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Artificial Bee Colony (ABC) is a successful meta-heuristic algorithm that has been greatly utilised by research-
ers. Through our practical experience of ABC, we have noticed that the recommended formula ‘limit’=n, * D
may not be the best choice for different problems. In this work, a set of experiments using horizontal and ver-
tical approaches has been designed and executed with the aim of observing the effect of ‘limit’ on ABC. The
results have been statistical analysed using Null Hypothesis Significance Testing (NHST) as well as the Chess
Rating System for Evolutionary Algorithms (CRS4EAs), which is a novel approach for comparing meta-heu-
ristic algorithms. It is shown that the recommended formula is not the best setting for different problems and
approaches. Hence, the control parameter ‘limit’ should be tuned or controlled. The other important result of
this study is to show that CRS4EAs is comparable but also shows benefits over NHST.

KEYWORDS: ABC, control parameter setting, sensitivity analysis, significance testing, chess rating system for
evolutionary algorithms.



Information Technology and Control

1. Introduction

Comparisons between different meta-heuristic algo-
rithms [5] are inevitably necessary within the field
of Evolutionary Computation (EC). Although the
scientific testing [20] approach, the aim of which is
to learn about which kinds of problems and why one
algorithm performs better, is preferred over the horse
racing approach [12], [23], [45], the aim of which is to
outperform other algorithms, the latter approach still
prevails during current EC experimental practices.
However, even in the scientific testing approach, sim-
ply understanding parameter interactions and plac-
ing emphasis on the analysis of robustness may not be
enough if an algorithm under investigation performs
badly. Hence, there is still a need for comparing the
performances of the algorithms under investigation
using the currently best available algorithms [9].

This paper deals with the Artificial Bee Colony (ABC)
algorithm [25], [26], [39], which is a swarm intel-
ligence algorithm that accomplishes optimisation
tasks through social cooperation among bees (i.e.,
individuals) - employed bees exploit food source and
share food source information to onlooker bees; on-
looker bees probabilistically choose and exploit food
source based on the provided information; and scout
bees explore new food source when current ones are
exhausted. ABC exhibits remarkable balance between
exploitation and exploration [8] (raw data for exper-
iments presented in this paper are available in [47]).
This balance between exploitation (employed bee
phase and onlooker bee phase) and exploration (scout
bee phase) is controlled by population size (SN) and
‘limit’, respectively. The formula ‘limit’ = n, * D (‘lim-
it’ is the threshold for determining whether a scout
bee should be introduced or not, n, is the number of
employed bees, D is the dimension of a problem) was
recommended in a very influential paper [26]. As
ABC is a very successful algorithm, it has been used
extensively over recent years [28], [29]. The suggest-
ed formula for setting the ‘limit’ control parameter is
indeed mostly used (e.g., [2]). We came across only a
few studies where the ‘limit’ was set at a certain fixed
number (e.g., 10 in [38], [65], 30 in [53], 40 in [56], 50
in [44], 100 in [22], [52], 200 in [34], [57]), or better
where the ‘limit’ was tuned [35]. When experimenting
using ABC we have noticed its sensitiveness to ‘limit’
control parameter and that its relationship between
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population size (SN = 2 * n,) and the dimension of a
problem (D) is not straightforward. However, this was
just our speculation driven by practical experience
with ABC. Hence, we decided to perform extensive
statistical analysis of ABC and support it by stronger
conclusions, using the Null Hypothesis Significance
Testing (NHST) [41] and Chess Rating System for
Evolutionary Algorithms (CRS4EAs) [48]. For find-
ing the significant differences with NHST, the Wil-
coxon’s test [51] was a more appropriate test with the
post-hoc analysis supported by the Holm’s test [19].
Both the Wilcoxon’s test and CRS4EAs compare the
results pairwisely but whilst the Wilcoxon’s compar-
ison concentrates only on Ixk comparison, the com-
parison in CRS4EAs allows kxk comparison and the
detections of significant differences amongst all algo-
rithms. Note that when attempting to apply statistical
kxk comparison, the more appropriate test would be
the Friedman test [13], [14]. However, as the number
of problems is really small and the goal was to anal-
yse different ‘limit’ settings regarding different prob-
lems, the Friedman test could not be taken into con-
sideration [50]. Hence, the choice of Wilcoxon’s test
with post-hoc Holm’s test is shown as an appropriate
one. Even though CRS4EAs allows kxk comparison
and Wilcoxon’s test allows only 1xk comparison, the
analysis of CRS4EAs was applied as Ixk comparison,
as well as assuring that both methods are applied
equally. Our results show that ABC’s performance is
very sensitive to a control parameter ‘limit’, which
is often independent regarding the population size.
‘Whilst the ‘limit’ depends on dimension D, it is much
more dependent on the problem under investigation.
Although, the characteristics of a problem might
drastically change when changing dimension D and
can become a completely different problem (e.g., an
optimisation function becomes multi-modal instead
of uni-modal or vice verse, and the fitness-distance
correlation is changed from high to low correlation
or vice verse [7]). Hence, dimension D can be seen as
part of a problem as well.

The main contributions of this paper are:

_ Sensitivity analysis is applied for the first time
on ABC control parameters using vertical and
horizontal approaches showing that control
parameter SN is much more robust than control
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parameter ‘limit’, which must be carefully set for
the best results;

An example of how from sensitivity analysis
one might conclude that a suggested formula for
setting control parameters is not most appropriate;
Deep statistical investigations about setting
ABC control parameter ‘limit’ as a full factorial
design using NHST and CRS4EAs showing that
the recommended formula for setting the control
parameter ‘limit’ regarding population size SN and
the dimension of the problem D is not the best for
every problem and approach;

For the first time, it is shown that even the
control parameter ‘limit’ depends on the available
maximum number of fitness evaluations, and that
ABC convergence using the suggested formula is
not amongst the fastest; and

First application of CRS4EAs as 1xk comparison
showing its applicability and suitability as a
feasible replacement of NHST.

The main conclusion from this study is that ABC does
not always perform best when under the setting ‘lim-
it’=n,* D. Hence, the ‘limit’ control parameter should
be tuned or controlled.

However, such a conclusion should not come as a sur-
prise in EC and confirms already established knowl-
edge within the meta-heuristic field. Namely, fixed
formulae for setting a control parameter usually lead
to poor performances when applying to different
problems. However, a systematic mapping study from
[39] shows that this formula is indeed very frequent-
ly used indicating that still many researchers believe
that some fixed formulae can be a robust choice. Our
speculation is that this dichotomy between theory
and practice exists due to lack of ABC studies show-
ing that such a parameter setting is not the best. In
this respect, our work can be seen as remedying this
situation for ABC. There should be no excuse not to
perform tuning on control parameter ‘limit’ anymore.

The other important conclusion from this study
is that CRS4EAs is comparable with NHST but
CRS4EAs also showed many benefits during exper-
imentation where a greater number of experiments
needed to be conducted. When executing one tourna-
ment in CRS4EAs, all the necessary data for analysis
are obtained and calculated, whilst for NHST there
are always additional tests required. Having so many
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different situations and approaches, the results anal-
ysed by CRS4EAs are far quicker and easier than with
NHST.

The paper is organized as follows. Section 2 describes
the conducted experiment in detail. This section is
divided into three major parts: in Section 2.1 the sen-
sitivity analysis is conducted for one optimisation
problem; in Section 2.2 the results of experiment are
analysed with NHST and the results reported regard-
ing the different approaches; in Section 2.3 the results
of the experiment are analysed with CRS4EAs and
results are again reported regarding the different ap-
proaches. Section 3 displays the results of tuning the
parameters of ABC on different dimensionalities of
one optimisation problem. Section 4 discusses other
similar researches as presented in the past. Lastly,
Section 5 concludes the paper. All the algorithms, fig-
ures and tables are also placed online at https://lpm.
ferium.si/research/abc/.

2. Experiment

The amount of exploration [8] of ABC is controlled
by the control parameter ‘limit. ABC is exploring the
search space more often when the ‘limit’ is setatasmall
number, and vice versa by exploiting the search space
when the ‘limit’ is set to a higher number (Algorithm 1).
The amount of exploration and exploitation depends
on the problem and even on the evolution stage [8].
Hence, it is difficult to quantify. The formula ‘limit’ =
n,* D [26] suggests that higher-dimensional problems
require less exploration (higher dimension increases
‘limit’, which in turn decreases exploration), and that
bigger population size increases exploitation, which
is indeed correct for ABC. However, the relationship
between population size and the needed amount of ex-
ploration is unclear, as well as the fact that higher-di-
mensional problems might require more exploration.
Overall, the suggested formula was not intuitive for us
and we decided to further explore the relationships be-
tween population size SN (SN = 2 * n), dimension D,
and control parameter ‘limit’. Our experiment was di-
vided into two parts. In the first part, the importance of
SN, D, and ‘limit’ to ABC was investigated by perform-
ing sensitivity analysis [33], which showed that indeed
the most influential one amongst the aforementioned
factors is ‘limit’. In the second part of the experiment,
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emphasis was given to the ABC control parameter ‘lim-
it’, where different settings were statistically analysed
by NHST and CRS4EAs.

During the experiment, we used the same benchmark
functions as in the original ABC work [26]. Although
this benchmark suite contained only five numerical
benchmark functions: (1) multi-modal, non-sepa-
rable Schaffer function f,, (2) uni-modal, separable
Sphere function f,, (3) multi-modal, non-separable
Griewank function f, (4) multi-modal, separable
Rastrigin function f,, and (5) uni-modal, non-sepa-
rable Rosenbrock function f}, it was enough to arrive
at appropriate conclusions. Even this small bench-
mark suite confirmed our hypothesis and there was
no need to perform the experiment on more compre-
hensive benchmarks. On the other hand, whenever
a statistical formula is suggested, it should be tested
on comprehensive sets of benchmarks that can really
support it on a vast number of different optimisation
problems. For example, Piotrowski in [43] suggested
that both the problems, minimisation and maximisa-
tion should be used on the same benchmark functions
since a good performance of a meta-heuristic algo-
rithm on the minimisation of some function does not
also guarantee a good performance on the maximisa-
tion of the same function, and vice versa.

We extended Karaboga’s experiment [26] by perform-
ing a full factorial design on this benchmark suite using
the following factors and their values: SN = {24, 50,100},
D=42,5,10, 30, 50}, and ‘limit’ = {0, 100, 250, 500, 750,
1000, 1250, 1500, «o}. Hence, altogether there were 3 * 5
*9 =135 different combinations tested using 100 inde-
pendent runs, whilst using both vertical and horizontal
approaches [18] when performing the experiments.

Inthefirst case,known also as ‘the fixed-cost approach’,
we measured the quality of a solution reached by a
pre-defined number of fitness evaluations (100,000
and 250,000 fitness evaluations for each combination).
In the second case, also known as ‘the fixed-target ap-
proach’, we measured the number of fitness evalua-
tions needed to find a (sub-)optimal solution (10 and
10*?). The horizontal approach would have stopped
the algorithm if a (sub-)optimal solution could not be
found over 1,000,000 fitness evaluations.

2.1. Sensitivity Analysis

In this subsection, the results of the first part of the
experiment are presented showing the importance of
SN, D, and ‘limit’ to the performance of ABC. Sensitiv-
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ity analysis [33] is shown only for £, due to its similar-
ity of results on f, - f;. The other reason is that the em-
phasis of this study was given to the second part of the
experiment, where different settings of ‘limit’ were
statistically analysed, and in the third part where the
results were analysed using a novel method for pair-
wise comparison, CRS4EAs.

The aim of sensitivity analysis was to show the ro-
bustness of a meta-heuristic algorithm against dif-
ferent settings of control parameters. By performing
a sensitivity analysis, we could find those control
parameters (if any) that are very sensitive, as well of
those (if any) which are very robust. In the former
case, a proper setting of a control parameter is crucial
for obtaining good performance of a meta-heuristic
algorithm, whilst in the latter case, similar perfor-
mance can be achieved regardless of the different
settings of such non-sensitive control parameters. An
obvious question may arise as to why the dimension-
ality of problem D was included within our sensitivi-
ty analysis as a factor as it is not a control parameter
but D should be considered as part of the optimisation
problem? As the formula ‘limit’ = n, * D [26] suggested
a particular correlation between ‘limit’ and two oth-
er variables: population size and dimensionality of a
problem, such a correlation should probably be indi-
cated by sensitivity analysis as well. If at least one of
these factors is insensitive, then the suggested formu-
la [26] might not capture the relationships amongst
the factors too well. As shown in the continuation,
this was indeed the case.

In Tables 1(a) and 1(b), the experimental results of f;
are presented when using the vertical approach with
100,000 and 250,000 maximum number of fitness
evaluations (MaxFEs in the tables appeared later),
respectively. In Tables 2(a) and 2(b), the experimen-
tal results of f, are presented when using the horizon-
tal approach in order to find a (sub-)optimal solution
at 10 and at 102, respectively. The best results are
highlighted by a light grey colour.

