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This paper deals with the problem of synthesizing a fuzzy-logic-based adaptive proportional-integral sliding
mode control (FAPISMC) for active suspension systems based on Kalman filtering approach. To improve the
performance of the controller and eliminate the effect of the chattering, the switching input is designed based
on the fuzzy-logic-based approach with a minimum number of rules. In order to facilitate the stability analysis,
the estimation of the state variables is used in designing the sliding surface platform. Furthermore, the gain of
the controller is updated by an adaptive law to avoid any pre-knowledge of the disturbance amplitude. Subse-
quently, the proposed approach is more implementable in real-world processes. Finally, in order to illustrate
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the effectiveness and merits of the proposed approach, a suspension system is considered and simulated by the
real-time hardware-in-the-loop (HiL). In this example, a quarter-car model of suspension systems is consid-
ered. Then, the obtained real-time results are compared with the linear quadratic regulator approach.

KEYWORDS: Fuzzy-logic-based, Sliding mode control, Kalman filtering, Suspension vehicle systems, hard-

ware-in-the-loop (HiL).

1. Introduction

Inrecentyears, several researchers have been attract-
ed to synthesize a suitable controller for suspension
systems [26, 48, 9]. Generally, the suspension systems
are split into three categories: passive, semi-active,
and active [16, 49]. The passive suspensions are com-
posed of spring and damper elements and for normal
operation conditions, their performance is fixed. The
passive suspension system limits the motion of the
body and wheel by limiting their relative velocities to
a rate that gives the required ride comfort. From the
conventional passive point of view, there exist some
tradeoffs between the body vibration and stability of
the suspension systems [16]. However, this issue can
be handled by the active suspension system scheme
[16]. Hence, the active suspension systems have many
advantages over the conventional passive ones, such
as: increasing the degree of comfortable riding, in-
creasing the car safety, and also improving the com-
fortable driving [29, 12]. In the active suspension
system, the control mechanism must guarantee the
regulation of suspension and body movements as well
as the elimination of force disturbances. Therefore,
the body movements should be isolated from any in-
coming disturbances [29, 16].

Sliding mode controller (SMC) has been attract-
ing lots of attention during recent years [44, 45, 46,
21, 34]. In order to design an SMC, mainly two steps
are considered [8, 22, 10]. The first step is to design
a sliding surface such that the desired performance
has been guaranteed in a finite time. The second step
is to design a controller to force the state variables to
reach the sliding surface in a finite time and maintain
the state variables on the sliding surface. Some of the
main advantages of the SMC can be enumerated as
disturbance rejection, insensitivity to parameters un-
certainties, fast response, and finite time performance
[25, 36, 35]. However, the SMC provides a discontin-
uous control input signal which is not applicable in
practice [20]. One of the fruitful ways to overcome

the chattering phenomenon is utilizing the fuzzy ap-
proaches together with the SMC [21, 44, 39, 37].

In most of the real world processes, the state vari-
ables are not available. Using sensors to measure
the state variables is expensive and/or impossible in
some situations. Whereas the system output is mea-
sured with the additive white noise, the Kalman filter
(KF) is used to estimate the state variables based on
input-output data [1, 31, 41]. The KF is well-known
as the best linear unbiased estimator. During re-
cent years, there exist flurry of research topics on
controlling the active suspensions systems such as
back-stepping technique [15], optimal state feedback
[2], SMC [42], fuzzy control [43], optimal state feed-
back [5], non-fragile H_ control [4], linear quadratic
Gaussian [3], neural network techniques [48], fuzzy
logic control [9], genetic algorithm [26, 6], linear qua-
dratic regulator (LQR) [9, 2], gain scheduling control
[13], and PID control [24]. However, the problem of
designing fuzzy adaptive proportional-integral slid-
ing mode control (FAPISMC) by estimating the state
variables based on the KF for an active suspension
system has not been addressed yet which is the main
contribution and idea of this paper.

