and ka/kr>h3 when 1 ≤ ε <2, there will 
be no local minima occur. To prove this point, return-
ing to our example shown in Figure 1, it can be calcu-
lated that h2=0.1675 from (26), which cannot satisfy 
ka/kr>h2 with ka=2 and kr=100, hence there exist local 

Figure 6
Total potential without local minimum
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Therefore, as long as we choose ka/kr>h1 when ε=2, 
ka/kr>h2 when ε>2, and ka/kr>h3 when 1≤ε<2, there will 
be no local minima occur. To prove this point, 
returning to our example shown in Figure 1, it can 
be calculated that h2=0.1675 from (26), which cannot 
satisfy ka/kr>h2 with ka=2 and kr=100, hence there 
exist local minima. Furthermore, we choose ka=20 
and kr=100 that satisfy ka/kr>h2, and the other 
parameters remain unchanged, then the total 
potential is shown in Figure 6. In addition, the total 
potential on the line passing through the target 
point and the nearest boundary point on the 
obstacle is shown in Figure 7, from which we can 
see that the local minimum in Figure 3 can be 
eliminated successfully. 
Figure 6 

Total potential without local minimum 

 
Figure 7 

Total potential on the line without local minimum 

 
 

4. Controller Design Based on 
IAPF 

In the motion environment, there may be more 
obstacles in the detection range ρ0 of the WIP 
vehicle, and the resultant force imposing on 
the vehicle can be expressed as 

1
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N

r t oi
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 F p F p F p ,                               (31) 

where Foi(p) represents the acting force of the 
ith obstacle on the vehicle; N=1,2,3,… is the 
number of obstacles around the vehicle. 

The WIP vehicle subject to nonholonomic 
constraint (1) cannot generate acceleration in 
arbitrary direction, and only can be controlled 
by the steering motion and longitudinal 
motion, as shown in Figure 8. Therefore, the 
direction information of the resultant force 
Fr(p) is used to control the steering motion of 
the vehicle, and the magnitude information of 
Fr(p) is used to control the longitudinal motion 
of the vehicle in this paper. The designed 
controller for the obstacles avoidance control 
of the WIP vehicle is as follows: 

1 2( ) ( )k k       & & ,                               (32) 

3 4 5 6( ) ( )v v r v rk x kI k x kF k k        && ,      (33) 

where dr rI F t  , δ represents the angle from 

the direction of xv to Fr;  k1, k2, k3, k4, k5 and k6 
are seven positive parameters; k is a non-
negative design parameter. 
Figure 8 

Motion decomposition of the WIP vehicle 
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minima. Furthermore, we choose ka=20 and kr=100 
that satisfy ka/kr>h2, and the other parameters remain 
unchanged, then the total potential is shown in Figure 
6. In addition, the total potential on the line passing 
through the target point and the nearest boundary 
point on the obstacle is shown in Figure 7, from which 
we can see that the local minimum in Figure 3 can be 
eliminated successfully.

