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Abstract. The paper is concerned with the synchronization problem of a general class of multi-input multi-output
(MIMO) nonlinear continuous-time systems under sampled-data output feedback control. The main contributions of
the present paper are twofold: (i) we provide a unified synthesis method and synchronization criteria for MIMO
Lipschitz nonlinear continuous-time systems; (ii) we present a systematic computable framework based on the sum of
squares (SOS) and linear matrix inequality (LMI) software tools for polynomial nonlinear systems. From the viewpoint
of observer theory, we design an observer driven by sampled-data output for Lipschitz nonlinear continuous-time
systems, when the output of the plant can be measured only at sampling instants. Furthermore, the presented method
can ensure exponential convergence of the observer error, rather than practical convergence. Finally, an illustrative
example is also given to demonstrate the effectiveness of the proposed approach.
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1. Introduction

Synchronization is an universal and important
concept for dynamical systems. Among a number of
research results in this area, a master-slave structure is
usually taken as a typical model. Given a particular
dynamical system called the master, together with an
identical system, the aim is to synchronize the
complete or partial response of the slave system to the
master system, by using a signal derived from the
master system. From the viewpoint of control theory,
the master-slave synchronization scheme can also be
seen as a special case of the observer design problem
[1], which provides a solution framework based on
nonlinear observer theory. This kind of observer-based
approach has extensively been investigated in a
number of research works [2-3].

Nowadays, modern controllers are typically
implemented digitally and this strongly motivates
investigation of sampled-data systems. Recent
advancements in digital technology have rendered
remarkable merit to digital control systems exhibiting
flexibility in implementation of complex control
algorithms [4].

To the best of our knowledge, the problem of
sampleddata synchronization for a general class of

nonlinear systems has not been investigated and still
remains challenging, which motivates the present
study. Most of existing results are based on
continuous-time synchronization controllers, which
require the output of master systems be measured in
continuous-time, and so are not implemented by
digital devices. In addition, the problem of sampled-
data synchronization is related to the called
continuous-discrete observer from control theory,
which has been considered for nonlinear systems
based on the hybrid control approach and high-gain
technique in [58]. However, these results only deal
with some special classes of nonlinear systems, and
can not apply to more general classes of nonlinear
systems, which restricts the use of the methods. They
are also not applicable to the systems studied in this
paper.

In this note, we develop a unified design method
of sampled-data output feedback controller for
synchronization of MIMO Lipschitz nonlinear
continuous-time systems based on an input delay
approach [9] and linear parameter varying (LPV)
framework [10-11]. The sampled-data output feedback
controller guaranteeing exponential convergence of
synchronization errors is computed by LMIs. Finally,
we give an example used to demonstrate the
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application and effectiveness of the proposed
approach.

2. Problem statement and preliminaries

Given a sampling period T > 0, consider the follo-
wing general master-slave type of coupled systems
under sampled-data output feedback controller

[x(@) = fF(x()

'{y(t) = h(x(t))

s {a*c(t) = f(2@®) +u®) )
1 9@ =h(z®)

u®)=—K(y(t)-9(tr)).
Ctpst<tp41, tx=kT, k=0,1,2,-,

which consists consists of master system M, slave
system S and sampled-data controller ¢ with £(0) =
0, h(0) = 0, where M and S are identical nonlinear
systems with state vectors x,x € R™, and outputs
v,¥ € R™ respectively, the mappings f and h are
nonlinear functions. The synchronization scheme (1)
aims at synchronizing the slave system S to the master
system M by employing sampled-data output
feedback controller ¢. Then, our objective is to find a
sampled-data controller gain matrix K, such that the
synchronization error  é(t) =x(t) —x(t) is
exponentially convergent to zero.

Remark 1. In fact, the formulated synchronization
problem above can also be viewed as a special case of
the observer design problem for nonlinear systems
under the condition that the output of the plant is
available only at sampling instants, i.e. the slave
system with sampled-data controller can be treated as
an observer driven by sampled-data output for the
master system. The original theory and design
procedures for continuous-time full-order observers
driven by sampled-data output or delayed sampled-
data output have been presented for linear time-
invariant systems in the references [12-13].