In this paper, the problem of designing a FAPISMC
is investigated such that the performance of the sys-
tem is guaranteed in the presence of disturbance
and noise. The proposed sliding surface has sever-
al advantages over the previous ones, such as 1) it is
constructed based on the estimated state variables,
2) it increases the applicability and the ability to im-
plement the proposed approach. The integral part of
the proposed sliding surface results in decreasing the
reaching time to the sliding surface. Several compar-
isons with newly published approaches are present-
ed in this paper. The obtained results are compared
with LQR method and the passive suspension system.
Based on the proposed technique, the performance of
the controller is guaranteed. Furthermore, the com-
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fortable riding and car safety will be established. In
order to evaluate the applicability and effectiveness
of the proposed method, it is applied to a suspension
system with the quarter-car model through the re-
al-time hardware-in-the-loop (HiL) simulation and
the obtained results are compared with the state-of-
the-art methods.

The rest of the paper is organized as follows: Section
2 studies the dynamic model of suspension systems;
the KF is investigated in Section 3; the proposed con-
troller is discussed in Section 4; Section 5 illustrates
the simulation and comparison results. Finally, the
conclusions are provided in Section 6.

2. Problem Formulation

The model of the quarter-car active suspension sys-
tem utilized in this paper is drawn in Fig. 1, where m,
and m, stand for the sprung and unsprung masses,
k, and k_ are stiffness values for tire and suspension
spring, ¢, and c, are the damping coefficients of the
tire and suspension damper, respectively, u(t) stands
for the active input of the suspension system, z,and 2,
denote the displacements of the sprung and unsprung
masses, respectively, and z, is the road displacement
input. The dynamic equation of the suspension model
is established as follows [14]:

Let x,(t)=z,(¢t)-z,(t) denote the suspen-
sion deflection, x, (t) =z, (t) the car body ve-
locity, x,(t)=z,(t)-z,(r) the tire deflection,
x,(t)=2,(t) the wheel velocity, and (t)=z2,(¢)
the disturbance input.

Equation (1) shows that the disturbance input is not in
phase with the actuator input. Therefore, the system
suffers from the mismatched condition. Thus, the pro-
posed controller must be robust enough to overcome
the mismatched condition so that the disturbance
would not have a significant effect on the performance
of the system. Equation (1) can be rewritten as:

¥ (1) =Ax (t)+Bu(t)+ Byoo(t)

—dx ()4 Bu (1) +/ (1), "
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Figure 1
Quarter-car model [14]
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where x ()€ R* is the state vector, u (/)€ R is the
control input, and the continuous function / () isthe
bounded disturbance in the suspension system. More-
over, the measured output vector is defined as below:

y(t)=|z,(t)-z,(¢)|=Cx (t)+Du(r), @

where
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The following assumptions are taken as standard.

Assumption 1: The pair (4, B) is controllable and the
input matrix B has a full-column rank.

Assumption 2: (¢ ) is abounded function.
Assumption 3: The pair (4, C) is observable.

With respect to the suspension control application, it
is the aim of the observer to estimate the states of the
full-scale suspension model. This is done by means of
afull-order observer using Kalman filter theory.

3. Kalman Filter

For the design of the Kalman filter, consider the fol-
lowing representation [33]:

X(t)=Ax (t)+Bu(t)+f (t)+Gw (¢),
(6)
y =Cx (t)+Du(t)+v (t)
where w (t ) and v (t ) denote the zero-mean Gaussian
white process and measurement noises, respectively,
characterized by

E{w(t)}=0, E{(t)}=0 @

and

E{w(t)w’ (1)} =05(t-7), 0=0" >0,

®)
E{(tW" (t)}=R5(t-7), R=R">0.
In this context, E {-} and &(¢ —7) represent the ex-
pectation value operator and the Dirac delta, respec-
tively. Furthermore, w (t) and v (t) are assumed to
be uncorrelated with each other. Based on Equation
(6), an optimal state observer, i.e. KF, can be con-
structed as [33]

X(t)=Ax(t)+Bu(t)+L(y -7 ),
)
¥ =Cx (t)+Du(t).
where L is the observer gain matrix. The objective of
the observer (9) is to eventually converge its states to
those of system (6). Thisis the case if the error dynam-
ic é(¢)=x (¢)—x () is asymptotically stable. For the
non-perturbed system, the error dynamic yields:

é=(4-LC)e. (10)
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Since the KF'is of the same structure as Equation (9)
and due to its optimality properties in case of stochas-
tically disturbed linear systems, the matrix L can be
determined based on Kalman filter theory [33], as:

L=PC"R', (€hY)

where P is the symmetric and positive definite solu-
tion of the algebraic matrix Riccati equation

AP +PA" +GOG —PC"R™'CP =0. 12)

4. Control Problem

The control objective is to maximize the passenger
comfort and minimize the passenger acceleration,
under road disturbances. Due to the presence of mod-
el disturbances in Equation (2), the fuzzy proportion-
al-integral sliding controller is designed to make the
state trajectories converge to zero.

At the first step of the design procedure, we construct
an integral-type sliding-surface function as follows:

oc=a) +a,]xdt, a3)

where ¢, and «a, are two constant vectors. Differen-
tiating Equation (13), along with the state estimation
Equation (9) yields

dzal(Af(t)+Bu(t)+L(y —)5))+a2)€. (14)

In order to derive a control law to ensure the closed-
loop robust stability, the following Lyapunov function
candidate is considered [23, 44, 46]:

V(X):EO'Z. 15)

Taking the time derivative of Equation (15) and incor-
porating Equation (14), one can obtain

v za(al(A)E+Bu+L(y —)9))+a2)€). (16)
To ensure the closed-loop stability, based on the Lya-
punov stability theorem, the control input is deter-

mined, such that Vis negative definite, i.e [44, 46, 23]:

V < —77|0'|, an
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where 77 is a positive constant. The control input u
is chosen as:
-1
u=u, —(alB) k sgn (0'), (18)

where ¢, is defined in Equation (13) and chosen such
that o B is invertible, £ is a positive parameter to
be designed, and sgn () represents the sign function.
The equivalent control action u,,, is obtained by solv-

ing 6 =0 in Equation (14), in the absence of uncer-
tainties and disturbances, i.e.,

u, =—(a,B)" (@, (4-LC)F +aLCx +a,f). (19
By substituting (18) into (16) one obtains

V =o|aLv(t)-ksgn(c)]. (20)
In order to satisfy Equation (17), it is sufficient to
choose k > |77 +oa,Lv (t )| . However, the selection of
k isahardtask. Hence, an adaptive tuninglaw is pro-
posed to determine k . Then, the control law (18) can
be written as:

u=—(,B)" (al (4 ~LC)¥ +a,LCx +a,X +ksgn (U)),
(21)

where & is the unknown bound, which will be esti-
mated adaptively. To choose the adaptation law for k
based on the Lyapunov technique, consider the fol-
lowing Lyapunov function:

1 2 1 w)

V =—0c"+—yk~, (22)
2 2 4

where k =k —k isthe adaptive error. By performing

the same procedure as given in Equations (16)-(20)

to compute the time derivative of the Lyapunov func-

tion, one has

v :o'd'+}/l€k; Sa[alLv (t)—kAsgn (0')]
(23)
+(I€—k)|0|£0{1Lv (t)o] -k |o]<0

Therefore, the adaptation law for the parameter k is
obtained as:

K =l|0'| (24)
4
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where y >0 is the designed positive constant. More-
over, the chattering phenomenon is inevitable due to
the existence of sign function in control input « . One
effective way for chattering reduction is replacing the
discontinuous function sgn () with continuous func-
tions [39, 45]. Fuzzy logic controllers are widely uti-
lized to stabilize the systems during recent years [28,
27,38, 30,11, 40, 7, 17]. In this paper, the fuzzy mecha-
nism u, is employed and incorporated into Equation

fs
(20) to form

-1~
u=u, +(B) ku, (25)
Letting o and u & be the input and the output vari-
ables of the FAPISMC, respectively, the instinctive
rules can be written as:

u, >0 iff  o<0
u, =0 if o0=0 (26)
u, <0 if  o0>0

The input and output spaces are fuzzily partitioned
into three fuzzy sets. The input and output member-
ship functions are shown in Fig. 2.