Figure 7
Total potential on the line without local minimum
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Therefore, as long as we choose ka/kr>h1 when ε=2, 
ka/kr>h2 when ε>2, and ka/kr>h3 when 1≤ε<2, there will 
be no local minima occur. To prove this point, 
returning to our example shown in Figure 1, it can 
be calculated that h2=0.1675 from (26), which cannot 
satisfy ka/kr>h2 with ka=2 and kr=100, hence there 
exist local minima. Furthermore, we choose ka=20 
and kr=100 that satisfy ka/kr>h2, and the other 
parameters remain unchanged, then the total 
potential is shown in Figure 6. In addition, the total 
potential on the line passing through the target 
point and the nearest boundary point on the 
obstacle is shown in Figure 7, from which we can 
see that the local minimum in Figure 3 can be 
eliminated successfully. 
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the direction of xv to Fr;  k1, k2, k3, k4, k5 and k6 
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Motion decomposition of the WIP vehicle 
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where Foi(p) represents the acting force of the ith ob-
stacle on the vehicle; N=1,2,3,… is the number of ob-
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(1) cannot generate acceleration in arbitrary direc-
tion, and only can be controlled by the steering motion 
and longitudinal motion, as shown in Figure 8. There-
fore, the direction information of the resultant force 
Fr(p) is used to control the steering motion of the ve-
hicle, and the magnitude information of Fr(p) is used 
to control the longitudinal motion of the vehicle in 
this paper. The designed controller for the obstacles 
avoidance control of the WIP vehicle is as follows:
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Therefore, as long as we choose ka/kr>h1 when ε=2, 
ka/kr>h2 when ε>2, and ka/kr>h3 when 1≤ε<2, there will 
be no local minima occur. To prove this point, 
returning to our example shown in Figure 1, it can 
be calculated that h2=0.1675 from (26), which cannot 
satisfy ka/kr>h2 with ka=2 and kr=100, hence there 
exist local minima. Furthermore, we choose ka=20 
and kr=100 that satisfy ka/kr>h2, and the other 
parameters remain unchanged, then the total 
potential is shown in Figure 6. In addition, the total 
potential on the line passing through the target 
point and the nearest boundary point on the 
obstacle is shown in Figure 7, from which we can 
see that the local minimum in Figure 3 can be 
eliminated successfully. 
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motion, as shown in Figure 8. Therefore, the 
direction information of the resultant force 
Fr(p) is used to control the steering motion of 
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Therefore, as long as we choose ka/kr>h1 when ε=2, 
ka/kr>h2 when ε>2, and ka/kr>h3 when 1≤ε<2, there will 
be no local minima occur. To prove this point, 
returning to our example shown in Figure 1, it can 
be calculated that h2=0.1675 from (26), which cannot 
satisfy ka/kr>h2 with ka=2 and kr=100, hence there 
exist local minima. Furthermore, we choose ka=20 
and kr=100 that satisfy ka/kr>h2, and the other 
parameters remain unchanged, then the total 
potential is shown in Figure 6. In addition, the total 
potential on the line passing through the target 
point and the nearest boundary point on the 
obstacle is shown in Figure 7, from which we can 
see that the local minimum in Figure 3 can be 
eliminated successfully. 
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constraint (1) cannot generate acceleration in 
arbitrary direction, and only can be controlled 
by the steering motion and longitudinal 
motion, as shown in Figure 8. Therefore, the 
direction information of the resultant force 
Fr(p) is used to control the steering motion of 
the vehicle, and the magnitude information of 
Fr(p) is used to control the longitudinal motion 
of the vehicle in this paper. The designed 
controller for the obstacles avoidance control 
of the WIP vehicle is as follows: 

1 2( ) ( )k kωτ δ ϕ δ ϕ= − + −  ,                               (32) 

3 4 5 6( ) ( )v v r v rk x kI k x kF k kτ θ θ= − + − + + 
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where dr rI F t= ∫ , δ represents the angle from 

the direction of xv to Fr;  k1, k2, k3, k4, k5 and k6 
are seven positive parameters; k is a non-
negative design parameter. 
Figure 8 

Motion decomposition of the WIP vehicle 

, (33)

where dr rI F t= ∫ , δ represents the angle from the di-
rection of xv to Fr;  k1, k2, k3, k4, k5 and k6 are seven posi-
tive parameters; k is a non-negative design parameter.
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Next, we will clarify that the proposed controller 
can ensure the stability of the underactuated vehicle 
body while conducting an obstacles avoidance 
motion simultaneously. According to the driving 
equation of the WIP vehicle, we can obtain the 
following formula with the rolling resistance and 
air resistance being neglected: 

(2 )v w c b vm m m rx    && ,                                        (34) 

where κ denotes the conversion coefficient of 
rotating mass, which satisfies κ>1 and takes κ=1.1 in 
this paper. 

Combining (33) and (34), we obtain 

1 2 3vx u       &&& ,                                                  (35) 

where λ1=k3/Υ, 4 3( ) /v r v ru x kI k x kF k   & , λ2=k5/Υ,  

λ3=k6/Υ, Υ=κ(2mv+mc+mb)r. 

