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It is challenging to recover the required compressed CT (Computed Tomography, CT) image, which is got by
transferred through the internet or is stored in a signal library after being compressed. We present a recov-
ery method for compressed sensing CT images. At present, minimizing 0-norm, 1-norm and p-norm is used to
recover compressed sensing signals. However, sometimes O-norm is an NP problem, 1-norm has no solution
in theory and p-norm is not a convex function. We introduce a recovery method of compressed sensing sig-
nal based on regularized smooth convex optimization. In order to avoid solving the non-convex optimization
problems and no solution condition, a convex function is designed as the objective function of optimization to
fit 0-norm of signal and a fast iterative shrinkage-thresholding algorithm is proposed to find solution with the
convergence speed is quadratic convergence. Experimental results show that our method has a sound recovery
effect and is well suitable for processing big data of compressed CT images.

KEYWORDS: Compressed sensing; CT Image; Re-weighted function; Regularized Least-Squares; Sparse rep-

resentation.

1. Introduction

CT (Computed Tomography, CT) images cannot only
show physicians the anatomical structure of bones
inside human body, but also reveal the damaged lev-
el to a certain degree. In hospital, physicians usually
transfer CT images through the Internet or the local
area network, but the big data of CT images pose a
limit for the possibility of remote transmission or
preview. Then these CT images are compressed be-
fore transmission or stored in a library and the CS
(Compressed Sensing, CS) method is a popular com-
pression method at present. These compressed im-
ages must be recovered if we want to make good use
of them. So the compressed sensing CT image recov-
ery becomes a hot research topic thanks to the rapid
internet development. In this paper, we study how to
recover the CT images which are compressed using
the compressed sensing method. We could treat a
sound signal as a1-D signal, an image as a 2-D signal,
and a 3-D model as a 3-D signal, so in this paper we
treat CT images as 2-D signals. As an alternative and
effective data acquisition strategy, the compressive
sensing acquires a signal by collecting a relatively
small number of linear measurements. Algorithms
for signal recovery in a CS framework are referred
to as sparse signal recovery (SSR) algorithms. Gen-
erally, the existing methods can be categorized as
the O-norm minimization, 1-norm minimization
and p-norm (0<p<1) minimization. Unfortunate-
ly, 0-norm minimization is a combinatorial optimi-
zation problem whose computational complexity
grows exponentially with the signal size. Recently,

many approaches were developed based on mini-
mizing 0-norm because it is the direct approach [1-
2,6,10-14, 19, 22]. 1-norm minimization is the most
popular algorithms, which has been widely applied
[22]. However, sometimes in theory, there will be an
infinite number of solutions. p-norm (0 <p <1) min-
imization will solve the effect of 1-norm minimiza-
tion. Several SSR algorithms based on constrained
p-norm minimization with (0 <p<1) have also been
proposed [1-2, 6-8,10-14, 19, 22, 24-25].

In this paper, we propose a new algorithm for the re-
covery of compressed sensing CT images (2-D sig-
nals) and it is also suitable to the ordinary CS images.
Furthermore, a new objective function is designed to
replace signal’s O-norm, and a fast iterative shrink-
age-thresholding algorithm is put forward to find the
solution with a quadratic convergence speed.

2. Preliminaries

Recover compressed sensing signal is alinear inverse
problem. Itis a discrete linear system as:

y=¥x+w, @

where, ¥ € R™ (m << n) and yeR", weR"is an
unknown noise vector. This linear system has a wide
range of application prospect in many fields such as
astrophysics, statistical inference, image processing
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or optics. If x is sparse, the solution of y = Wx+w
can be obtained by solving the constrained optimiza-
tion problem:

zz + /1”’6”0. )

X = minimize || y—¥x
by
Unfortunately, the optimizing ”x”o is a combinatori-
al optimization problem whose computational com-
plexity grows exponentially with the signal size n.

Recently, the widely used recovery method is the opti-
mizing signal’s 1-norm:

22 + /1"’“"1’ ®)

X = minimize || y—¥x
X
The solving process of the optimizing signal’s 1-norm
is shown in Figure 1.