Figure 2
Membership functions of FAPISMC for (a) input, (b) output

RN ZE P N  ZE P
Uss
0 D 0 o S
(2) (b)
Table 1

Fuzzy-Rule Base for FAPISMC

Input (o) N ZE P

Output (ufs ) P ZE N
Labels of the input and output membership functions
are N (negative), ZE (zero), and P (positive), with @ and
W as two real constants. As summarized in Table 1, the
ith fuzzy rule for the system takes the following form:

R, :IF ois F.THEN Uy is Fu’f: , i =123, @n
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where F. and F, u’f are the corresponding fuzzy sets,
defined based on Equation (27).

By using the centroid-defuzzification technique, the
output u, is calculated as:

X &L (o)

Ugs ;
Y. Fu(o)

where g! e {—W ,0W }, i=1,2,3 are the values of
the corresponding output fuzzy singletons [19, 18].

(28)

5. Simulation Results

In order to evaluate the performance of the proposed
control method, the Hardware-In-the-Loop (HiL)
simulation approach is utilized. The real-time HiL
method is used to emulate errors and delays that do
not exist in the classical off-line simulations. The
HiL setup is illustrated in Fig. 3 and is consisting of:
I) OPAL-RT as a real-time simulator (RTS); II) a PC
asthe command station (programming host) in which
the Matlab/Simulink based code executed on the
OPAL-RT is generated, and III) arouter used as a con-
nector of all the setup devices in the same sub-net-
work. The OPAL-RT is also connected to the DK60
board through Ethernet ports [47]. The mathematical
model of the system as defined in Equation (2) and the
proposed proportional-integral sliding mode control-
ler based on Kalman filter in Equation (21) are simu-
lated on a computer, and the estimation performance
of the Kalman filter is analyzed in the simulation.

Figure 3
The real-time experimental setup

A measurement of a real rough country road profile
traveled at a vehicle speed of V' =50km / h serves as
the road excitation. The road height profile and power
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spectral density of the generic highway road are given
in Fig. 4 and Fig. 5, respectively.

Figure 4
Height profile z, at V=50km/h
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Figure 5

Power spectral density of generic highway road at V=50km/ h
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Also, a bump road running condition is used to evalu-
ate the proposed method effect. Considering the case
of an isolated bump in an otherwise smooth road sur-
face, the corresponding road displacement input of
the vehicle model is presented as:

0, i 0<1<05
Z, = i[l—cos( 4 (¢ —O.S)D, if 0.5<¢t ££, (28)
2 14
L
0, if t >—
it 14

where A and L are the height and the length of the
bump, respectively. We choose A =0.1m, L =2.5m, and
the vehicle forward velocity as V=50 km/h . Accord-
ing to Equation (9), the corresponding z, curve under
abump road running condition is shown in Fig. 6.

For comparison purposes, the performance of the
proposed controller is compared to the LQR control
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Figure 6
z_curve under the bump road running condition at V=50km/h
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approach [32]. In this method, a quadratic perfor-
mance index of the form J :—I x"Rx +u" Ru )dt is

considered, where the matrix R is symmetric posi-
tive semi-definite and R, is symmetric positive defi-
nite.

Then, the optimal linear feedback control law is ob-
tained as:

u=—kx, (30)

where kis the designed matrix gain. Numerical values
for the model parameters are listed in Table 2 [49].

Table 2
Parameters needed in model
Parameter Value Unit
M, 290 Kg
M, 59 Kg
K, 16812 N/m
K, 190000 N/m
C, 1000 N/(m/s)

The sliding coefficients in the proposed control-
ler are selected as o, =[5 01 0.1 0.01] and a, =
[0.2 .01 0.2 0.01] . The parameters used in the
input fuzzy sets w =1 and @ = 0.09 are simply deter-
mined to partition the suitable region. In the design
of the LQR controller, weighting matrices O and R are
selected as Q = diag[10% 10% 10% 10*] and R =10 Con-
sequently, the designed gains of the LQR controller are
[3]: k, = 2750, k,= 9720, k, = -206400, and k, = 8240.