Remark 2. It should be noted that it is
significantly different between nonlinear sampled-data
observer and nonlinear continuous-time observer
driven by sampled-data output, although they all use
only sampled data of the output. As we have known, a
sampled-data observer can be modeled as discrete-
time systems and observers driven by sampled data is
a typical class of hybrid systems. A general design
framework of sampled-data observer for nonlinear
systems has been recently proposed based on an
approximate discrete-time model and emulation
method in [14], where the Duffing system has been
also used as an illustrative example to show how these
methods could be used. However, the resulting
designs only can guarantee practical convergence
rather than exponential convergence of the observer
error, which means that the observer error converges
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to a neighborhood of zero, rather than converges to
zero, see also the references [15-16].

In the following part of the paper, we will make
the further assumptions.

Al. The functions f (x): R™ - R™ and h(x): R™ - R™
are differentiable with respect to x.

A2. Define 0 as a convex hull of Q, where 2 € R™is
an open and connect set, and assume that the functions
f(x), h(x) satisfy the following conditions for x € ©

of; — ..
—00<gi_jsﬁffsai,j<+oo,151,]sn
/ )
dhy

- <
°°<£r,s—ax5

<B, s<+ow,1srsm1ss<n,
where a; ; and @; ; are the lower and the upper bounds
of elements of the Jacobian matrix of f(x) in 9,
respectively, g, ¢ and Ers are the lower and the upper
bounds of elements of the Jacobian matrix of h(x)
in ©.

Under the assumptions, the parameter vectors %
evolve in a hyper-rectangle called the parameter box

Vi, © R™ with 2™ vertices defined by

Hy = {05 = (051,1""ai,j:"'r“n,n)|ai,j € {ﬁi,j»ai,j}}- @)

Similarly, the other parameter vectors % belong

to the hyper-rectangle V;;, < R™™ defined by the
following set of 2™™ vertices

Hy = {ﬁ = (,81,1: ”'ﬁr,sv "':ﬁm,n) ﬁ‘r,s € {Er,s:Er_s}}- (4)

The assumptions imply that the differentiable
functions f(x), h(x) are locally Lipschitz continuous
with Lips- chitz constants

ij

sz max (82, B ) 5)

It should be noted that the class of systems
satisfying the assumptions includes a large variety of
systems already studied in the past literatures, namely
the class of differentiable Lipschitz nonlinear systems.

The following lemma will play a key role, which
due to A. Zemouche et al in [10] extends the well-
known differential mean value theorem to the vector
function case.

_ o 2 =2 _
Yr = ] max(gi,j'ai,j)'yh =
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Lemmal. Let g:R®™" > RP and a,b€R™ . We
assume that g is differential on Co(a, b).
Then, there are constant vectors ¢, -,
Cqretty Cp ECo(a,b), cqg#a,cqg#b for
q =1,-,p, such that

9@ =96 = (Y F@LOL@)@-b.©

where Co(a,b) ={wa+ (1 —-w@)b,0<w <1} is
the convex combination of a and b
L@=[0-0 9" 0--0]€RP , and [,(i) =
[0---0 qih 0---0] € R™ are the canonical bases of
the vectorial space RP and R™ respectively.

Note that the lemma 1 provides an alternative to
the usual Lipschitz property, which is directly used in
most of the literatures. The reformulation can
obviously lead to less restrictive results than the
Lipschitz condition.