The p-norm (0 <p<1) minimization recover a sparse

signal from noisy measurements by solving the opti-
mization problem:

22 +/1||x

T ” N »
X = m1n1;mze y X ). @

Figure 1
The solving process of optimizing signal’s 1-norm
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3. Minimization of a Smooth
Re-weighted Function-Regularized
2-Norm Error

3.1. Construction of Objective Function
Fitting Signal’s 0-Norm in the Whole Space

It is known that the compressed sensing signal could
be recovered directly by the minimizing O-norm.
However, it falls into the class of NP problems. In
this section, a new function f fitting signal’s O-norm
is presented and the signal recovery process is turned
into the optimization function:

f(x)= Zn:[g arctan(—e” L 1)} . (5)
T

i=1

Then, based on this function, the result is obtained:
"™ = _1when x, =0 and then —/"% +1=0;

B *Xiz

sy 2
- 5 —0 when x, # 0 and then —e +1— —o0.

—e#™ +1 is a monotonous decrease function, where
[ is afixed parameter and it is determined by specific

issues.

From Figure 2, it is can be seen that arctan(‘)

T T
compresses the whole space to —_ —).

272
arctan(-) is convex in (—o0,0) while it is con-
2 % 2 s
(0,0).  Zarctan(-e”™ +1) 1s a con-

vex function for1r (_e/;*x,? +1) € (—oo,O) and

cave in

Zarctan(—¢” 4 De (-1,0).

T
Because garctan(—eﬁ 1€ (-1,0),

2

F arctan(—e”™ + 1)} € [0,1), it fits |x,"

T

2 2 Bx 2

Let—z" = —arctan(—e” “ +1), then

2
2 « 2
[— arctan(—e” <y 1)} = ( -z’ ) = z* We can get
T

2 2 5*12 :

d” 4| —arctan(—e” ¥ +1) :

V4 6)
=12z >0.

dx.?
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Figure 2
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Thus, garctan(—eﬂ*‘“z +1) | isaconvex function.
T
Because the linear combination of the convex
function is still a convex function, so the function

n 2

f(x)= Z [g arctan(—eﬁ*”‘z + 1)} is convex. At the same
i=1 LT

time, it fits ||x||0 = Z|xi|° .

3.2. Solution of the Unconstrained
Optimization Problem

‘We proposed to recover a sparse signal from noisy
measurements by solving the optimization problem

n 2
> oy -x;)
i=l1
X = minimize %)
+A Y, w;| —arctan(—e” 1 +1)
i=1 LT

where, @, :%. The optimal solution for (7) is x.
The solving lx* process is: to solve a series of
{x' x> L x”},until ”x" —x*”SE.

According to the steepest descent method in the opti-
mization theory, (7) becomes:

2019/2/48

2

PROCICRY

+AY o, {2 arctan(—e”™ + 1)}
r

i=1

[®

where, ¢, = x*" -1, Vf(x"").

Using the method of separation of variables, we trans-
form the n-dimensional primal problem to n one-di-
mensional problems.

x*=min o, {%"xl -c, "22 +1 [arctan (—eﬂ*"‘2 + 1)]2}
k

+min @, {%"xz -c,’ ||22+ A [arctan (—eﬂ*"22+ I)T} +...
k

. 1 n-1 2 [, 2 2
+minw, —/|x,_ ¢, | +ﬂ[arctan(—e i +l)]
2, 2

|+ 4| arotan (- +1)T}

€))

n
X, —C,

n

+min w, L
B

This problem can be used in the algorithm 1. The
algorithm enjoys a convergence rate of O(K™):

|| 2
20V ()¢ = x|,
(k+1)°
Algorithm 1. The Fast Iterative Shrinkage-Thresh-

olding Algorithm

F(x")-F(x)< [25].

Step 1. Let the starting point x° =0, t, = ; .
| CV/ ()
While, (||f(xk+] )+8(x)— f(x)—g(x, )”) <¢.

Step2. x, =I",, (¢;)
F/uk = (|ck| —At,), sgn(c,)-

[ 2
Step 3. Ly = w .
2
t, —
Step4. X, ,, =X, +—
k+1
Step 5. x**! is the solution.

(2 —x,,).

3.3. The Recovery Algorithm

Algorithm 2. The recovery method of a compressed
sensing signal
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Step 1. Recover a sparse signal by solving the optimi-
zation problem:

n 2
2 (y i _xi)
i=1
X =minimize 2 10)
+A Y w;| =arctan(—e” 1 +1)
i=1 LT

Step 2. Input y, ®, D, A, B, x,=0.
Step 3. Transform the optimal problem (10) into (7),
and (7) is solved by the Algorithm 1.