Substituting (35) into (4), we obtain 
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Let a1=2J2/(mbLλ3), a2=(λ3-g)/ λ3, a3=-λ1/λ3, and then the 
(36) can be expressed as 

1 2 3a a a u    && & .                                                   (37) 

Regarding u and θ as the input and output, 
respectively, the transfer function of (37) can be 
formulated as 
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Let the denominator polynomial of (38) is zero, and 
then the characteristic equation of system (37) can 
be obtained, as follows: 

2
1 2 0a s s a   .                                                        (39) 

Hence, the two characteristic roots can be calculated 
out, as follows: 
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According to the related control theory, the 
necessary and sufficient condition for the 
system stability is that all the characteristic 
roots have negative real parts [19], which 
means the following relationship should be 
satisfied: 

1 21 4 0a a   and 1 0a  ,                                 (41) 

or 

1 21 4 0a a   and 1 2

1 1
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a a
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
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Therefore, the proposed controller can ensure 
the stability of the vehicle body, provided that 
a1 and a2 are selected to satisfy (41) or (42). 

5. Parameter Adjustment with 
Fuzzy Logic 

In this section, some simulation and 
mathematical analyses are firstly performed to 
illustrate the necessity of the parameter 
adjustment, and then a fuzzy regulator is 
presented to adjust the key control parameter 
to balance the stability and efficiency of the 
proposed controller. 

5.1 Analysis of Necessity 
To preliminarily validate the feasibility of the 
controller proposed in previous section, a 
simulation study is performed in 
Matlab/Simulink platform. Simulation 
parameters that satisfy the related 
requirements given in the previous sections, 
such as (41) or (42), etc., are selected as follows: 
q0=[1.2, 0.2, 0, 0]T, qf=[1.7, 3.7, -, 0]T, ka=1, kr=0.1, 
ρ0=1, σ=0.01, k=3, k1=1, k2=0.1, k3=0.1, k4=0.3, 
k5=10, k6=2, where “-” in qf represents that φf 
can be arbitrary value. In addition, the size and 
distribution of obstacles are shown in Figure 9, 
and the limit distances of the repulsive 
potential field influence are chosen as three 
times of the obstacle radii, respectively. 
Figure 9 
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Let a1=2J2/(mbLλ3), a2=(λ3-g)/ λ3, a3=-λ1/λ3, and then 
the (36) can be expressed as
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Regarding u and θ as the input and output, respective-
ly, the transfer function of (37) can be formulated as
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Let the denominator polynomial of (38) is zero, and 
then the characteristic equation of system (37) can be 
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According to the related control theory, the necessary 
and sufficient condition for the system stability is that 
all the characteristic roots have negative real parts 
[19], which means the following relationship should 
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Therefore, the proposed controller can ensure the 
stability of the vehicle body, provided that a1 and a2 
are selected to satisfy (41) or (42).

5. Parameter Adjustment with Fuzzy 
Logic
In this section, some simulation and mathematical 
analyses are firstly performed to illustrate the neces-
sity of the parameter adjustment, and then a fuzzy 

regulator is presented to adjust the key control pa-
rameter to balance the stability and efficiency of the 
proposed controller.

5.1. Analysis of Necessity
To preliminarily validate the feasibility of the control-
ler proposed in previous section, a simulation study is 
performed in Matlab/Simulink platform. Simulation 
parameters that satisfy the related requirements giv-
en in the previous sections, such as (41) or (42), etc., 
are selected as follows: q0=[1.2, 0.2, 0, 0]T, qf=[1.7, 3.7, 
-, 0]T, ka=1, kr=0.1, ρ0=1, σ=0.01, k=3, k1=1, k2=0.1, k3=0.1, 
k4=0.3, k5=10, k6=2, where “-” in qf represents that φf 
can be arbitrary value. In addition, the size and dis-
tribution of obstacles are shown in Figure 9, and the 
limit distances of the repulsive potential field influ-
ence are chosen as three times of the obstacle radii, 
respectively.