The difference between Tables 1(a) and 1(b) shows
that 250,000 fitness evaluations were almost always
enough for £, to find the exact solution; except for high
dimensions D =30 and D =50, or when ‘limit’ = 0 (high
exploration) and ‘limit’ = « (no exploration). The
Karaboga’s setting of ‘limit’ L, was always the better
performer regarding the mean value when 250,000
fitness evaluations were available (Table 1(b)), whilst
when only 100,000 were available (Table 1(a)), the
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Algoritm 1: The pseudo-code of algorithm ABC

Data: Set the control parameters of the ABC algorithm
S N: Population size
{imit: Maximum number of trials for abandoning a source
MFE: Maximum number of fitness evaluations
begin

//Initialization;
num_eval «— 0 ;
for s =110 SN do
X(s) «— random solution by Eq. 1 [26];
fs — FX(s):
trial(s) «+— 0
num_eval + +
end
repeat

//Employed Bees Phase;
for s =110 SN do
x' «— anew solution produced by Eq. 2 [26];
f(x") «— evaluate new solution;
num_eval + +;
if f(x') < f; then

X(s) e— x5 fs e f(X'); trial(s) «— 0,

else

| trial(s) « trial(s) + 1;
end
if num_eval == MFE then

| Memorize the best solution achieved so far and exit main repeat;
end

end
Calculate the probability values p; for the solutions using fitness values by Eqs. 3 and 4 [26];
//0nlooker bee phase;
se— l;te—1;
repeat
r «— rand(0, 1);
if r < p(s) then
te—t+1;
x’ «— anew solution produced by Eq. 2 [26];
f(x") «— evaluate new solution;
num_eval + +;
if f(x') < f; then
X(s) — x'; fs — f(X); trial(s) «— 0;
else
| trial(s) e— trial(s) + 1;
end
if num_eval == MFE then
| Memorize the best solution achieved so far and exit main repeat;
end

end
s «— (s mod SN) + 1;
untilr = SN;
//Scout Bee Phase;
mi «— {s : trial(s) = max(trial)};
if trial(mi) >= limit then
X(mi) «— random solution by Eq. 1 [26];
Smi — f(X(mi));
num-eval + +
trial(mi) «— 0;
if num_eval == MFE then
| Memorize the best solution achieved so far and exit main repeat;
end

end
Memorize the best solution achieved so far;
until num_eval = MFE;

end
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7]

Table 1
Mean values (Mean) and standard deviation values (SD) for the vertical approach to problem f;
Ly Ly L Los Lsm Lasy Lo Liaso Lison lo Ly Lo L Lasg Lson Lasy Linn Linso Lison L
SN=H Vlean 0.00E=00 2.04E-15 0.00E+00 O00E+00 TO0E+00 535R-19 T6TE-18 220E-18 380E18  SN=2¢ Mean 0.00E+00 30116 OO0E+00 DODE+00 O.00E+00 0MOE+00 DO0E+00 O.00FE+00 00E+00 3.13F- 18
D=2 SD  O.00F<00 5.26E-15 0.00F+00 000F+00 DO0E+00 5 O4TE-IS 100F-17 142617 0.00F+00 6.04F-16 0.00E+00 000F00 DOF+00 0.00E+00 0.00E400 D00F+00 0.00F400 132F-17
SN=H Mean 63SE-14 T39E-06 0.00E+00 DOIE+00 5 DO0E+00 333518 T6TE-18 220618 611E-18 D.00E+00 1.64E-06 DOOE+00 0.00E+00 G.0E+00 0.00E+00 0.00E+00 0.00E+00 000E=00 4 HE-18
D=3 SD  SIYE-I3 9.29E-06 O.00E+00 0.00E400 SSIE-18 DOUE+0D L33E-17 9ATE-IS 10917 4.50E-17 DODE+00 221E-06 0.00E+00 DO0E+DD DOOEH00 0.00E+D0 O.00E+00 0.00E+00 0.00E+00 151E-17
SN=24 Mean 432510 350503 300FAT DO0E=I0 30TE-16 SO0E-14 461F-14 220614 119613 TITR11 SN=24 Mean 0.00R00 134E00 GOSE00 O0OE+00 O00R+00 000RH00 GMOFH00 S35E-10 QM0F-00 33318
D=10 S 200F-00 GSIF-04 114F06 0OOF+00 247F-15 470F-13 510F-13 16IE-13 10412 LI6F-10  D=10 SD  O.00E<00 1SOE-D4 S.I6E-08 D00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E400 132E-17
SN=H Mean 98UE06 |AOE-02 ASIE03 L16E-04 276E-06 199E-06 1ISEU6 11IE-06 1A3E-06 489R-06  SN=24 Memn DODE0D S63E3 1SIED 420F06 STET1 343E16 143E14 TWE1S 15311
D=3 SD  LI9EDS IRIE02 SOE03 245B04 RIZE6 127E0S 3SUED6 32306 SAGE06 242805 D=3 SD  0OOF400 622F-03 206E03 SOFG AISE-10 18SEI5 LOTE-13 ITE13 132F-10
SN=H Mlean 205E0% 3762 LHE02 G6SE03 43IE0¢ 12SE08 LOUEUS OS3E0S TR0 UUE0S  SN=24 Mean 222518 IJGE-12 SAAEAD TROE04 67AE6 OO0EDS 5600 LAOE08 TAGE-00 127E-0%
D=50  SD  A8SED4 4AOE2 2T6F02 923F03 TEIE4 ATIE4 D6UF-M4 DAIED4 30FM 21EM D=S0 8D LOSET LISE0) LOEAR LOME03 299E0 4A9R0T 246E08 LOSEDT 48TEDS 625E08
SN0 Mlean 0.00F=00 2.62F-15 0.00F-00 DOUEF00 DO0E-0 OO0E-00 S55E-19 TGTE-1S D00E+00 T67E-18 SN=30 Mean DOOE-00 204E-16 O.00E+00 O.00E+00 OME+00 D.00E+00 0.00E+00 0M0E+00 0O0E+00 167E-15
D=2 SD  O.00E+00 8.06E-13 O.00E+0D DOUEH00 D0UE+00 O.00E+00 S.526-18 YATE-IS 0.00E+00 947E-18 D=2 SD  DODE0D 297E-16 O.00E+00 Q.00E+DD DODE+D0 O00E+DD O.00E+D0 0N0E4D0 000E+00 9.4TE-18
SN0 Mean 0.005+00 6.20F-06 DO0F00 D00E+00 555F19 278E-18 11TE18 LIIEIS 3018 380R 18 SN=50 Mean DODE:00 DO0EF00 DODEHI0 0.00E+00 00Er0) 0D0R+00 D.00F+00 000F-+00 5.55F-19
D=5 SD O.00B<00 695E-06 0.00F+00 DOOEHO0 SSIE-S 120F-17 777E-18 777618 132E47 L42E-17 D=5 SD  D00E+00 DOOEHDD DOOEHOD 0005400 0.00EH00 DOOE+00 000400 0006400 552618
SN=S0 Mean LUIE18 SOIEOF L6IEDT LIE-IS 385E-15 406E-14 475613 LTE1D 1312 882613 SN=S0 Mean DODE00 STIER DOUERID O.00E+00 00EF0D DD0E+00 - DO0E+00 T1TE-18
D=10 SD  TTIEIS SASE4 SOTEDT TTTEAS 36IE-4 24TE-13 32SE-2 LSIED0 1361 S64E-12 D=0 SD DO0F00 250F08 OO0F+00 DOOF+00 0.00E+00 0.00E+00 552F-15 0.00F+00 7.77F-18
SN=30 Mean 14306 1.SOE-02 SO4R-03 I3FA6 TAE06 TS6E06 TOIE0T SO Z09R06  SN=30 Mean O.00E+00 T68E03 SA2E06 RORE10 OMOEFD 79615 237613 AS0E1L 45312
D=3 SD  SASED6 LSIE02 7.9E-03 04 S2IE06 SASE6 TO2E06 1 94E-06 230606 L8O  D=3)  SD  DODE00 LISEA3 LIGEAS 392E09 O0EHD0 SW3E-14 232E-12 1T9E-13 238E-1I
SN=S0 Mean TUTE03 S.05E2 230F-07 443603 309F-M 228E-04 T1GE4 TITEDE TR6EH TRE04 SN=Si Wean DODE=00 S2UED T5TEM G606 221507 LIER 000R00 4609 342F07
D=0 SD  DSTEO4 30502 201E02 64803 TS6LA4 BGTE0H 2SUGD4 2STEDH TOUMY 433E04  D=S0 SD DODES0D LTE2 LUIEZ L3SEA3 LISEAS I3TED6 692508 ONOEN LATEDS 291E-06
SN=100 Mean 0.00E+00 3 90F-15 000F+00 NO0E+00 DOUE-00 DO0E+00 1 11E18 239E-18 167618 200618 SN=100 Mean D00E:00 342516 DODER00 D0OER00 OO0E+00 OUOEHD0 OIOE+00 O0E00 UAOE-00 2.78E-18
D=2 SD O0.00E<00 2356-14 000E+00 D00E+00 00000 0.00E+00 777518 LOJE-17 9ATEAS LO9E-IT D=2 SD  (.00E+00 $36E-16 0005+00 000L+00 DOOEHI0 000E+00 000E+00 000E+00 000E+00 121517
SN=100 Mean 533F.19 G6AZE06 D.00F00 555619 000E:00 1 67E18 111518 330E 18 16TE18 DOOE00  SN=T00 Mean DO0E00 1376-06 O.00E+00 DEADD OO0EH0 O.00EHN0 5.3 10 OD0E+00 222E-18
D=5 SD SS2E-18 TASE6 O00Es00 5.50E-18 DOUE0D 9ATE-IS 777E-IS 132E-17 047E-I8 DODE400 D=5 SD  0.00E<00 1.60E-06 000F+00 O.00F+00 0.00E+00 0.00E+00 5. 18 0.00E+00 1.09F-17
SN=100 Mean 383517 3ATE0F Z6OR-07 I8 3WE17 425E14 202513 217614 SOSE12 413E1S  SN=IM Mean DODE00 183E-04 S00E-09 OOE0D DOOEH00 O00E+00 3 SE0 LIRS 220508
D=10 SD 17SE-16 4S04 961607 200E-1T I 7SE-A6 268613 200612 146E-13 SRSEAT 261614 D=l0 SD  G00E+00 LI2E-04 7.4E-09 O00E+00 OD0E+00 OO0EHD0 S.SE-1S SSIE-1S TT7E-18 1O9E-17
SN=I00 Mean TOREO06 17AE-02 S28F-03 13SE-04 454FA06 1 23E-06 S61E-06 94IE-07 TOSE-06 260F06  SN=I00 Mean DODE:00 5 T9IEM 639E0h ROREI3 128E.14 28GR 15 506614 OMOE:00 LAOF10
D=3 SD  19RE0G6 QIR0 G4SE03 LI0R04 2E3E05 AGTE06 413E05 4TSE06 3OSE06 1BEAS D=3 SD  DODEOD SOIE3 2ISE3 L30E0S 325E-1D T4 LSSE14 A02E-13 ODOE00 L4SE-0S
SN=I00 Mean 120E04 1.066-02 3AGE-02 L75B-03 A06G-0¢ L3WE-0F L3660+ SOZE05 135601 1IOE-0F  SN=100 Mean DODE+0D 126E-02 O.33E-0> B36E(4 GIGEG 3IREDS 396509 LAAE09 338E-09 132E-08
D=30 D 237E04 4632 AMED? 3AIER 65304 2A9EDI SIME04 LSIED4 AT L2E04 D=S0 SD  D00E400 122B-02 1OGEAR2 LOYEAR 2SKEADS LIGET T6GEDS SIS0 230EDR S2IES
(a) Vertical approach, f;. MaxFEs = 100,000 (b) Vertical approach, fi, MaxFEs = 250,000
Table 2
Mean values (Mean) and standard deviation values (SD) for the horizontal approach to problem f;
Ly Ly L Losa Lsw Lisa Lo Lo Lism Lo Ly Ly Ly Lo Lsw Lysy Lo Lizio Lisn Lo
SN2 Mean GOSE403 6.I5E03 370E40% S.30F+0 SA2E+05 SASEH03 SAIE03 SA3EH0T S.05E+03 5 OSE+H5 Mean LISE+DS T83E403 123504 1 BE-D4 1260404 L2304 129K+ 134402 1 22E+04 1236400
228D LROE403 L3403 LSSE4D3 109E03 1I6E+03 3 L20E+03 LITE4D3 LIGL03 14SE+ SD 201E+03 T2TE403 230E03 3ME-D3 26TE+03 222E403 250F+03 208E+03 202E+03 227E+3
Wean 173E+04 325E+05 1B+ 1IRERS 1AIER0S TATERM LADE-03 1 35E+04 | 30E+H 136E+4 Mean 454E-04 T0F+06 282F+04 308E-14 320E+00 SO8F+04 314E+04 308R+0¢ 31TE+04 305F+M
D S94E03 LODE+05 339E403 339E-03 3T0E+03 166E+03 462E+03 373E+03 365603 326E+03 D 24TE+D4 D00E+00 46903 S6E-U3 6220403 606E+03 SOE+03 663403 USE3 SIRD3
Mean 3376404 G80E+05 SOIEH0E 270E-04 2720+01 2700+ 2630404 2726404 275E-01 275640 SN=24 Mean LOZE<05 LOOE406 5.74E<05 SSIE+04 6.10E0 620E+04 GOOE+A 6.31E+D4 GAOE+04 611E+D4
SD LAIGH04 1136405 303E404 636E-03 6.55E+03 BOEH03 6.I6E+03 TOSE403 620503 THIEH03  D=10 SD  S60E+04 GOUES0D 326E-05 939E403 LOSE404 LOTE+04 LL4ES04 TA0E+04 126404 130E+04
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other fixed ‘limit’ values performed better; in most
cases (8 out of 15), the better performing value being
L,;, A meticulous reader may notice that those prob-
lems with higher dimensions always required more
fitness evaluations in order to reach a sub-optimal
solution (Tables 2(a) and 2(b)), which was an expect-
ed property. Less expectedly, the population size did
nothave a big influence on this property. For example,
to reach 10, the following average numbers of fit-
ness evaluations were needed at L,,: 5.65E+03 (SN =
100, D = 2), 5.60E+03 (SN = 50, D = 2), and 5.31E+03
(SN = 24, D = 2), whilst 8.14E+04 (SN = 100, D = 30),
8.17E+04 (SN=50,D=30),and 8.22E+04 (SN=24,D =
30). In order to reach 102, twice as many fitness eval-
uations were roughly needed compared to 10, Again,
an increase in the number of fitness evaluations was
expected, although the magnitude of the increase was

Figure 1
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hard to predict. From these tables, as well as based on
the results for £, to f; (not shown in this paper), we no-
ticed that setting the ‘limit’ was a difficult task. It can
be observed that setting the control parameter ‘lim-
it’ using the formula from [26] obtained good results
only for the vertical approach with 250,000 fitness
evaluations. If only one experiment were applied, the
wrong conclusions could be drawn. In other cases, a
clear winner was hard to discover (if it existed at all).
However, we could not define a rule for setting ‘limit’
based on these results as the statistical significance
had not yet been examined.