3. Main results

Theorem 1. Let us denote the index (i, j,r,s) as
£, where 1<i,j,s<n, 1<r<m. Given a
sampling period T > 0, a constant A > 0, and a scalar
e > 0, if there exist matrices P = PT > 0,Q = QT >

Wll WIZ
0,R=RT>0,W€=[" "]>0 and any
* W€

N} M} .

matrices N, = , Mp=]"°| with appropriate
Nt’ Mt’

dimensions such that the following matrix inequalities

hold for any a € Hy and f € H,

I ()P (B) —M; eTFT(a)P

s | o+ ®22  —Mj eTHT(B)RT
¢ * * _e—/lTQ 0

E =[W" Ne ]>01<€<2n2+nm
= ge”Mpl— 7" T T

W, M ] 2

=" = 01<e<ominm

¢ [* ge”Mpl— 7 T T
where

@} () = PF(a) + FT(a@)P + AP + (N} +
(ND+Q+Tw;t
®}2(B) = RH(B) + (NPT — N} + M} + TW}?
Cb,?z = —N{, (N 2)T + M} + (M})T + TW#?, (8)
and

HOEDWNHONOEIC)

HB) = 370 1 (Mla(s )“%ﬁ)

r,s=1

©)

then, the synchronization error é(t) is exponentially
convergent to zero, and the sampled-data output
feedback controller gain is given by K = P71R.

VProof. From (1), the synchronization error
dynamics can be represented as follows

&) = f(x(®) - FERM®) + Ky (i) — 9(tr))-(20)
By applying Lemma 1, it follows that
ét) =F(0(D)e®) + KH(O(D))é(ty), (12)
where
F(O0) = X1, 1 OLG) 52 0i(0)
on (12)
HE®) = X772 I () 3.5 (0:(0)

and

0y () € {repx () + (1 = k) X(2), e, € [0,1]}

8(6) = (62(0),,6,(), (13
9(t) = (9:(8), -, I (D))

Next, we represent the sampling instant ¢, as
ty=t—(t—t) =t —d(t), (14)

where d(t) =t — t,. It is obvious that d(t) is a non-
differentiable time-varying delay with bound T. As a
result, the sampled-data output feedback controller ¢
in (1) can be written as a continuous-time controller
with a time-varying piecewise-continuous delay
u(t) = —KH(9(t))é(t — d(t)). Then, it allows us to
represent the error dynamics (10) as

é(t) =F(6(D)e®) + KH(¥())é(t — d(1)).(15)

Choose a
functional to be

piecewise  Lyapunov-Krasovskii

V(t) = eT(OPE(L) + [, &T(8)e*5DQe(8)ds +
f_OT f;r eéT (v)erv~YPpé(v)dvdr, (16)

which is positive definite, since P and Q are positive
definite matrices.

From the Leibniz-Newton formula, we have

267N, [6(6) — &t — d(®) — [, €Gn)dn] = 0

17
26™M, [e(t — d(©) - e = ) = [ émyan| = o, an

where £(t) = [6T(©)eT(t — d(©))].



o ] W11 W12
In addition, for any matrix w, = [ ¢ W€22 =0,
*
i1

the following equation is also true

TETOWE(E) = [y ETWed () —

[0 wg(e)dp = o. (18)

When t € [ty, t,.1) , differentiating (16) along
trajectory of (15) and adding (17) and (18), it follows
that

V(t)+ AV (t) <
CTEH = [ aey ST MERstn)dn —

[ 6T E3eCndn (19)

holds, where
A11 A12 _Mt}
Etl’ =] * Ay —Mf (20)
* * _e—ATQ

and
Ay = @3 (6(1)) + TFT(6(t))PF(6(D))
Ay = ®F2(9(8)) + eTFT(6(8))PKH®(t)) (1)
Ay = @32 + eTHT(9(t))KTPKH(9(1)).

Denoting PK =R , then, by wusing Schur

complements, £} is equivalent to

[011(0(0)) P @) —M; eTFT(O(H))P |

81 = ®32  —M; eTHTW(O)R" | (22)
* * _e—ATQ 0
* * * —&P

When t € [t, t,41), integrating (19) fromt, to t
gives

V(t) < e MWy (ty), (23)
which leads to

V(t) < e MV (ty). (24)

In view of (16) again, it holds that
Amin(PIEDII? S V), V(to) < Rl (25)
where

P = Anax(P) + TAinax (@) + “ Ayax(P)

6()lc = supospsr(E(t + @), e(t + ). (26)

Therefore, combining (23)-(25) yields
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V(t) < A

~ t 2 < _~
eI = —2 < 7—

e MEm1e(to)IIZ, (27)

which means that the error dynamics is exponentially
convergent to zero.