Figure 9
Motion path in multi-obstacle environment

 

 

 
The motion path of the vehicle is shown in Figure 9, 
where it suggests that the vehicle can avoid several 
obstacles initially, but cannot remain stable at the 
target point and eventually move to a distance. 
Moreover, it can be seen from Figure 10 that the 
state variables x, y and θ all diverge to a big value at 
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According to the related control theory [19], the 
system is stable if ζ >0, and if the system response to 
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To calculate the system response, the further 
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Performing an inverse Laplace transformation 
for (45), we obtain 
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From (46), it can be seen that the system 
response to the unit step input contains two 
parts: one is the steady-state value                       
βa3/a2; the other is a damped sinusoid 
component that decays with time. Thus 
|βa3/a2| should be designed small enough to 
ensure |θ| remains in a small region, and there 
is a similar conclusion if ζ=1 or ζ>1. According 
to the derivation in previous section, the 
parameter k plays an important role in the 
value |β|, and a smaller k corresponds to a 
smaller |β|. With this in mind, we set k to a 
smaller value 0.1 and keep the other 
parameters unchanged, and then the 
simulation results are shown in Figures 11-12. 
From Figure 11, it can be seen that the WIP 
vehicle can arrive the target point from the 
start point successfully, and no any collision 
occurs. In addition, we can see from Figure 12 
that the position of the vehicle (x, y) can reach 
the target position (1.7, 3.7) at about 50s and 
remain at this point stably, and the tilt angle of 
vehicle body θ keeps a small value all the time. 
On the basis of these studies, it can be 
concluded that the smaller k is, the better 

The motion path of the vehicle is shown in Figure 9, 
where it suggests that the vehicle can avoid several 
obstacles initially, but cannot remain stable at the 
target point and eventually move to a distance. More-
over, it can be seen from Figure 10 that the state vari-
ables x, y and θ all diverge to a big value at about 3.8s, 
which means a failure to control the WIP vehicle in 
multi-obstacle environment. This is mainly because 
the designed controller is formulated based on the 
assumption that θ remains in a small region, but the 
stability condition (41) or (42) can only ensure θ con-
verge to a certain value rather than a small value.
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From (46), it can be seen that the system 
response to the unit step input contains two 
parts: one is the steady-state value                       
βa3/a2; the other is a damped sinusoid 
component that decays with time. Thus 
|βa3/a2| should be designed small enough to 
ensure |θ| remains in a small region, and there 
is a similar conclusion if ζ=1 or ζ>1. According 
to the derivation in previous section, the 
parameter k plays an important role in the 
value |β|, and a smaller k corresponds to a 
smaller |β|. With this in mind, we set k to a 
smaller value 0.1 and keep the other 
parameters unchanged, and then the 
simulation results are shown in Figures 11-12. 
From Figure 11, it can be seen that the WIP 
vehicle can arrive the target point from the 
start point successfully, and no any collision 
occurs. In addition, we can see from Figure 12 
that the position of the vehicle (x, y) can reach 
the target position (1.7, 3.7) at about 50s and 
remain at this point stably, and the tilt angle of 
vehicle body θ keeps a small value all the time. 
On the basis of these studies, it can be 
concluded that the smaller k is, the better 
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From (46), it can be seen that the system response 
to the unit step input contains two parts: one is the 
steady-state value βa3/a2; the other is a damped si-
nusoid component that decays with time. Thus |βa3/
a2| should be designed small enough to ensure |θ| re-
mains in a small region, and there is a similar con-
clusion if ζ=1 or ζ>1. According to the derivation in 
previous section, the parameter k plays an important 
role in the value |β|, and a smaller k corresponds to a 
smaller |β|. With this in mind, we set k to a smaller val-
ue 0.1 and keep the other parameters unchanged, and 
then the simulation results are shown in Figures 11-
12. From Figure 11, it can be seen that the WIP vehicle 
can arrive the target point from the start point suc-
cessfully, and no any collision occurs. In addition, we 
can see from Figure 12 that the position of the vehicle 
(x, y) can reach the target position (1.7, 3.7) at about 