Figure 1 shows the sensitivity analyses for the (a) ver-
tical approach with a maximum number of 100,000
fitness evaluations; (b) vertical approach with a max-
imum number of 250,000 fitness evaluations; (¢) hor-
izontal approach with (sub-)optimal solution 10°¢; (d)

Sensitivity analyses of f, using horizontal and vertical approaches
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horizontal approach with (sub-)optimal solution 102,

The X-axis represents the parameter settings of SN (3
settings: 100, 50, 24 from left to right), D (5 settings: 2,
5,10, 30, 50 from left to right), and ‘limit’ (9 settings:
0, 100, 250, 500, 750, 1000, 1250, 1500, o« from left to
right). The Y-axis represents the sensitivities of three
parameters in terms of the average of better solutions
found and the average number of fitness evaluations
needed to reach (sub-)optimal solution amongst 100
runs for vertical and horizontal approaches, respec-
tively.

As can be observed, SN had minimal effect. Changing
SN amongst 24, 50, and 100 did not make too much
difference. Conversely, ‘limit’ and D played important
roles when determining the performance of the ABC
algorithm. All the figures indicated that ‘limit’ was
more sensitive than D because, in terms of the Y-axis,
the range of ‘limit’ was longer than D. Conversely, D is
not the ABC control parameter but the property of the
problem. Hence, amongst ABC control parameters
the size of the population (SN) was much more robust
than control parameter ‘limit’, indicating that much
more emphasis should be given to properly setting it.

All four graphs in Figure 1 show remarkable similar-
ities, and although they show that ABC is very sen-
sitive to ‘limit’, an important question is: “Are dijffer-
ences in setting ‘limit’ also statistically significant?”
Hence, we performed NHST and CRS4EAs analyses
on the obtained results. Furthermore, all four graphs
in Figure 1 clearly indicate that there exists no linear
relationship between ‘limit’, population size SN, and
dimension D, as suggested by formula [26].

2.2. Null Hypothesis Significance Testing

Karaboga’s suggestion of ‘limit’ value L, = n,*D =
(SN/2)*D [26] was compared to the set of fixed ‘limit’
values ‘limit’ = {0, 100, 250, 500, 750, 1000, 1250, 1500,

Table 3
Description of all four parts of the experiment

Measurement

quality of solution

quality of solution

number of fitness evaluations

Section Approach  Termination condition
Experiment | vertical  number of fitness evaluations is 100, 000
Experiment 2 vertical  number of fitness evaluations is 250,000
Experiment 3 horizontal - (sub-Joptimal soluton 10°°

and maximum of fitness evaluations i 1, 000. 000
Experiment4  horizontal - (sub-Joptimal solution 107

and maximum of fitness evaluations s 1, 000, 000

number of fitness evaluations
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oo }for SN ={24, 50,100} and D =42, 5, 10, 30, 50}. The
whole experiment was divided into four sections (see
Table 3). In the first two sections, we measured the
quality of a solution reached by a pre-defined number
of fitness evaluations (100,000 and 250,000), which
is also known as the vertical or ‘the fixed-cost’ ap-
proach. In the other two sections, we measured the
number of fitness evaluations needed to find a (sub-)
optimal solution (10 and 10*?), which is also known
as the horizontal or ‘the fixed-target’ approach. The
horizontal approach would have stopped the algo-
rithm if a (sub-)optimal solution could not be found
over 1,000,000 fitness evaluations. The number of in-
dependent runs was in all cases n = 100. By using the
vertical approach only the quality of the final solution
was taken into consideration but not the convergence.
Fast convergence is also a desirable property of me-
ta-heuristic algorithms, which can be captured using
the horizontal approach. Convergence can also be an-
alysed by using the vertical approach and additional
Page’s trend statistics, as shown in [10].

The obtained results (readers can find the raw data
in [47]) were analysed using Null Hypothesis Signif-
icance Testing [41] for multiple comparisons. The
non-parametric Wilcoxon’s test [51] was used be-
cause the distribution of the data was unknown. In
Wilcoxon’s test, the results L, obtained over n=100
runs for particular settings SN, D and problem f;
were pairwisely compared to the results of another
fixed ‘limit’ value obtained over n = 100 runs for the
same settings SN, D and problem f,. The differences
between the corresponding outcomes were ranked
and the p value was calculated regarding to the sum
of positive ranks (whenever L, was better) and the
sum of negative ranks (whenever L, was worse). As
several multiple Wilcoxon’s tests were conducted on
the same data and we wished to control the Type-I-
Error, the post-hoc procedure known as the Holm test
[19] was applied to each such comparison. In Holm’s
procedure, p values (there is &k = 9 of them) obtained
using Wilcoxon’s test were ordered from the most sig-
nificant (smallest p value, i.e., p,) to the least signifi-
cant (largest p value, i.e., p,). p, was then compared to
o/ (k-1), and if it was smaller, the hypothesis (which
states that L, and ‘limit’ setting linked to p, are equal)
was rejected. p, was compared to o/ (k -2), p, to o/ (k
-3) and so on, until the value j for which p; was not
smaller than a/(k-j) was found. When such a j was
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found, the procedure stopped and all the remaining
hypotheses were retained. All the results from the
presented experiments were analysed under a signif-
icance level of a = 0.05. The results of these analyses
are presented in Tables 5-21. In each table, Karabo-
ga’s ‘limit’ value L, is compared to other fixed values
of ‘limit’ (Lo’ L1005 Loso, Lisoos Lysor Liiooos Liszsor Lsoos Loc)‘ L,
was either better (>), equal (=), or worse (<) than any
fixed value of ‘limit’ The decision whether L, was bet-
ter or worse depended on the sums of the positive and
negative ranks from the Wilcoxon’s test. Whenever
the difference between the two values was significant
under the Holm test, there is a star symbol (*) behind
the ‘limit’ value. Whenever Karaboga’s ‘limit’ value L,
was worse than at least one other fixed ‘limit’ value,
the cell in the table is highlighted in light grey colour.
Since L, was different for different settings of SN and
D, its values are displayed in Table 4.

Table 4
Values of ‘limit’ L, = (SN/2)*D

D=2 D=5 D=10 D=30 D=50 D=100 D=200 D=300
SN=24 Ly=24 Ly=60 Lg=120 Lg=360 Ly =600 Lx=1200 Ly =2400 Lg=3600
SN=30 Lg=50 Ly=125 Ly=250 Lg=750 Ly =1250 Lx=2500 Lg=5000 Ly =7500
SN=100 Ly =100 Ly =250 Lg =500 Lg = 1500 Ly =2500 Lg = 5000 Lg = 10000 Ly = 15000

2.2.1. Experiment 1: Vertical Approach with
MaxFEs =100,00

Tables 5-9 show the differences found between L,
and the other 9 fixed ‘limit’ values on all 5 optimisa-
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tion problems. While L, was in most cases better than
some fixed ‘limit’ values, there were some values for
which L, was worse, sometimes even significantly.
In particular, for f,: SN = 24 and D = 5 where L, was
significantly worse than L, Lz, Lsor Lisos Liooo Lizsos
L0 L,; SN = 24 and D = 10 where L, was significant-
ly worse than Ly, Lsog, Lysos Ligoos Liszsor Lisoos SN = 100
and D = 10 where L, was significantly worse than L,;
SN =24 and D = 30 where L, was significantly worse
than Ly, L5, L1ooos Lizso Liseo- FOT fo: SN =24 and D =
5 where L, was significantly worse than L, Lo, Lo
L 50, L1ooos Linsor Lisoos L; SN = 50 and D = 5 where L, was
significantly worse than Ly, L5, L1000 L1250 Lisoos SIN
=100 and D = 5 where L, was significantly worse than
L, SN = 24 and D = 10 where L, was significantly
worse than L., Ls,o, Lyso, Liooos Lizsor Lisoo Le- HeNce,
L, had significantly better alternatives for problems
f, and f;, whilst for f,, f,, and f, the found differences
were not significant. The differences between L, and
some other fixed ‘limit’ values for f, were significant
when the population size SN equaled 24, and dimen-
sion D equaled 5, 10, or 30. So for this problem and
small population size, L, would not be a better choice.
Forf,, L, had significantly better alternatives whenev-
er dimension D equaled 5, and for dimension D = 10
and small population size SN = 24. However, for all
five problems, L, had better alternatives (however,
these alternatives were not significantly better) when
dimension D was bigger (10, 30, or 50) and population
size SN had different values.

Table 5
f,, vertical approach, MaxFEs = 100,000, NHST
SN=24 SN=50 SN=100
Lg > Lo, Lsoo. Liooo. L1250, Lisoo. Leo Ly > Lo*. Ligoo. Li2so. Lo Lg > Lo, Liooo. Li250. Lisoo. Leo
D=2 Lg= L. Laso. Lyso Lg = Lioo, L2so, Lsoo, L350, Lisoo Lg = Lo, Laso, Lsoo, Lso
Li( < LK < L]{ <
Lg > Lox Ly > Lo*, Lsoo, Laso. Liooo, Li2so. Lisoo, Lo Lx > Lo*, Laso, Liooo, L1250, Lisoo
D=5 Lg= Ly = Lo, Laso Ly =
L,’( < le*, lan*, L_m()*, L?Sﬂ*y L|(}n()*_ LK < LK < le-L'Zﬁ()- ij. Lm
Liaso*, Lisoo*, Loo*
Lg > Lo, Lig* Lg > Lo*, Ly, Lsoo, Lys0*, Liooo*, Lioso*, Lx > Lo*, Lioo*. Lyso*, Liooos Lisoo, Lizso.
Lisoo*, Leo* o0
D=10 Lk = Ly = Loso Ly = Lsw
Lg < Lpso*. Lsoo*, Lzso%, Liooo*. Liso*, Lk < Lg < Lpso*
Lysgp*, Leo*
Lig > Lo, Ligo*, Losox Ly > Lo*, Lio*, Laso*, Lsoo, Liooo Lg > Lo, Lioo*, Laso*, Lsoo, Liooo, Leo
D=30 Lg= Ly = Lsso Lg=Lisoo
Lg < Lsoo*, Lyso*, Lioo* Lizso*, Lisoo*, Lg < Lizso, Liso, Les Lg < Lyso. Lioso
Loo*
Lig > Lo, Lioo*, Losox, Lsoo* Lg > Lo*, Lo, Laso*, Lsoo*, Liooo Lg > Lox, Lioo*, Loso*, Lsoo*, L7so
D=50 Lg= Ly = Lpso Lg =
Lg < Laso, Liooos L1250, Lisoo, Leo Lx < Liso, Lisoos Leo Lx < Liooo, L1250, L1500, Leo