As previously stated, the time-varying parameters
0;(t) and 9,.(t) belong to the parameter boxes V}[f

and Vy, respectively. On the other hand, the
parameter-dependent matrices given in (22) are
affinely dependent on the elements 6;(t) and 9,.(t).
Then, it follows that V + AV in (19) attains its
maximum value at one or more vertices of V}[f and

Vye,, - Thus, if the inequalities in (7) are satisfied,
V + AV is negative and the theorem follows. A

Remark 3. The constant scalar € in (7) can be
viewed as a tuning parameter. When solving the LMIs
(7), one can search for a feasible solution by setting
the value of € in advance. The parameter € can also be
searched by the following algorithm. That is, setting
an initial value of € and solving Eq.(7), if there is a
feasible solution, then stops. Otherwise, reducing it by
half and solving Eq.(7) again until € is smaller than
some pre-specified threshold. If there is no feasible
solution to the LMIs (7), the desired controller cannot
be obtained via Theorem 1. However, it should be
noted that there might still exist some controllers that
can exponentially synchronize the master and slave
systems since the result in Theorem1 is only a
sufficient condition.

Remark 4. F(6(t)) can be further represented by
A+ F(6(t)), where A is a constant matrix and
F,(6(t)) is a parameter varying matrix. Denote

p(Fl(G(t))) as the amount of nonzero elements in
F,(6()) . Similarly, let H(®(®)) = C + H,(9(t)) ,
where C is also a constant matrix, and p (H1 (ﬁ(t))) is

defined as the amount of nonzero elements in
H, (9(r)). Then, for finding a sampled-data controller,

it is necessary to solve 2P(FL(E@))+p(11(0®)) gor of
LMIs, each set consisting of three LMIs in the form
of (7). The proposed method may require a relatively
large computation amount, if the wvalue of

p(Fl(H(t))) +p(H1(19(t))) is high. However, the
controller gain computed by our approach depends on
the bounds of ; ; and f5, ;, which can provide a less
conservative result than using a Lipschitz constant of
the system and avoid a high gain K.

Remark 5. It should be noted that the above result
is based on the two assumptions as shown in the
previous section. Then, the computation of bounds for
the derivatives of f;(x)(1 <i<n) and h,.(x)(1 <
r < m) in © plays an important role in the application
of Theorem 1. Specifically, if the convex hull © is a
subset of the domain defined by a set of inequalities
P,(x)=0t=1,-,I) , they are easy to be



Synchronization of Nonlinear Continuous-time Systems by Sampled-data Output Feedback Control

determined  using the  customized function
findbound provided by SOSTOOLS V2.0 [17] for
multivariate polynomial nonlinear systems, i.e. f;(x)
and h,(x) are polynomial functions. In the case of

polynomial nonlinear systems, the bounds of?and

J
dh, . .
a—r in ® can be formulated as a standard constrained

Xs

opti-mization problem of the following forms

min. {?}, and min. {%}

Xj 0xs (28)
s.t.y,(x)=0,1=1,-,T,
and
. af; i _ Ohy
min. {— a—xj},and mln.{ 6x5} (29)

s.t.yp,(x)=0,0=1,-,T,

which can be directly computed using the function
findbound. Clearly, the technique allows the
following estimation of bounds

. (af) = , af;
gi,jmln. {i},a“ = —min. {— i},
6Xj 6x]- (30)
. 6hr} I {_ 6hr}
ﬁr_smm. {_6x5 ,,BT’S = —min.{— 5.
Furthermore, the previous analysis can be

summarized by the following design procedure for
polynomial nonlinear systems.

Algorithm 1. Given a sampling period T > 0 and
the polynomial nonlinear systems in (1), which are
defined on a convex subset of the domain {x|y,(x) =
0,t=1,--,T}

Step 1. Select a convergence rate A of synchroniza-

tion error.