  

control stability and the lower control efficient are, 
thus it is necessary to adjust the key parameter k in 
the motion process according to the motion 
environment timely to strike a better balance 
between the control efficient and stability. 
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5.2 Design of the Fuzzy Regulator 
The influence of motion environment on the WIP 
vehicle is mainly embodied in the resultant force Fr, 
and generally the bigger Fr is, the smaller k should 
be. Moreover, the stability of the WIP vehicle is 
mainly reflect in the absolute value of the tilt angle 
|θ|, and usually the bigger |θ| is, the smaller k 
should be. However, it is difficult to formulate these 
relationships as exact mathematical formulas, thus 
the fuzzy logic is adopted to design the parameter 
regulator in this study due to the outstanding merit 
of describing the linguistic knowledge [1, 31, 39]. 
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``Medium-|θ|" and “Small-|θ|” for |θ|, and the 
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“Medium-k” and “Small-k” for k, and the 
membership functions of which can be 
expressed with μB(k), μM(k), μS(k), respectively. 
Referring to the literature [31] and according 
to some empirical knowledge, the expressions 
of these membership functions are chosen as 
follows: 
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Then, nine fuzzy rules are designed based on 
the linguistic knowledge mentioned above, as 
shown in Table 1. 

Table 1 

Fuzzy inference rules 
Number Fr  |θ| k 

1 Big-Fr Big-|θ| Small-k 

2 Big-Fr Medium-
|θ| 

Small-k 

3 Big-Fr Small-|θ| Medium-k 

4 Medium-
Fr 

Big-|θ| Small-k 

5 Medium-
Fr 

Medium-
|θ| 

Medium-k 

6 Medium-
Fr 

Small-|θ| Medium-k 

7 Small-Fr Big-|θ| Small-k 

8 Small-Fr Medium-
|θ| 

Medium-k 

9 Small-Fr Small-|θ| Big-k 

 

On that basis, the fuzzy regulator for the key 
parameter k can be derived with product 
inference and center-average defuzzifier, as 
follows. 
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Figure 11
Motion path in multi-obstacle environment with smaller k
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50s and remain at this point stably, and the tilt angle 
of vehicle body θ keeps a small value all the time. On 
the basis of these studies, it can be concluded that the 
smaller k is, the better control stability and the lower 
control efficient are, thus it is necessary to adjust the 
key parameter k in the motion process according to 
the motion environment timely to strike a better bal-
ance between the control efficient and stability.

5.2. Design of the Fuzzy Regulator
The influence of motion environment on the WIP 
vehicle is mainly embodied in the resultant force Fr, 
and generally the bigger Fr is, the smaller k should be. 
Moreover, the stability of the WIP vehicle is mainly 
reflect in the absolute value of the tilt angle |θ|, and 
usually the bigger |θ| is, the smaller k should be. How-
ever, it is difficult to formulate these relationships 
as exact mathematical formulas, thus the fuzzy logic 
is adopted to design the parameter regulator in this 
study due to the outstanding merit of describing the 
linguistic knowledge [1, 31, 39].
To this end, define three fuzzy sets “Big-Fr”, “Medium-
Fr” and “Small-Fr” for Fr from experience, and the 
membership functions of which can be expressed with 
μB(Fr), μM(Fr), μS(Fr), respectively; define three fuzzy 
sets “Big-|θ|”, ̀ `Medium-|θ|" and “Small-|θ|” for |θ|, and 
the membership functions of which can be expressed 
with μB(|θ|), μM(|θ|), μS(|θ|), respectively; define 
three fuzzy sets “Big-k”, “Medium-k” and “Small-k” 
for k, and the membership functions of which can 
be expressed with μB(k), μM(k), μS(k), respectively. 

Figure 12
Time response of x, y, and θ with smaller k
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Then, nine fuzzy rules are designed based on the linguis-
tic knowledge mentioned above, as shown in Table 1.