Information Technology and Control

2017/4/46

Table 6
f,, vertical approach, MaxFEs = 100,000, NHST
SN=24 SN=50 SN=100
Lg > Lo, Lioo, Loso*, Lsoo*, Lyso*, Liooo*, Lk > Lo*, Lioo, Laso*, Lsoo*, Laso*, Liooo*, Lgx > Lo*, Lasox, Lsoo*, L7so*, Liooo*, Liso*,
Lyaso*, Lisoo*, Lok Li2s0%, Lisoo*, Leo* Lisoo*, Loo*
D=2 Lk’ = LK = LK = LIG)
Lg < Ly < Lg <
Lg > Lo, Lioos Lsoo, Lso*, Liooos Lioso*s Lk > Lo*. Lioo. Laso, Lsoo*, Lysox, Liooo*. Lk > Lo, Lio*, Lsoo*, Laso*, Liooo*, Liaso*,
Lysoo*, Loo* Lizso%, Lisoo%, Loo* Lisoo*, Loo*
D=5 Lg= Lg = Lx = Lo
LK = szo LK < LK <
Lg > Lo*, Laso. Liooo. Li2s0. Lisoo Lg > Lox. L, Lsoo. L7so. Liooo, Liaso. Lk > Lo*, Laso, Laso, Liooo, Lizso, Leo
Lisoo, Leo
D=10 LK = LK = L250 LK = st
Lg < Lions L50, Lo Lg < Lg < Lioos Lsoo, Lisoo
Lg > Lo*, Lioo, Lsoos L7so. Liooo, L1250, Leo Ly > Lox, Lyso, Lso, Loo Li > Lo, Laso, Laso, Li2so, Leo
D=30 Lg= Ly = Liso Lg = Liswo
Lg < Laso, Liswo Lx < Lioos Liooos Lizso, Lisoo Lg < Lswo, Liowo
Lg > Lo, Liooo Lx > Lox, Lioo. Laso. Lso, Liooo. Lisoo, L Lk > Lo*, Lioo, Laso, Liooo, Lisoo
D=50 LK = LK = L[Zj(] LK =
Lx < Lo, Laso, Lswo, Lzso, Li2so, Lisoo, Lo L < Lsoo Lx < Lsoo, Lso, L12so, Lo
Table 7
f., vertical approach, MaxFEs = 100,000, NHST
SN=24 SN=50 SN=100
Lx > Lox Lg > Lo* Ly > Lo*
D=2 [k = Lo, Laso. Lsoo. Lzso, Liooos Lizso, Lk = Lioo, Laso, Lsoos L7so, Lioco, Lizso, Lk = Lioo, Loso, Lsoo, Liso, Liooo, Li2sos
Lys00, Leo Lis00: Lo Lys00, Lo
LK < L]( < LK <
Lg > Lo*, Li2so. Lisoo. Leo Lg > Lo*, Lys0. Lizso. Lis00, Leo Lx > Lo*, L350, Li2s0. L1500, Lo
D=5  Lg = Lioo. L2s0, Lsoo, Liso. Liooo Lx = Lo, Laso. Lsoo, Liooo Lk = Lioo, L2so, Lsoo, Liooo
LK < LK < LK <
Lg > Lo, Lioo, L2so, Lsoo, L7sos Liooo. Liaso. Lk > Lo*. Lsoo Ly > Lo*, L7so
L1500, Loo
D=10 Ly = Lg = Laso. L350, Liooos Lis00 Ly = Lsoo
Lg < Lg < Lioos L1250, Lo Lx < Ligo, Laso, Liooos L1250, Lisoos Leo
Lg > Lo*, Lioo, Lisoo Lg > Lo*, Laso, Lsoos L1ooos L1250 Leo Lx > Lo*, Lioos Laso, L1so*, Liooo, L1250, Leo
D=30 Lg = Ly = L1so Ly = Liseo
Lg < Laso, Lsoo, L7505 L1ooos L1250, Leo Lg < Lioo, Lisoo Lx < Lsoo
Lg > Lo, Lioo, L7so. Li2so. Lisoo Lg > Lo*, Ligo. Loso, Lsoo. L7s0. Liooos Lisoo. Lk > Lo*, Ligo, La2so. Lsoo. Liooo. Lizso.
Lo Lis00, Leo
D=50 Ly = Lk = Liso Ly =
Lg < Loso, Lsoos Liooos Lo Lg < Ly < Lzso
Table 8
f,, vertical approach, MaxFEs = 100,000, NHST
SN=24 SN=50 SN=100
Ly > Lox Ly > Lo* Lg > Lo*
D=2 Ly = Lo Losos Lsoos Lyso. Liooos Lizso. Lx = Lioos Lasos Lsoos Lzsos Liooos Lizsos Lx = Lioos Loso. Lsoos Lyso. Liooos Lizsos
Liso0, Lo Liso, Leo Lisoo, Lo
Lg < Ly < Lk <
Lg > Lo* Lg > Lo* Lk > Lo*
=5 Lx= Lo, Loso. Lsoo. L7s0. Liooo. Lizso. Lk = Lioo. Laso. Lsoo, L7so. Liooo. Liaso, Lk = Lioo, Laso. Lsoo. L7so. Liooo, Lizso.
Lis00s Leo Li500, Leo Lisoo0s Leo
Lg < Lg < Lg <
Ly >  Lox Ly >  Lox Lg > Lox
D=10 Lg =L, Loso, Lsoo, Lyso, Liooos Lizso, Lgx = Lioo, Laso, Lsoo, L7so, Liooos Lizso, Lk = Lo, Lzso. Lsoo, Lyso, Liooo, Lizso,
Lis00, Leo Lis00, Leo Lis00, Loo
LK < LK < LK <
Lx > Lo*, Lioo, Lsoos Liooo, Li2so, Lisoo, Lo Lx > Lo*, Liooo, Lisoo Lk > Lo, Lioo, Laso, Leo
D=30 Ly = Ly = Liso Lg = Lisoo
Ly < Lyso, Lgso Lg < Lioo, Lasos Lsoos L1250, Leo Lg < Lsoo; L1s0s Liooo: Liaso
Ly > Lox Lg > Lox, Loo, Laso. Lsoo, L7so. L1ooo, Lo Lx > Lo, Laso, Lsoo, Lso, Li2s0. Lisoo
D=50 Ly = Lg = Liso Ly =
Ly < Lioo, Laso, Lsoo, Lzso. Liooo, Lizso, Lk < Lisoo Lk < Lioo, L1000, Leo

Lis00, Lo
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Table 9
fi, vertical approach, MaxFEs = 100,000, NHST
SN=24 SN=50 SN=100
x> Lo Iw T > Lovlw Ti> Iovle
D=2  Lg= Lo, Laso, Lsoos L7so. Liooo, Lizso. Lix = Lioo, Laso. Lsoo, Lzso, Liooo, Lizso, Lk = Lioo, Loso. Lsoo, L750. Liooo, Lizso,
Lyso0 Lysoo Lisoo
L[( < L]{ < L;( <
Lg > Lox Lo Ly > Lo Le Lx > Lo*, Ligoos Li2so, Lo
=5 Lk = Lioo, Lsso, Lsoo, Liso. Liooo, Li2so. Lk = Lioo. Laso. Lsoo, Lzsos Liooo, Lizso, Lk = Lioo, Laso, Lsoos Lzso, Lisoo
Lis0o Lisoo
LK < LK < LK <
Lk > Lo* Lioo*, L1250, Lo Lk > Lo*, Lioo*, L1250, Leo Lx > Lo*, Lioo*, Liooo, L1250, L1500, Leo
D=10 Lg = Las0, Lsoo, L350, L1ooo. Lisoo Lg = Laso, Lsoo. L7s0, Liooo, Lisoo Lg = Laso, Lsoo, Lso
LK < LK < LK <
Lg > Lox Lioo*, Laso*, Lsoo*. Lyso*, Liooo*. Lig > Lo*. Lioo*, Laso*, Lsoo*, Liooo*, Lioso*, Lk > Lo*. Lioo*, Laso*, Lsoo*, L7so*, Liooo*.
LIZSU*) LISDO*, Loe* LISUD*v LN* lefo*v LOG*
D=30 Lg= Ly = Liso Ly = Lisoo
Ly < Lg < Lg <
Lg > Lo, Ligo*, Laso*. Lsoo*, Laso*, Liooo*. Lx > Lo, Lioo*, Laso*, Lsoo*, Laso*, Liooo*, Lk > Lo*, Lioo*, Laso*, Lsoo*, L7so*, Liooo*,
Lizso*, Lisoo*, Loo® Lisoo*, Leo* Lizso*, Lisoo*, Leo*
D=50 Lg= Ly = Lixso Ly =
LK < LK < L,'( <