Step 2. Compute derivatives of the functions f;(x)

and h, (x).

Solve the optimization program formulated in
(28) and (29) using SOSTOOLS.

Choose a value of the parameter ¢, and solve
the LMI problem in (7). If the set of LMIs are
feasible, then the controller gain is calculated
and the sampled-data output feedback
controller ¢ is obtained. Otherwise, reset the
parameter € and resolve the LMIs (7).

Step 3.

Step 4.

4. Example

Example. The following example called Duffing
equation is borrowed from [18], which is illustrated by

{ %, (1) = x,(t)
M Uiy (8) = x1.(6) — x7 (8)
y(t) = x,(t) + 0.5x,(t).

(31)
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As stated in the reference [18], it has three
equilibrium  points x!=(0,0) , x*=(1,0) ,
x3 = (—1,0). A compact positively invariant region
enclosing three typical trajectories for different initial
states is contained within the region © =
{Cep 22|61 < 2, x| < 1}

Assume that the output of the plant is available
only at sampling instants kT , k=10,1,2,---, and
T = 0.25s, which means that the output signal is
sampled 4 times per second. Let us choose the
parameters to be € =2 and 1 = 0.2. Applying our
approach, we get the slave system driven by sampled-
data output of the master system

_ { 21(6) = £,(t) +1.3993 - (y(tx) — 9(t0)) (32)
(£ = 2,0 + 25 (1) +6.6295 - (y(ty) — 9(tr)).

The simulation result in Fig. 1 shows the dynamics
of synchronization errors é&,(t) = x,(t)— X, (t) and

é,(t) = x,(t)—x,(t) from two different initial
conditions x(0) = [-1 2] and 2(0) =[1 -2]".
The sampled-data control inputs

uy(8) = 6.6295 - (y(t) — ¥(ti))

are also shown in Fig. 2, which remain constant over
every sampling period. It can be observed that the re-
sulting control performance is satisfactory.

Error

0 1 2 3
Time
Figure 1. The synchronization errors under the sampled-
data controller (33)

Remark 6. It should be noted that the output y(t)
of the master system can be measured only at
sampling instants kT in the example, which means
y(kT) is only available. So far, very few studies
focused on the problem of synchronization of the
general class of nonlinear systems under the condition
that sampled-data output of the master system is only
available, and it still remains challenging. To better
illustrate the presented method, we introduce a
continuous-time controller followed by [18] as a
comparison with our method.



Krener and Kang presented a method for designing
continuous-time  synchronization controllers for a
class of single-input single-output (SISO) nonlinear
systems with the triangular structure based on the
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backstepping method, by which the continuous-time
synchronization controller can be constructed as
follows

u () = 2O (5 1432(0) - 14310) - 81 (OR,(0) — BROR(0) — 422(0) + 128 (0RO - 225(0))

3(1+i%(t))3

u,(t) = L©O-50) (8 +8%5(1) + 8%1(0) — 4%, (D)%, () + 883 (D%, (1) + 8%5(t) + 1235 (£)%,(¢) — 8% (t)24ﬁ(t)§§(t))

k 3(1+?c§ (t))3

Unlike the sampled-data controller (33), all
component signals in the controller (34) must be
measured in continuous-time. Consequently, the
numerical simulations are carried out with the same
initial conditions £(0) = [1 —2]T as the previous
slave system. Comparing Fig. 1 with Fig. 3 shows that
the proposed method achieves a better performance.

N oW R D

Control signal

Time

Figure 2. The control signal of sampled-data controller (33)
(T = 0.25s)

Error

0 1 2 3
Time
Figure 3. The synchronization errors under the continuous-
time controller (34)

5. Conclusion

In this note, the problem of sampled-data
synchronization has been studied for Lipschitz
nonlinear continuous-time systems. A synchronization
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(34)

criterion formulated in terms of LMIs has been
derived to ensure the exponential stability of the
resulting error dynamics under sampleddata output
feedback control. A simulation example has been
provided to illustrate the effectiveness of the
developed approach.
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