Table 1
Fuzzy inference rules

Number Fr |θ| k

1 Big-Fr Big-|θ| Small-k

2 Big-Fr Medium-|θ| Small-k

3 Big-Fr Small-|θ| Medium-k

4 Medium-Fr Big-|θ| Small-k

5 Medium-Fr Medium-|θ| Medium-k

6 Medium-Fr Small-|θ| Medium-k

7 Small-Fr Big-|θ| Small-k

8 Small-Fr Medium-|θ| Medium-k

9 Small-Fr Small-|θ| Big-k

On that basis, the fuzzy regulator for the key parame-
ter k can be derived with product inference and cen-
ter-average defuzzifier, as follows.
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Up to now, the control method for a WIP vehicle in 
multi-obstacle environment has been presented 
completely, which will be further validated in the 
next section.

6. Simulation Analysis
To demonstrate the control performance of the pro-
posed method, some numerical simulations are car-
ried out in Matlab/Simulink environment on a com-
puting platform that contains an Intel Pentium G4560 
processor running at 3.5Hz and 8GB of RAM. The mo-
tion environment are set as a more complex situation 
than that in previous section, where multiple types 
of obstacles, such as dense obstacles, narrow corri-
dor and an obstacle near target, are all considered. 
Specifically, to simulate the obstacle detection in real 
time, the position coordinates of all obstacles are pre-
stored in the control program, and the obstacle will be 
deemed to be in the detection range of the vehicle if 
the distance between the obstacle and the vehicle is 
less than or equal ρ0. In addition, to illustrate the im-
portance of the parameter adjustment with fuzzy log-
ic, the simulations are conducted in three cases, i.e., 
k=0.08, k=0.8, and k adjusted by fuzzy logic; the other 
parameters remain consistent with that in previous 
section, and the results are shown in Figures 13-14.
It can be seen that there occur many collisions if k is 
set as a larger value 0.8, whereas the vehicle can reach 
the target point stably if k is given as a smaller value 
0.08 or adjusted based on the fuzzy regulator, as shown 
in Figure 13 with blue dash-dot line, black solid line 
and fuchsia dashed line, respectively. Furthermore, it 
tells that x, y and θ in the case of k=0.8 diverge to a big 
unexpected values, which means the obstacles avoid-
ance task is not accomplished, as shown in Figure 14 
with black dash-dot line. On the contrary, x and y can 
converge to the target values if k=0.08 or k is adjusted 
by fuzzy logic at about 77s and 54s, as shown in Figure 
14 with solid red line and blue dashed line, respective-

Figure 13
Motion path in three cases

ly, which means the controller with fuzzy regulator 
is more efficient. It also can be seen that the absolute 
value of θ remains in a small region (less than 0.05) in 
both cases, which means the vehicle can move stably. 
Specifically, the time response of k regulated by fuzzy 
logic is presented in Figure 15, and the corresponding 
control inputs are shown in Figure 16. In addition, 
the stability and convergence time in three cases are 
compared in Table 2 for clarity, which indicates that 
the presented method can strike a good balance be-
tween control efficient and stability, and perform the 
obstacles avoidance task successfully.

Figure 14
Time response of x, y and θ in three cases
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7. Conclusion
In this work, a control method based on IAPF is proposed 
for the WIP vehicle in multi-obstacle environment. Spe-
cifically, a safe distance is introduced to the existing re-
pulsive potential field to develop IAPF, by which the se-
curity issue and the probable local minima caused by the 
obstacle around the target can be solved simultaneously. 
On that basis, the obstacle avoidance controller for the 
WIP vehicle is designed based on IAPF, where the non-
holonomic and underactuated characteristics are ful-
ly considered. Furthermore, an adjustment approach 
based on fuzzy logic is presented for the key parameter 
of the controller, hence the stability and efficiency of the 
control method are both concerned. Finally, adequate 
numerical simulations are conducted on a professional 
computing platform, and the results demonstrate the 
good performance of the proposed method.
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