Table 10
f;, vertical approach, MaxFEs = 250,000, NHST
SN=24 SN=50 SN=100
Lk > Lo, Lioo*, Laso*, Lsoo*, Lzso*, Liooo*, Lk >  Lo*, Lioo*, Laso*, Lsoo*, L7sox, Liooo*, Lk > Lo*, Laso*, Lsoo*, L7so*, Liooo*, L12s0*,
Lizso*, Li500%, Lo Lizso*, L1500%, Lo Lis00%, Loo*
D=2 Ig= Ly = Lx = Lo
Lg < Lg < Ly <
Lg > Lox Ligox, Losox, Lsoo*. Lasox, Liooo*.  Lg > Lo, Lioo*, Laso*. Lsoo, L7so*, Liooo*, Ly > Lo, Ligo*, Lsoo*. L7s0%, Liooo*, Li2so*,
Liaso*, Lisoo*, Leo* Liaso*, Lisoo*, Leo* Lisoo, Loo*
D=5 Lg= Ly = Ly = Laso
Ly < Ly < Lg <
Ly > Lox Lyjoo*, Loso*, Lsoo*. L7so*. Liooo*. Lgx > Lo*, Lioo*. Lsoo*, Lyso*, Liooo*, Lioso*.  Lg > Lo, Lioo*. Loso*. Lyso*. Liooo*. Li2so*,
Li2so*, Lisoo*, Leo* Lisoo*, Leo* Lisoo#, Leo*
D=10 Lg= Ly = Laso Ly = Lswo
Lg < Lg < Lg <
Lk > Lo*, Lioo*, Laso*. Lsoo*, Lyso*, Liooo*, Lk >  Lo*, Lioo*, Laso*, Lsoo*, Ligoo*, Liaso*.  Lx > Lo*. Lioo*, Laso*, Lsoo*. L7s0%, Liooo*.
Li2so*, Lis00%*, Leo* Lisoo*, Loo* Lizsox, Loo*
D=30 Lg= Lg = Lzso Lg = Lisoo
LK < LK < LK <
Lk > Lo*, Lioo*, Laso*, Lsoo*, L7so%, Liooo*, Lk >  Lo*, Lioo*, Laso*, Lsoo*, Lyso*, Liooo*, Lk >  Lo*, Lioo#, Laso*, Lsoo*, L750%, Liooo*,
Lizsox, Lisoo*, Leo* Lysoo*, Loo* Liasox, Lisoo*, Loo
D=50 Ly = Lg = Liso Ly =
Ly < Ly < Lg <
Table 11
f,, vertical approach, MaxFEs = 250,000, NHST
SN=24 SN=50 SN=100
Lg > Lo* Ly > Lg% Lyg > Lo
D=2 Lg= Lo, Laso, Lsoo, L7so. Liooo, Lizso, Lk = Lioo, Laso. Lsoo, Laso. Liooo, Lizso, Lk = Lo, Lasos Lsoo. Lzso. Liooos Lizsos
Lisoo, Leo Lisoo, Lo Lisoo, Lo
Lg < Ly < Lg <
Lg >  Lo¥, Lo Lx > Lo*, Lo Ly > Lo*, L
D=5  Lg= Lio. Loso, Lsoo, L7s0. Liooo, Lizso, Lk = Lioo, Laso. Lsoo, Liso. Liooo, Lizso, Lk = Lioo, Laso. Lsoo. Lzso. Liooo. Li2so.
Lisoo Lisoo Lisoo
LK < L,'( < LK <
Lix > Lo#, Lioo*, Laso*, Lsoo*, Lyso*, Liooo*, Lk > Lo#*, Lioo#*, Lsoo*, Lyso*, Liooo*, Li2so*, Lk > Lo*, Lioo*, Laso*, Lzso%, Liooo*, Li2s0%,
Liasox. Lisoo#, Loo Lis00%, Loo* Liso0%, Loo*
D=10 Lg= Lg = Laso Lx = Lsoo
L;( < Li( < Li( <
Lx > Lo*, Lioo*, Laso*, Lsoo*, Lyso*. Liooo*. Lk > Lox. Lioo*, Laso*, Lsoox, Liooo*, Liaso*, Ly > Lo*. Lioo*, Laso*, Lsoo*, Lyso*, Liooo*.
Liaso*, Lisoo#, Leo* Lis00%, Leo* Lizso*, Leo*
D=30 Lg-= Ly = Liso Ly = Liswo
Ly < Lig < Lg <
Lx > Lo*, Lioo*, Laso*, Lsoo*, Lyso*, Liooo*, Lk >  Lo*, Lioo*, Laso*, Lsoo*, L7so*, Liooo*, Lix > Lo*, Lioo*, Laso*. Lsoo*, L7so*, Liooo*,
Liaso*, Lyspo*, Leo¥ Lispo*, Loo* Lyas0*, Lisoo*, Leo*
D=50 [Lgx= Lk = Lizso Lg =
Lg < Ly < Lg <
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Table 12
f,, vertical approach, MaxFEs = 250,000, NHST
SN=24 SN=50 SN=100
Lg > Lo* Ly Lo* Lg > Lo*
D=2 Lg= L. Laso. Lsoos Laso. Lo, Lizso, Lx = Lo, Lasos Lsoo, Lsso. Liooos Lizso. Lk = Lioos Laso. Lsoo, Laso. Liooo, Lizsos
Lis00, Leo Lis00, Lo Lison, Leo
Lx < LK < L]( <
Lg > Lgx Ly > Lo Ly > Lg*
D=5 Lg= Lio. Laso, Lsoo, Laso, Liooo, Lizso, Lx = Lo, Laso, Lsoo, L7so, Lioco, Lizso. Lk = Lioo. Laso. Lsoo, Laso, Liooo, Lizso,
Lis00s Leo Lis00s Loo Liso, Lo
LK < LK < LK <
Ly > Ly Ly > Lo* Ly > Lg*
D=10 Lgx = Lo, Lzso, Lsoo, Liso. Liooo. Lizso, Lx = Lo, L2so, Lsoo, L7so, Liowo, Lizso. Lk = Lioo. Lzso. Lsoo, Liso. Liooo, Lizso,
Lison, Leo Lisoo, Lo Lisoo, Leo
Ly < Ly < Ly <
Ly > Lo*, Ligo* Lg > Lox, Ligo* Lg > Lo*, Lipo*
D=30 Lg = Laso. Lsoo. Lso- Liooos Liaso, Lisoos Lee Lk = Lasos Lsoos Lasos Liocos Lizso, Lisoo. L Lx = Laso, Lsoo. Lasos Liooos Li2so. Lisoos Leo
LK < LK < LK <
Lg > Lo*, Lioo*, Laso®, Lsoo*, Lsox, Liooo*, Lk > Lo, Lioo*, Laso*, Lsoo*, Lysox, Liooo*,  Lgx > Lo*, Ligo*, Laso*, Lsoo*, Laso*, Liooo*,
Lizso*, Lisoo*, Loo* Lisoo*, Lo Liasox, Lisoo*, Leo*
D=50 ILg= Lg= Lo Lg =
Ly < Ly < Lg <
Table 13
f,, vertical approach, MaxFEs = 250,000, NHST
SN=24 SN=50 SN=100
Lg > Lox, Ligo*. Laso*. Lsoo*, Lsox, Liooo*. Lk > Lo*. Lioo*. Laso*, Lsoo, Laso*, Liooo*s  Lx > Lo*, Laso*, Lspo*, Lyso*. Liooo*, Li2so*,
Liaso*, Lisoo*, Leo* Lizso*, Lisoo*, Leo* Lisoo*, Lo
D=2 Ly = Ly = Ly = Lo
Ly < Lg < Lg <
Lk > Lo*, Lioo*, Laso. Lsoo, Liooo, Leo Lk > Lox. Lo, L2so*, Lsoo, Liso, Liooo. Lx > Lo*. Lioo*, Lsoo. Liso, Liooo. Li2so,
Lizso, Lisoos Leo Lysoo. Leo
D=5 Iy = Tiei= o= Tizg
Lg < Lss0, Li2so. Liswo Ly < Lg <
Lg > Lox, Liw*, Laso*, Lsoo, Liso, Lizso, Lk > Lo*. Liwo*, Lsoo, Liso, Liwoo, Lizso, Lk > Lo, Lioo*, Laso*, Lyso*, Liooo*, Li2so*,
Liooo, Leo Lisoo, Leo Lysoo*, Loo*
D=10 LK = LK = L25u LK = ij
Lg < Lisno Lg < Ly <
Lg > Lo, Lioo*, Lasox, Lsoo*, Lyso*, Lipoo®, Lk > Lo, Lipo*, Laso*, Lspo*, Liooo*, Lizso*,  Lg > Lo*, Ligo*, Laso*, Lsoo*, Lyso*. Ligoo*,
Lizso*, Lisoo*, Loo* Lisoo*, Leo* Lyaso*, Loo*
D=30 [g= Ly = Liso L= Lisoo
Ly < Ly < Lg <
Lg > Lox, Liwo*. Laso*. Lsoo*, Losox, Liooo*, Lk > Lo*. Lio*. Laso*, Lsoo*, Laso*, Liogo*, Lk > Lo*, Ligo*, Laso*, Lsoo*, Lyso*, Liooo*,
Lyaso*, Lisoo*, Leo Lisoo*, Leo¥ Liaso*, Lysoo*, Leo*
D=50 Iy = Lx= Liso L =
LK < L[( < L]( <
Table 14
fi, vertical approach, MaxFEs = 250,000, NHST
SN=24 SN=50 SN=100
Lx > Lo, Lo, Laso, Lsoo, Laso, Liooos Li2so, Lk > Lo, Lioo, Loso, Lsoo, Laso, Liooo*, Li2so, Lk > Laso, Laso, Liooo. Li2so, Lisoo*, Loo
Lis00: Loo* Lis00, Leo
D=2 ILg= Ly = Lg= Lo
Lg < Lg < Ly < Lo, Lspo
Ly > Lox Lg > Lo*, Lipo* Lg > Lo*, Ligo*
D=5 LK = L;( = LK = Lzso
Ly < Lioo*, Lasox, Lspo*, Lyso*, Liooco*, Lk < Loso, Lsoo*, Lisox, Liooo*, Lizso*, Lk < Lsoo, Lys0. Liooos L1250, Lisoo*, Lo
Lizso*, Lisoo*, Leo* Lisoo*, Loo*
Ly > Lo Liw Lg > Lo*, Ligo*, Lsoo Lg > Lo*, Ligo*, Laso, Liooo, L1500, Leo
D=10 Ig = Ly = Ipso Ly = Lseo
Lx < Laso*, Lsoo*, Lyso*, Liooo*, Liaso*, Lgx < L350, Liooos L1250, L1500, Leo Lx < L350, Li2so
Lisoo*, Loo*
Ly > Lox, Lioo, Li2so Lg > Lo*, Lioo, Laso, Lsoo, Liooo, Liaso. Lk > Lo, Laso Lsoo, Lso. Li2so, Lo
L1500, Leo
D=30 Lg = Ly = Liso Lx = Lisoo
Lk < Laso, Lsoo, Laso, Liooo. L1500, Leo Lg < Lg < Lioo, Liooo
Ly > Lo Liaso Lg > Lo*, Laso, Lisoo Lx > Lo*
D=50 [Li= Ly = Liso Ly =
Lg < Laso, Lsoo, Ls0, Looo. L1500, Leo Lg < Lioo, Lsoo. L3750, L1000 Leo Lg < Lio. Laso. Lsoo. Liso. Liooo, Liaso.

Lis00, Loo
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On the other hand, for f; and f,, L, was never the abso-
lute best value, meaning that there was always a better
or atleast equal ‘limit’ value. For f,, f,, and f; that was not
the case, as L, was in some cases better than all 9 fixed
‘limit’ values. In particular, for f,: SN =24 and D = 2, SN
=50and D=2,and SN=50 and D=5.Forf,; SN=24 and
D=10.Forf:SN=24and D=2,and SN=50 and D = 2.
This, however, does not mean that the ‘limit’ values that
could be better than L, for these problems and settings
do not exist; it only means that L, was better for these
problems and settings than these 9 fixed ‘limit’ values.

2.2.2. Experiment 2: Vertical Approach with
MaxFEs = 250,000

In this section, there were more fitness evaluations
available, and L, was almost always better than or equal
to other settings. This means that when large enough
fitness evaluations were available, L, was an appro-
priate choice regardless of the population size and di-
mension of a problem (for the benchmark suite under
investigation). Only for problem f,, which is harder
than the other four problems, L, was in two cases worse
than some other settings. Firstly for SN=24 and D=5
and secondly for SN = 24 and D = 10. These differences,
however, were never significant. All the differences are
shown in Tables 10-14. These findings suggest that set-
ting a control parameter ‘limit’ depends on the avail-
able maximum number of fitness evaluations.

2.2.3. Experiment 3: Horizontal Approach - 10¢ -
MaxFEs=1,000,000

During the horizontal approach where we measured
the number of function evaluations needed to reach a
(sub-)optimal solution, L, had the better alternatives
in almost all cases. For f,, these better alternatives were
available for the small population size SN = 24 and for
the bigger population size SN = 100, whereas for SN =
50, L, was worse only for D = 5 and better for all other
dimension values. For f,, L, was worse than all the pop-
ulation sizes and dimension values, except for SN = 50
and D =10, SN =100 and D = 10, SN = 100 and D = 50,
and SN =100 and D = 50. For f, and f,, L, always had a
better alternative and was always worse than at least
one other ‘limit’ value, regardless of the population size
and dimension of a problem. Lastly, for f; and small di-
mension D =2 (and any population size values), L, had
better alternatives, whilst for other dimensions and
population sizes all limit’ values performed the same.
This happened due to the fact that none of these ‘limit’
values had found the (sub-)optimal solution 10 after
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1,000,000 fitness evaluations. For D = 2, some ‘lim-
it’ values found (sub-)optimal solutions during some
runs, and therefore they performed better than L,.
Whilst there were alot of differences found between L,
and other ‘limit’ values, these differences were rarely
significant. There were only two problems for which
L, was significantly worse than some other ‘limit’ val-
ues. First was f; when L, was significantly worse for
small population size SN =24 for all dimensions. The
other was f, when L, was significantly worse than all
other ‘limit’ values except L, for small population size
SN =24 and small dimension D = 2. These differences
are shown in Tables 15-19.

2.2.4. Experiment 4: Horizontal Approach 10% -
MaxFEs=1,000,000

In this section, the (sub-)optimal solution was set at
10*?, which was a harder problem than finding (sub-)
optimal solution 10 Again, L, almost always had
a better alternative. For f, better ‘limit’ values were
found for small population size SN = 24 regardless
of dimension D and for the bigger population size SN
=100 where the dimension was greater than D = 2,
whilst for SN =50, L, had better alternatives for small
dimensions D = 2 and D =5 and bigger dimension D =
50. For f,, L, had better alternatives regardless of the
population size and dimension values. The same went
forf,, except when the population size was SN =50 and
dimension D = 5, where L, was better than the other
fixed ‘limit’ values. For f,, L, was better than the oth-
er fixed ‘limit’ values when dimension D = 30, whilst
for other dimensions (regardless of population size
value) there were better alternatives. For f;, all ‘lim-
it’ values were the same during performances, which
was due to the fact that none of them found the (sub-)
optimal solution 10? after 1,000,000 fitness evalua-
tions. These differences are shown in Tables 20-24.