4. Experimental Comparison and
Analysis

At first, 15 sparse signals X of 256 dimensions with
sparsity (K =5a—4) a=1,2K,15 are designed for
the simulation experiment. The design method is de-
scribed as follows: the first generate signal # of the
length K according to the standard normal distribu-
tion; then select randomly K as the indices of X and
insert ¥ into K indices, and then sample X by Y.

(m=100, n=256) to get the compressed signal y.
Finally, based on y, X isrecovered using Du’s meth-
od [10], Pant’s method [22], Donoho’s method [22] and
our method, respectively. Figure 3 shows the number

Figure 3
The number of successful recovery
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of successful recovery and Figure 4 shows the time re-
quired in the recovery [19-20, 22-25, 27, 31].

From Figure 3, we could observe when the sparsity is
below 40 the numbers of successful recovery of the
four methods are high, and our method is higher than
the three methods. When the sparsity is above 40 the
successful rates of four methods drop rapidly. Our
method is alittle higher and more stable than the oth-
er three methods [5, 9, 16, 18, 21, 26, 28, 32].

From Figure 4, on the aspect of the time required in the
recovery our method is superior to the other three meth-
ods and the time growth of our method is nearly linear.

Figure 4
The CPU time required in the recovery
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Secondly, a 2-D image
isrecovered inthe same
way. A 2-D image can be
depicted as a sequence
of 2-D points, and an
original CT image is
shown in Figure 5.

It can be represented
as [X Y], where, X
and Y are vectors. Al-
though most elements
of [X Y] are not ze-
ros, which is sparse un-
der the basis composed
with eigenvectors of

Figure 5
A 2-D image is represented
as a sequence of 2-D points
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Laplace operator. The discrete Laplace operator is
shown as follows:

=L ook ko0 L
2 2
Loy bk ok o
2 2
S(X)=LX=M M M M M M M|X
o K K 0o -~ 1 -!
2 2
Tk ko0 Ly

Figure 6 (the right-hand side) shows a histogram for
the x-coordinates of the CT image under the new ba-
sis and it is the spectral transform of 2-D image. As a
result, 2-D image can be compressed based on com-
pressed sensing.

Definition 1: Let X ={xy |i =IKn,j=IK m}, the

Frobenius norm of X,

n

is: [X], =

the original CT image be O, , the recovered mod-
el be R,,,,. Their similarity can be expressed as:

d= ||O401><2 - R401><2

P

Figure 6
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The CT image is sampled by S, ,,, and S, ., - re-
spectively. The applications of our method, pant’s
method, Z.M.Du method and Donoho’s method to
recovery of the image, are shown in Figure 7. We can
see form Figure 7, when the CT image is sampled by
S,exaor the four methods all can recover the model
perfectly. When the CT image is sampled by S, .,
the result of our method is superior to other three
methods and the bone damage is even more clear
than the original CT image. Donoho’s method al-
most cannot recovery the model (d =4.2), because
S0 1S not satisfied with the RIP (Restricted
Isometric Property, RIP) condition. The objective
function of our method is a convex function and a
fast iterative shrinkage-thresholding algorithm is
proposed to find the solution with a quadratic con-
vergence speed. The robustness of our method is
guaranteed by the objective function [3, 15, 17-18,
28-30, 33-34].

In fact, the data of CT image is big after being sam-
pled using the traditional Shannon-Nyquist sam-
pling method and the number of dimensions is twice
the original signal. Efficiencies of many traditional
compression methods are low because the data is
compressed after being sampled. While, the com-
pressed sensing method compresses the data in the
sampling process. So, the shortcoming of the large
volume of data is essentially overcome by the com-

X-coordinates of the CT image and its new expression under the new bases
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Figure 7
The recovery effect of a different sampling matrix
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pressed sensing method. Our recovery method is
for the compressed sensing method. We believe that
compressed sensing and recovery methods could
play an important role in the field of CT image pro-
cessing.

5. Conclusions

In this paper, we recover the compressed CT images
which are compressed by the compressed sensing
method and achieve satisfactory results. However,
this function is not convex in the whole space. The
starting point is very important in the process of com-
puting. So the future work will be emphasized to find
out a convex function in the whole space. Thus, we
can obtain the global optimal solution without con-
sidering the starting point.

2019/2/48
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