The simulation results are plotted in Figs. 7-9. From
Figs. 7 and 9, it is evident that the KF can effectively
estimate the suspension state variables when the ve-
hicle is driving on the random road. Fig. 8 shows how
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Figure 7
KF performance under height profile road
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the adaptive gain parameter changes.

Fig. 9 illustrates clearly how the FAPISMC can effec-
tively absorb the vehicle vibration in comparison to
the LQR method and the passive system. The body ac-
celeration in the FAPISMC design system is reduced
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The adaptive gain parameter for the height profile road
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Proposed method performance under height profile road
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significantly, which guarantees better ride comfort.
Moreover, the wheel deflection is also smaller using
the proposed controller. Therefore, it is concluded that
the active suspension system with the FAPISMC im-
proves the ride comfort while retaining the road han-
dling characteristics, as compared to the LQR method
and the passive suspension system. The result shows
that the active suspension utilizing the FAPISMC
technique performs better as compared to the others.

The simulation results for bump road running condi-
tion are plotted in Figs. 10 and 11.

Figure 10
Proposed method performance under bump road
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Figure 11
The adaptive gain parameter for the bump
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Fig. 10 illustrates clearly how the FAPISMC can ef-
fectively absorb the vehicle vibration in comparison
to the LQR method and the passive system. It is evi-
dent that the KF can effectively estimate the suspen-
sion state variables when the vehicle is driving on the
bumpy road. Fig. 11 shows how the adaptive gain pa-
rameter changes.

It can be concluded that compared with the LQR and
passive suspension system, the proposed method
could have a good performance despite the random
road and bumpy road. The efficiency of the LQR, pas-
sive and the proposed control schemes are evaluated
by three common error measurement criteria, i.e.,
the sum of the squared errors (SSE), mean absolute
error (MAE), and mean square error (MSE). In brief,
these approaches will yield an optimal performance
if the values of SSE, MAE, and MSE are close to zero.
Table 3 shows the evaluation results for three con-
trollers.

Table 3
Comparison performance of the proposed method with
other controllers

Criteria LQR passive Prop. Method
SSE 7.5310 6.5891 1.5043
MAE 0.0819 0.0610 0.0147
MSE 9.9410e-4 5.9982e-4 0.9901e-4

Remark 1: The results in Case 2 show that when the
system works under a bumpy road, the LQR and pas-
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sive controllers can still work but their performance
is not optimal. When the system works under height
profile road, these controllers may not stabilize the
system. However, the proposed method has a better
performance than the LQR and passive controllers.
The FAPISMC controller can achieve control goals
in a faster responding and smoother manner. The
test results in Cases 1 and 2 demonstrate the excel-
lent robust performance of the designed controller.
As it is clearly seen in Figs. 9 and 10, the LQR con-
troller and the passive controller do not have a good
response against the severe disturbance input.

6. Conclusion

The purpose of this study is to design the FAPISMC
for active suspension systems, despite the external
impedance of the system entered into the system.
Given that the proportional-integral-controller and
the fuzzy controllers for such systems do not work
well lonely, these approaches are usually not used
for such systems. The improved sliding mode tech-
nique has been considered in this study, due to its
resistance to external and internal disturbances.
One of the methods of sliding mode control is the
fitting-integral sliding surface, which has many ad-
vantages over classic sliding mode, including 1) an
additional design parameter gives more freedom
to design proportional-integral sliding mode con-
trol, 2) tracking arbitrary signals using this type of
controller can be developed, 3) For the systems that
have high offsets or steady-state errors, they provide
better performance.

In addition, the gain of the controller is updated by
an adaptive law to avoid any pre-knowledge of the
disturbance amplitude. Therefore, the adoption
of the Kalman filter strategy will not only improve
the performance of the proposed controller but will
also make it more comfortable for the occupants
of the car and improve driving quality. The global-
ly asymptotic stability of the closed-loop system is
mathematically proved. Finally, in order to validate
the feasibility of the suggested approach under load
disturbances, detailed simulation, and hardware-in-
the-loop experimental results are shown.
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