2.2.5. Experiment 5: Large Dimensions

In this section, the horizontal approach with (sub-)op-
timal solution set at 10 was repeated for larger dimen-
sions, D = {100, 200, 300}, since we have expected that
the recommended formulae might perform even worse
for large dimensions (such very large optimisation
problems are now common for some benchmark suites
[32]). Again, fixed ‘limit’ values, L. = {0, 1000, 2000,
3000, 4000, 5000, 6000, 7000, 8000, 9000, 10000,
11000, 12000, 13000, 14000, 15000, oo} were compared
to Karaboga’s setting L,. Found differences are shown
in Tables 25-29. As in previous four experiments, this
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Table 15
f,, horizontal approach, 10¢, NHST
SN=24 SN=50 SN=100
Ly = Lo Lg =  Lo*. Lyoo. L2so. Lsoo. Lyso. Liovo. Lizso. L = Lo, Laso
Lisoos faca®
D=2 Ig = Ix = L= L
Ly = Lo, L250. Lsoo. Liso. Liwoo*. Lizso. Lx < Lx = Lsoo. Lyso. Liooo. Lizso. Lisoo. Leo
iE el
Ig = o= Ly > Lo#, laoo. la2so. Isoo, Faovo. Fazso*. Lk = Lo*, Igs0, Liovos Fasoo
Lys00s Loco
D=5 Ly = Lx = Ly = ILaso
Ly =  Lio#*. lasox, lLsoo*. lasox. Lo, [lx = I3so Lx = Lo, Isoo. Fa2so. les
Lyaso*, Fasoo*, Loow
L > Lox, Lioo* Lx = Lox, Lioo*, lsoo, L7so, Laooo. Lazso. Lk = Lo*, Lico*, laso, L7so, Laooor, La2s0.
Lisoos Loo Lisoo. Leo
D=10  [gx = I = l2s0 L = lsoo
Ly = Lasox, Lsoo*, Laso*, laooor. Lazsox, Lx < Lx <
Lyspo*, Loo*
Lx =  Lox. Lioo®. Lasow® Lx = Lo¥. Lioo®. Laso*. Lsoo. Liooo. Lizso. Lx =  Low. Lioo®. Laso*. Lsoo
Lisoo. Loo
D=30 Lx = L= Liso Lri=" L5
Lx = Lsoo*, Lzso*. Liooo*. Lizso*, Lisoo*. Lx =< Lx =  L3so. Liooos L1250 Leo
Loo*
Lg = Lo*, Lioo*, L2so*, Lsoo* Lg = Lo#, Ligo*, Laso*. Lsoo*. Ljso, Liooo. Lg > Lo#, Lioo®, Laso*, Lsoo*, Liso
Lisoo- Lo
D=50 Lk = Lxg = Lixso Ly =
Ly < Laso®, Liooo*, Li2so®, Lisoo%, Loo® Lg = Lk = L. Li2so. Lisoo. Les
Table 16
f,, horizontal approach, 106, NHST
SN=24 SN=50 SN=100
Lg > Lox Laso., L1s0. Liooo. L1250, Leo Lk > Lox, Lsoo, Ls0. L1oco. L1250s Lisoo, Lo Lk > Lo*, Laso
D= Ly = Ly = Lx = Lo
Lg < Lyoo, Lsoo, Lisoo Lg < Lo, Laso Lg < Lsoo, L750, L1ooo> L1250, L1500> Leo
Lg > Lox Liso Lx > Lox, Liooo Lx > Lox, Ls00, Li0oo. L1250
D=5 L= Lg = Lx = Laso
Lig < Lioo, Laso, Lsoo> Liooo, L1250, L1500, Lo Lx < Lioos Laso, Lsoo, L7505 L1250, Lisoo, Lee Lk < Lioo, L50 Lis00, Leo
Lg > Lox, Lyso, Lso Lg > Lox, Lio. Lsoo. Lyso. Liooo. Lizso. Lk > Lo*, Lioo. Laso. Liso. Liooo. Li2so.
Lys00. Lo L1500, Leo
D=10 Ix= Lx = Lo Lg = Lsoo
Lg < Lioo, Lsoo, Liooo- L1250, L1500, Leo Ly < Lg <
Lk > Lox, Lsoo, L1s0 Lk > Lo*, Lioo, Lsoo, L10oo, L1500 Lx > Lo*, Lyso, L1250
D=30 L= Lx = Liso Lx = Lisoo
Lg < Lioo: L250. Lyooo- L1250- L1500, Leo Lg < Lps0. L1250, Leo Lg < Lo, Laso. Lsoo. L100os Loo
Lg > Lox Li2s0 Lx > Lox, Lioo, L2so, Ls00, Liooo, Lisoo. Lo Lk > Lo*, Lioo, L2so, L500, L750. L1000, L1250,
Li500, Lo
D=50 Lg = Lx = Lizso Ly =
Lg < Lo, Laso, Lsoo> L7s0, Liooo, L1soo, Lo Lx < Laso Ly <
Table 17
f,, horizontal approach, 106, NHST
SN=24 SN=50 SN=100
Lk > Lo*, Lioo, Laso, Lsoo, L750. Liooos Lisoo, Lk > Lo*, Lioo Lx > Lo*,
Lo
D=2 Ig= Ly = Ly = L
Lk < Lixso Lk < Loso, Lsoo, L7s0, Liooo, L1250, L1500, Lo Lx < Laso. Lsoo, L7s0, L1000, L1250, L1500, Loo
Lk > Lo*, L1oo, Lsoo, L750, L1000, L1500 Lg > Lox, Lioo, Laso, Liso, Liooo, Li2so, Lisoo Lk > Lo*, Liooo, L1250, L1500, Leo
D=5 Lyg= Ly = Ly = Lyso
Lg < Laso, Lizsos Leo Lg < Lsoo, Lo Lg < Lioo, Lsoo, L7s0
Lg > Lox, Lioo, L750, L1000, L1500 Lg > Lox, Li0o, Lsoo, L750, L1500s Leo L > Lox, Laso, Lisoo
D=10 [k = Ly = Liso Lx = Lsoo
Lg < Laso, Lsoos L1250, Leo Lg < Liooo, L12so Ly < Lioos L7s0, L1ooos L1250, Leo
Lx > Lo*, Lioo, L2s0, Lso0, L750, L1000, Loo Lx > Lo, Lsoo Lx > Lo*, Lsoo, Li250
D=30 Lg= Lx = Liso Lx = Lisoo
Lx < Lizso, Lisoo Lgx < Lo, Laso. Liooo, L1250, L1500, Leo Lg < Ligo, Laso, Lzs0, Li0oo, Leo
Lg > Lox, Laso, Lsoo, Laso. Liooo. Lizso. Lk > Lox, Lioo. Lsoo Lx > Lox, Ligo, Laso, L750, L10oo
L1500, Lo
D=50 Lk = Ly = Lixso Lg =
Lx < Lo Lk < Laso, Lyso, Liooos Lisoos Leo Lx < Lsoo, L1250, L1500, Leo
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Table 18
f,, horizontal approach, 10, NHST
SN=24 SN=50 SN=100
Lx > Lo* Lx > Lo, Liooo Lx > Lo*, Laso, Lys0, Lisoo. Leo
D=2 LK = LK = LK = LIOO
Lg < Liox Laso*, Lsoo*, Lisox, Liooo*, Lx < Lioo, Laso, Lsoo, L7150, L1250, L1500 Lo Lk < Lsoos Liooos Li2so
Liaso*, L1soo*, Leo*
Lk > Lo*, Lioo, Lsoo, L15005 Lo Lx > Lo, Lioo, L2s0, Liooo, L1250, Lis00 Lx > Lo, Lioo, Lsoo, L7s0, L1000, L1250, Leo
D=5 ILx= Ly = Lx = Lzso
Lg < Laso, Lys0, Liooo, Li2so Lg < Lsoo, L750, Lo Lx < Lisoo
Lg > Lo, Lioo, L2s0, L10oos L1500 Leo Lk > Lo, Liooo, L1250, L1500, Leo Lg > Lo*, Laso, L7s0, L1ooos L1500, Leo
D=10 Ly = Ly = Laso Lx = Lsoo
Lk < Lsoo. L7s0, L1250 Lk < Ligo, Lsoo, Liso Lk < Lo, Li2so
Lk > Lox, Liso Lx > Lo*, Laso, Lsoo, Liooos L1soo Lx > Lo*, Lioo, Lsoo, L7s0, L1250
=30 Lg = Lx = Liso Lx = Lisoo
Lg < Lioo, Las0, Lsoo, Liooo, Li2so, Lisoo, Lo Lx < Ligo, L1250, Lo Lx < ILpso, L1000, Lo
Lg > Lo*, Lioo, Lasos Lsoo, L7s0, Liooo Lizso. Lk > Lo*, Lo Lx > Lo*, Lioo, L2so, Lsoo, L12so
Le
=50 Ig= Lx = Liso Ly
Lx < Lisoo Lx < Lo, Laso, Ls00, L750. L1000, Lisoo, Lx < Lzs0. Liooo, L1500, Leo
Table 19
fi, horizontal approach, 106, NHST
SN=24 SN=50 SN=100
LK > L;( > LK >
D=2 Lg = Lo, Lioo, L2so, Lsoo, L7s0, Liooo. Li2so. Lx = Lo, Lioo. Lsoo, Li2so. Lisoo, Lx = Lioo, L2so, Lsoo, L7so. L1250, L1500, Lo
Lljno
Lg < Lo Lk < Laso, Laso, Li0oos Loo Lk < Lo, Liowo
Lg > Ly > Ly >
D=5 Lg = Lo, Ligo. Loso. Lsoo, L7sos Liooos Lizso. Lk = Lo, Lioos Lasos Lsoos Laso, Liooos Lizso, Lk = Lo, Lioos Lasos Lsoos Laso. Liooos Liasos
L1500, Leo Lisoo, Leo Lis00s Lo
L;( < Lk < Lk <
Lg > Lg > Ly >
D=10 Lg = Lo, Lioo, L2so, Lsoo, L7s0, Liowo, Li2so, Lk = Lo, Lioo, Laso, Lsoo, Laso, Liooos Lizso, Lk = Lo, Lioos L2so. Lsoo, L7so, Liooo, Li2sos
Lis00, Lo Lis00, Leo L5005 Leo
L;( < LK < Lk <
Lk > Lg > Lg >
D=30 Lg= Lo, Lioo. L2so, Lsoo. L350, Liooo. Li2so. Lk = Lo, Lioos Lasos Lsoo, Lzso. Liooo. Lizso. Lk = Lo, Lioo, L2so. Lsoo. L7so. Liooo. Li2so,
L1500, Lo L1500, Leo L1500, Leo
Ly < Lg < Ly <
Lg > Lg > Lg >
D=50 Lg = Lo, Lioo, L2so, Lsoo, L7so, Liooo, Lizso, Lk = Lo, Lioo. Laso. Lsoos Lso. Liooo, Lizso. Lk = Lo, Lioos L2so. Lsoo, L7so, Liooo, Lizsos
Lis00s Lo L1500, Loo L1500+ Loo
Ly < Ly < Lk <
Table 20
f,, horizontal approach, 10%, NHST
SN=24 SN=50 SN=100
Ly > Lo*. Lsoo. Li2so Ly = Lo*, Lioo. Laso*. Lsoo*. L7so*. Liooo*, Lx = Lo*, Lsso. Lsoo. L7so. Liooo. Liaso.
Lizso. Leo¥® Lisoo.
D=2 Ly = = Lx = Lioo
Lg = Lyoo. Laso. L7s0. Liooo. L1500, Leo Lg = Lisoo Lk =
L =  Lo* Lx = Lo%, Laso, Lsoox, Laso*, Liooo*, Li2sox,  Lx = Lo, Lsoo. Laso. Liooos Laz2so, Lisoos Leo
Lysoo*.
D=5 Ix = Iy = Ix = Ilaso
Lxg <= Ljoo*. Lzso*. Lsoo*. Ljso*. Ljooo*. Lx < Ljoo Lg <  Lioo
Lizso*, Lisoo*, Le*
L = Low, Lioox Lx = Low, Lioo=. Lsoo, Lasox, Liooo. Tazso, Lk = Lox, Lioox, Laso. Laooo*. Lazso, Lasoo,
Ly500. Loo* Lo
D=10  Lg = Lx = Laso Lx = Lsoo
Lx = Lpso*. Lsoo*. L7yso*. Ljooo*. Lj2s0%. Lx < Lxg <= Laso
Lisoo™, Loo™
Ly = Lo*, Lioo*, Laso* Ly >  Lo*, Lioo*. Laso*. Lsoo. Lioow. Lizso. Lx > Lo*. Lioo*, Laso*, Lo
Lys00. Lo
D=30 Lx = Lx = Ljso Lx =  Lisoo
Lg < Lsoo*, Lzso*. Liooo*. Ljizso*. Lisoo*. Lx < Ly = Lsoo. L750. Liooo. L1250
Loow
Lx = Lo=, Lyoo*. Laso*, Lsoo* Ly = Ly*, Ligo*. Laso*. Lsoo*. Lyso*, Liwo. Lx = Lo= Ligo*, Laso®, Lsoo*, Lyso. Lo
Lo
D=50 Lg = Lg = Lyzso Ly =
Lrx < L350, Liooo. Li250. L1500, Leo Lg = Lisoo Lrx < Liooo. Li250. Lisoo
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Table 21
f,, horizontal approach, 10" NHST
SN=24 SN=50 SN=100
Ly > Lo* Lg > Lo*, Laso, Lsoo, Laso, Liooos Liosos Lo Lix > Lo
D=2 L;( = L]( = LK = Lm[]
Lx < Lioo, Laso, Lsoo. Lzso*, Liooo*, Lizso. Lk < Lioo, Lisoo Lx < Laso, Lsoo, L7s0, Liooo, L1250, Lisoo; Leo
Lis00, Loo*
Lg > Lo*, Lioo, Laso, Lsoo, L7s0, L1250, Leo Lk > Lox, Lsoo, L7so Lg > Lo*, Liooo, Lisoo
D:S L[( = L]( = L[( - szg
Lk < Liooo, L1500 Lg < Lioo, L2s0, L1000, L1250, L1500, Loo Lx < Lioo, Lsoo, L350, L1250, Les
Lg > Lox, Lioo. Loso. Lsoo. L7s0. Liaso. Lisoo. Lk > Lox, Lioo. Lsoo. L750. Liooo. L1500, Lo Lk > Lo*, Laso. L7s0. Liooo
Lo
D=10 [x = Lk = Lo Lx = Lspo
Lx < Liooo Lg < Liso Lg < Lioo, L1250, L1500, Lo
Lx > Lox, Laso, Lys0, Liooo, L1500, Leo Lx > Lox Lg > Lox, Lioo, La2so0. Lsoo, L1000, L1250, Leo
D=30 Ly = Ly = Lzso Ly = Lisoo
Lx < Lioo, Lsoo, Li2so Li < Lioo, Loso, Lsoo. Liooos Lizso, Lisoo, Le Lk < Laso
Lg > Lo*, Ligo. Laso. Liooos L1250, Lisoo Lk > Lox, Lioo. L2so, Lsoo, L750, L1000, Leo Lg > Lo Laso
D=50 Ly = Lg = Liso Ly =
Lg < Lsoo, L750, Leo Lg < Lisoo Lg < Lioo, Lsoo, L350, Liooo, Li2so, Lisoos Leo
Table 22
f;, horizontal approach, 10%%, NHST
SN=24 SN=50 SN=100
Lg > Lo*, Lioo, Liooos L15005 Lo Lg > Lo*, Lioo, L2so, Lsoo. L350, Liooos Liaso, Lk > Lo*, Lsoo, Laso
Lisoo
D=2 Ly = Ly = Ly = L
Lg < Laso, Lsoo, Ls0, L12so Ly < Le Lg < Laso, Liooos L1250, Lisoos Leo
Lx > Lo*, Lys50, L500, Loo Lg > Lo*, Lioo, L2so, Lsoos L7so, Liooos Liaso. Lk > Lo*, L1250, Leo
Lis500s Loo
D=5 Ly = Ly = Ly = Laso
Lg < Lioo, L350, L1ooo, L1250, L1500 Ly < Lg < Lioo, Lsoo. L750, Liooo, L1500
Lg > Lo*, Lioo, L3s0, Liooos L1250+ L1500 Lg > Lo* Lsyo Lg > Lo* Ligo, L1250s Leo
D=10 LK = LK = ngo LK = LSOO
Lg < Lyso, Lspo, Loo Lg < Ligos L0, Liooos L1250, Li500s Leo Lg < Lasos Ls0s Liooos Lisoo
Lg > Lo, Laso, Lsoo Lg > Lo, Loso, Liaso Lg > Lo#, L2so, Lsoo, L750, L1250
D=30 Ly = Ly = ILz50 Ly = Lisoo
Lg < Lioo, Las0, L1ooos L12505 L15005 Leo Lg < Ligo, Lsoo, L1ooos L15005 Leo Lg < Lo, L1000; Lo
Lx > Lox, Lsoo, L750, Leo Lg > Lo Lso Lg > Lo*, L750, L1000, L1250, L1500, Leo
D=50 [g= Ly = Lixso Ly =
Lg < Lioo, Laso, Liooo, Li2s0s Lisoo Lg < Ligo, Laso, Lsoos L1ooos Li500s Loo Lg < Lo, Laso, Lsoo
Table 23
f,, horizontal approach, 10", NHST
SN=24 SN=50 SN=100
Lg > Lo Lg > Lo, Lioo, L2so, Lsoo, Liooo, Li2sos Lo Lk > Lox, Laso, Lsoo. L750, L1000, L1500, Leo
D: LK = L]( = LK = LIOO
Ly < Ligo* Loso*, Lsoo*, Lisox. Liooo*s Lk <  Laso, Lisoo Lx < Lipso
Lias0%, Lisoo*, Loo*
Lg > Lo, Lioo, L2so, Lsoo, L7s0, L1000, Li2so Lk > Lo, Lioo, L7s0. L1000, L1500, Leo Lg > Lox
D=5 Ly = Ly = Lx = Lo
Lg < Lisps Lo Ly < ILpso, Lsoo, Liaso Lg < Lioo, Lsoos L7so. L1ooos L12505 L1500, Leo
Lg > Lox, Lioo, Lsoo, Lisoo Lg > Lox Lg > Lo, Lioo, L7s0, L1250
D=10 Li= Ly = Lzso Lg = Lsoo
Lg < Laso, Laso, L1000, L1250, Leo Lg < Lo, Lsoo, L7s0, L1000, L1250, Lisoo, Lo Lk < Laso, Liooo, L1500, Leo
Lx > Lo*, Lo, Laso, Lsoo* Lzso, Liooo, Lk >  Lo*, Lo, Laso, Lsoo, Liooo, Lizso, Lk > Lox, Lioo, Loso, Lsoo, L7s0, Liooo, L1250,
L1250, L1500, Loo L1500, Lo Lo
D=30 Li= Ly = Liso Lx = Lisoo
Ly < Lg < Lg <
Lx > Lo, Lioo. Lsoo, L1ooos Lisoo Lx > Lo*, Lioo Lsoo. Liooo> Lisoo Lg > Lo, Lioo
D=50 LK = LK = L1250 LK =
Lx < Lps0, L750, L1250, Lo Ly < L350, Ly50, Lo Lx < Lps0, Lsoo, L350, L1000. L1250, L1500, Loo




Information Technology and Control

2017/4/46

Table 24
fi, horizontal approach, 10%%, NHST
SN=24 SN=50 SN=100
Lx > Lk > Lx >
D=2  Lg = Lo, Lioo. L2so. Lsoo, L7so, Liooo, Li2so, Lk = Lo, Lioo, L2so, Lsoo. L7so, Liooo, Li2so, Lk = Lo, Lioo, L2so, Lsoo, L7so. Liooo. Li2so.
Lis00. Leo Lis00, Leo L1500, Loo
Ly < Ly < Ly <
LK > Lk > Ly >
D=5 Lg = Lo, Lyoo. Laso. Lsoo, L7so. Liooo, Li2so.  Lg = Lo, Lyoo, L2so, Lsoo. L7so, Liooo. Li2so.  Lx = Lo, Lioo. L2s0. Lsoo. L7s0. Liooo. Li12s0.
Ly500, Leo Li500, Leo Li500. Loo
Lg < Lg < Lg <
Lg > Lg > Ly >
D=10  Lgx = Lo, Lioo, Laso. Lsoo, L7so, Liooos Lizso, Lk = Lo, Lioo, L2so, Lsoo, Liso, Liooo, Li2so, Lk = Lo, Lioo, L2sos Lsoo, Lyso, Liooos Li2sos
L1500, Loo Lis00, Leo Liso0, Leo
Lg < Ly < Lg <
Ly > Lg > Ly >
D=30 Ly = Lo, Lioo, Laso. Lsoo, L7s0, Liooo, L12so, Lk = Lo, Lioo. Laso, Lsoo. Lso. Liooo, Lizso, Lk = Lo, Lioo. L2so. Lsoo, L7s0. Liooo, L1250,
Lisoo, Leo Lis00, Lo Lisno, Loo
Ly < Lg < Ly <
Lg > Lg > Lg >
D=50 Ly = Lo, Lioo. L2so, Lsoo, Lso. Liooo, Lizso.  Lx = Lo, Lioo, Laso, Lsoo, L7so, Liooos Lizso, Lk = Lo, Lioo, L2s0. Lsoo, L350, Liooo, Li2so.
Lis00, Leo L1500, Loo Lis00, Loo
L[( < L]( < LK <
Table 25
f,, horizontal approach, 10, large dimension, NHST
SN=24 SN=50 SN=100
Lg > Lox Liooo* Lg > Lo*, Liooo*, Lsooo Lg > Eo*. Liooo*, L2000, L7000, L13000- L1500+
D=100 Lg = Ly = Lx = Lsooo
Lg < Laooo*, Lzooo*, Laooo*, Lsooo*, Leooo*, Lk < L2000, L300, Laooo, Lsooo, Leooo, Liooo, Lk < Laooo, Looo, Leooo, Lgooo. Loooo, Lioooo,
Laooo*, Lsooo*, Laooo*, Li0ooo*, Li1000%, Loooo, Lioooo, Liiooo, Lizo00. L1300, L11000, L12000, L14000
Liz000*, L13000*, L14000%, L15000%, Loo* Li000, L15000: Lo
Lg > Lox, Liooo*, Laooo* Lk > Lo*, Liooo*, L2000%, Laooo, Laooo, Leooo, Lk > Lo, Liooo*. Laooo*, L3ooo*, Li2000,
Liooo, Lsooo, Loooo. Lioooo, Lirooo, Liaooo. Liso00, Leo
L2000, L1300 L1400, L15000, Leo
D=200 LK = L_o( = L5m0 L_o( = L]m
Lx < Lsooo, Lagoo*. Lsooo*. Leooo®, L7ooo*, Lx < Lg < Ligoo. Lsooo. Leooo> L7000, Lsooo, Loooo.
Lgooo*,  Loooo*,  Lioooo*,  Litooo*, Li1000, L13000
Lizo00*, L1300o*, L14000%, L15000%, Loo*
LK > L()*. L]ooo*, Lgo()()*. Lgogo LK > Lo*, LIOM"‘- Lzuoo*. L3()m*. me, LK > Lo*. Lm()o*. Lzoo()*, Lgooo*. ij()-
Lsooo, Lgooo, Lioooos Liiooos L1200, Lsooo, Leooo, L7000, Lgooo, Laooo, Liiooos
L3000, L150005 Leo L1000, Loo
D=300 Ly = Lg = Lg = Lisowo
Lg < Lsooo. Lsooo*, Leooo*, Laooo*, Lsooo*, Lk <  Leooos L7000, Loooo, L14000 Lg < Ligooos Li2000, L13000
Loogo*.  Lioooo*.  Litooo*,  Lizo0o*.
L3000, L14000*, L15000*, Leo*
Table 26
fo, horizontal approach, 10°%, large dimension, NHST
SN=24 SN=50 SN=100
Lig > Lo, Lsooo- L7000, Lsooo- L13000, Leo Lg > Lo*, Liooo. Laooo. Lsovo. Lsooo. Leooo. Lx > Lo*, Liooo. L2000, L3000, Laooo. Leooo,
Lgooo, L12000, Leo L7ooo, Loooo, Lioooos Liiooo, Li2000,
L3000, L140005 L150005> Loo
D=100 Iy = Lg = Lk = Lsooo
Lxg < Liooo. L2000, L3000, L5000, Leooo, Loooo. Lx <  Laooo. L7000, Loooo. Lioooo. Litooo. Lx < Lsooo
L0000, L11000s L120005 L 140005 L15000 L130005 L1000, Lisooo
Lg > Lo*, Liooo. Laooo. L3ooo. Liooo. Lsooo. Lk >  Lo*. Liooo Lk > Lo*, Liooo. Lsooo. Laooo, Lsooo, Leooo,
Lso0o, L7000 Lsooo, Leooo. L1oooo. L11000, L7000, Lsooo. Loooo, Li1ooo. Li2000.
L4000 L15000- Loo L3000 L12000. L15000-
D=200 LK = LK = Ljoug LK e L|0000
Lk < L2000, L13000 Lg < Laooo, L3ooos Laooos Leoco. L7000, Lsooo. Lx < Laooo
Loooo. Lioooo. Liiooo. Li2000. Li3000.
L4000, L15000, Leo
Lk > Lo*, Liooo, L2ovo. L3ooo. Liooo, Lgooo, Lx > Lo, Liooo, Laooo, Laooo, Lsooo. Loovo. Lk > Lo*. Liooo. Loooo, L3o00. Laovo. Lsooo.
Loooo L1000, L11000. L14000, L15000, Leo Leooo, L7000, Lsooo Loooo, Lioooo, L1000,
L2000, L£13000. L14000- Loo
D=300 Lg = Ly = Ly = Lisooo
Lk < Lsooo, Leooos Lzoo0. Lioooo. Lirooo, Lx < Laooos Lsooos Leooos L7ooo: L2000, Lizooo Lk <

L2000, L13000+ L14000: L150005 Loo
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f,, horizontal approach, 10 large dimension, NHST
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SN=24 SN=50 SN=100
Lg > Lo*, L3000, Lsooo» L11000 Lg > Lo*, Lyoon, L3000 Lk > Lo, Liooo Loooos L11000
D:ll}l) LK = LK = LK = Lj()(]()
Lk < Liooos L2000, Laooos Lsooo, Leooos L7000, Lk < Liooos Laooo, Lsooos Leooo, L7000, Lsooo, Lk < Laooos L3000, Laooos Leooo, L7000, Lsooos
Loooo, Lioooo, Li2000, L13000. L4000, Loooo, Lioooo, L11000s Li12000, Li3000, L10000, L12000, L130005 L1400, L15000, Leo
L5000, Loo L4000, L15000> Lo
Lg > Lo*, Liooo> L7000, Loooos Li1000» L13ooo, Lk > Lo*, Laooo, L3ooo Lk > Lo*, L2000, L7000, L11000» L13000, Lo
Li4000
D=200 Lk = Lx = Lsooo Lk = Lioooo
Lg < L3000, L3000- L4000, Lso00s Loooos Lsooo, Lk < Liooos Laooos Leooos L7000s Lsooos Loooo, Lk < Liooos L3000, Laooo Lsooos Leooos Lsooo,
L10000> L120005 L150005 Lo Lioooo, L11000> L12000- L13000- L1400, L9000, L1200 L14000, L15000
L15000, Loo
Lg > Lox Liooo, Lzooo, Laooos Lsooos Loooo, Lk > Lo*, Laooos Lsooos Loooo, Lirooos Lidooos Lk > Lo*, Leooo, L12000, L14000s Leo
Li1000> L12000; Lo o0
D=3“0 LK = LK = LK = L]j(]go
Lg < L2000, Ls00o, L7000, Lgooo, L1oooo, L1zooo. Lk < Liooo, L2000, Laooo, Leooo, L7000, Lsooo, Lk < Liooo. L2000, L3o0o. Laooo. Lsooo, L7ooo.
Liaooo, Liso0o L0000, L12000> L13000, L15000 L3000, Loooo, L1000, L11000, L13000
Table 28
f,, horizontal approach, 106, large dimension, NHST
SN=24 SN=50 SN=100
Lg > Lo* Liooos Laooo, Laooos Laooos Lsooo Lk > Lo* Lg > Lo, Ligoo, Laooos Laooos L7000, Lsooos
L3000, Lgooos Loooos L1oooos L1100, L110005 L12000> L13000, L 140005 L150005 Lo
L12000, L13000, L1400, Loo
D=100 L[( = L[( = LK = Ljo()[]
Lg < Leooo, L5000 Lg < Liooo, Loooo, L3ooo, Laooo, Lsooo, Leooo. Lk < Laooo, Leooo, Laooo, L10ooo
Loo0, Lsooo, Loooo, Lioooo, Li1000,
Lioo0o, L13000, L1400, L15000, Leo
Lg > Lox Lx > Lo, Lgooo, L12000, L1300, L14000 Lx > Lo*, Laoco, L7000, Lsooo, L1300
D=200 Ly = Lx = Lsooo Lg = Lioooo
Lg < Liooo, Laooo, L3000, Laooo, Lsooo, Leooo, Lk < Liooo, L2000, L3000, Laooo, Leooo, L7000, Lk < Liooo, L2000, Laooo, Lsooo, Leooo, Loooo,
L7000, Lgooos Loooos Lioooo, L1100, Loooo, L10000» L11000s L15000+ Leo L11000- L120005 L1400+ L150005 Leo
L2000, L130005 L14000- L150005 Loo
LK > L,:( > L}( >
D=300 Lg = Lo. Liooo. Laooo, Laooo. Laooo. Lsooo. Lgx = Lo, Liooo. L2ooo. L3000, Laooo, Lsooo. Lk = Lo, Liooo, Loooo. Laooo, Laooo. Lsooo.
Leooo L7000 Lsooo» L900o» L10000s L1100, Leooo L7000 Lsooo» Loooo- L10000» L1100, Leooo, L7000, Lsooo» Looo» L1oooos L11000,
Li2000, L13000+ L12000, Leo L2000, L1300, L1400, Leo Li2000. L1300, L14000- L15000, Leo
Lg < Lisooo Lg < Lison Lg <
Table 29
5, horizontal approach, 105, large dimension, NHST
SN=24 SN=50 SN=100
Ly > Ly > Ly >
D=100 Lx = Lo, Liooo, Laooo. L3ooo, Laooo. Lsooo. Lk = Lo, Liooo, L2000, L3ooo. Laooo, Lsooo. Lk = Lo, Liooo, Laooo. L3ooo. Laooo, Lsooo.
Lesooo. L7000 Lsooo. Loooo. L10000- L1100+ Le000- L7000 Lsooo~ Loooo» L10000, L1100+ Ls000. L7000, Lsooo. Loooo» L10ooo, L1000+
L2000, L13000, L14000, L15000, Loo L12000, L1300, L14000, L15000, Leo L2000, L13000> L14000, L15000, Leo
LK < LK < LK <
LK > LK > LK >
D=200 Lx = Lo, Liooo. L2000, L3000, Laooo, Lsooo, Lk = Lo, Liooo, L2000, L3000, Laooo, Lsooo, Lk = Lo, Liooo. Laooo, L3000, Laooo, Lsooo.
Le000, L7000, L8000, L9000, L10000, L11000, Le000, L7000, L8000, Loooo» L10000, L110005 Leooo, L7000, Ls000, Leooo» L10000, L1100
L12000, L13000 L14000, L15000, Leo L12000, L1300, L14000, L15000, Leo L12000, L13000, L1400, L15000, Leo
Lg < Lg < Ly <
Ll( > LK > LK >
D=300 Lx = Lo. Liooo. L2000, L3000, Laooo. Lsooo. Lk = Lo, Liooo. L2000, L3o00. Laooo. Lsooo. Lk = Lo, Liooo. Laooo. Looo. Laooo. Lsooo.
Leooo, L7000, Lsooo, Lsooo L100005 L11000, Le00o» L7000, Lgooo» Leooo» L10000» L11000» Leooos L7000, Lgooos Leooo» L10000, L110005
L2000, L130005 L14000> L150005 Leo L12000 L13000- L14000, L15000, Loo L2000 L13000> L14000 L1500, Lo
Lg < Ly < Lg <
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experiment showed that there are other ‘limit’ values
that perform better than L,, for certain problems (f,)
even significantly. In almost all D and SN settings and
problems, at least one better performing ‘limit’ value
was found (the only exceptions are f,, SN = 50, and D =
200 and f,, SN = 100, and D = 300). For f;, none of the
‘limit’ values reached optimal solution, since all set-
tings performed equally. By comparing Tables 25-29
with Tables 15-19, it can be observed that with higher
dimensions L, setting becomes less appropriate.

2.2.6. Discussion

The analysis with NHST supported our concerns
about setting a fixed ‘limit’ value regarding the sug-
gested formula L, =n, * D = (SN/2) * D. When a small-
er number of fitness evaluations (e.g., 100,000) were
available, L, was the appropriate choice only for small
dimensions (D = 2, rarely for D = 5 or D = 10) amongst
all the five presented problems. When dimension got
bigger, more appropriate alternatives could be cho-
sen. On the other hand, when sufficiently large enough
numbers of fitness evaluations were available (e.g.,
250,000), L, was a significantly better choice than
the presented fixed ‘limit’ values for all the presented
problems, dimensions, and values of population size.
This does not necessarily mean that a better value
than L, does not exist but it was not defined in our set
of fixed ‘limit’ values.

When it was of interest in finding a (sub-)optimal
solution (i.e., 10%) and a larger number of fitness eval-
uations were available (i.e., 1,000,000), L, has better
alternatives for the all presented problems, dimen-
sions, and values of population size. The only time
L, seemed to be like an appropriate choice was for
problem f, (multi-modal, non-separable problem)
when population size equaled 50 and for problem f;
(uni-modal, non-separable problem) for which ABC
did not reach the given (sub-)optimal solution over
1,000,000 fitness evaluations regardless of the ‘limit’
value. When the value of this (sub-)optimal solution
was even more precise (i.e., 10*?) there were better
alternatives than L, even for problem f,. In summary,
it was shown that even within this small benchmark
suite used in our study setting ‘limit’ is very problem
dependent (e.g., see Tables 5-9 for results on f, - f,).

In many cases, better settings existed (even signifi-
cantly better) than setting ‘limit’ according to the
suggested formula. The results also heavily depended
on the number of available fitness evaluations, indi-
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cating that ABC convergence with L, is not amongst
the fastest. The results from the horizontal approach
further supported this claim.

2.3. Chess Rating System for Evolutionary
Algorithms (CRS4EAs)

The Chess Rating System for Evolutionary Algo-
rithms (CRS4EAs) [48] is anovel method for the com-
paring and ranking of evolutionary algorithms. In this
method, each participating algorithm plays the role of
a chess player. The comparison between two players
is treated as one game that can have only one out of
three outcomes: win, lose, or draw. Two algorithms
play a draw whenever the difference in their solutions
is smaller than predefined &. Otherwise, the algorithm
with the solution closer to the optimum of an optimi-
sation problem wins and the other loses. A pairwise
comparison between the solutions of all participating
algorithms on all optimisation problems over all inde-
pendent runs is treated as one tournament. After the
tournament has been conducted, the rating R, rating
deviation RD, and rating interval RI for each of the
players are calculated regarding the formula from the
Glicko-2 rating system [16], [17]. Rating is an absolute
power of a player that is supported by rating devia-
tion. The higher the rating deviation, the less reliable
the player’s rating. Rating interval is formed from rat-
ing and rating deviation. It can be said with 95% prob-
ability that a player’s rating R belongs to an interval
[R-2RD, R+2RD]. Regarding these rating intervals,
the algorithms can then be compared and if their in-
tervals do not overlap, the algorithms are considered
significantly different. The result of one such tourna-
ment is a leaderboard from which all these data can
be read and interpreted. When players enter a tour-
nament their rating power equals 1500, and their
rating deviation equals 350, which is the maximum
available rating deviation value. The more games the
algorithms play, the smaller become the rating devi-
ation values, and the minimum value usually used in
CRS4EAs comparisons equals 50.

In this analysis, players were presented as ABC algo-
rithms with different ‘limit’ value settings. A tourna-
ment was executed for each combination of SN and
D values for each optimisation problem separately to
allow fair comparison with NHST’s Wilcoxon’s test.
The results of both analyses (NHST’s and CRS4EASs’)
were very similar, however, there were some differ-
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ences. Even though, both the Wilcoxon’s test and
CRS4EAs compared all runs pairwisely, the results
of the Wilcoxon’s test were more relative and the re-
sults of CRS4EAS’ more absolute. The Wilcoxon’s test
took into consideration only wins and losses against
L,, which were reflected in the p value. CRS4EAs, on
the other hand, conducted a tournament between 10
pla‘yers (Lk’ LO’ LIOO’ L250’ LSOO’ L750’ LIOOO’ L125O’ L1500’ LDO)
where runs were pairwisely compared. In regard to
these wins, losses, and draws, a rating was calculat-
ed and not only were the games against L, taken into
consideration but games against all opponents. This
isthe main reason behind the differences between the
results of both methods. However, to point out once
again: in both approaches, the results were compared
as Ixk comparison as CRS4EAs being appropriate
for both types of comparisons — 1xk and kxk. There
was also a difference in effort put into executing both
methods. In CRS4EAs when the ratings of pairwise
comparison were obtained, there was no need for fur-
ther calculations and testing, whilst when p values
are calculated with a statistical test, a post-hoc test,
such as the Holm test, is always necessary due to the
repetitive comparisons of L, with other settings.

The experiment was again divided into 4 parts for
CRS4EAs analysis. Each part of the experiment took
a different approach just as the ones shown in Table
3. For amore straightforward comparison, the reports
of rating deviations and rating intervals were omitted
in the tables with results, even though they were cal-
culated and used in detecting significant differences.
The ¢ for determining the draw was set to 10*° as re-
sults were compared up to 20 decimals places in the
Wilcoxon’s test as well. A less precise ¢ would affect
the detected differences and there would be great-
er differences in NHST and CRS4EAs analyses. The
minimum rating deviation value was set at 50 and
the maximum rating deviation value at 350. Glicko-2
also calculates some other measurements we omitted
during this analysis, as they were unimportant in this
analysis. The other CRS4EAs’ parameters used in for-
mulae for calculating rating and rating deviation were
determined regarding the Glicko-2 rating system.
Readers can find more on this topic and definitions of
these parameters in [26].

2.3.1. Experiment 1: Vertical Approach with
MaxFEs =100,000

Tables 30(a) — 30(e) showed the ratings obtained for
every setting of SN and D for all 5 minimisation prob-
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lems. All the players reached the minimum rating de-
viation value of 50 rating points. The best player of
each setting (shown in one row) is marked in light grey
background colour. For example, from Table 30 (SN =
24, D = 10), it can be observed that the highest rating
of 1768 points was obtained using L,,, followed by L,,,
(1693 points), L,,,, (1631 points), L,., (1628 points),
L,.,, 1603 points), L,,., (15697 points), L, (1588 points),
L, (1394 points), L,,, (1116 points), and L, (982 points).
The difference in rating between the winner L,., (1768
points) and L, (1394 points) was more than 200 points
(4RD) and hence statistically significant. Overall, these
tables show that L, was not always the more appropri-
ate value for ‘limit’ - especially for f,. However, observ-
ing the ratings and when calculating the rating inter-
vals as [R-100, R+100] where 100 is 2*RD,,, = 2*50, the
differences were rarely significant.

Tables 31-35 show more clearly the differences found
between L, and the other 9 fixed ‘limit’ values on all 5
optimisation problems. Whenever the difference was
significant, the star symbol (*) has been placed after

Table 30
Vertical approach, MaxFEs = 100,000

Lx Lo Lio Loso Lsoo L7s0 Liooo L1250 L1500 Loo
1562 1029 1562 1562 1557 1562 1557 1546 1540 1525
1478 981 1578 1578 1573 1578 1553 1563 1558 1559
1394 982 1116 1768 1693 1628 1631 1597 1603 1588
1518 1012 1072 1265 1650 1717 1705 1690 1680 1690
1619 1033 1074 1247 1508 1693 1726 1713 1694 1693
1558 1018 1558 1558 1558 1558 1553 1542 1558 1541
1571 981 1571 1571 1566 1545 1561 1561 1540 1535
1745 981 1122 1745 1697 1614 1582 1591 1547 1622
1682 1021 1074 1301 1635 1682 1691 1696 1675 1725
1688 1073 1094 1249 1577 1705 1684 1688 1710 1719
SN=100 D=2 15651051 1565 1565 1565 1565 1554 1543 1549 1543
SN=100 D=5 1569 981 1575 1569 1575 1559 1564 1543 1559 1575
SN=100 D=10 1637 981 1113 1711 1637 1579 1643 1611 1601 1624
SN=100 D=30 1705 1021 1083 1278 1666 1710 1679 1721 1705 1636
SN=100 D=50 1650 1060 1060 1247 1530 1645 1711 1718 1660 1717

(a) Vertical approach, fi, MaxIFEs = 100,000

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30
SN=50 D=50

Lx Lo Lioo Laso Lsoo L7s0 Liooo Li2so Lisoo  Leo

1827981 1795 1648 1556 1495 1455 1447 1451 1344
1689981 1654 1689 1599 1601 1620 1422 1362 1383
1566 981 1576 1538 1579 1574 1555 1542 1521 1569
1574 981 1577 1588 1495 1583 1545 1547 1582 1528
1525 981 1611 1542 1537 1570 1527 1540 1567 1600
1779981 1767 1627 1596 1532 1456 1475 1429 1358
1725981 1648 1640 1574 1603 1600 1420 1370 1441
1596981 1583 1596 1573 1542 1566 1543 1544 1573
1544 981 1584 1561 1562 1544 1542 1570 1618 1538
1600981 1560 1591 1578 1555 1578 1516 1600 1543
1793981 1793 1677 1610 1497 1553 1511 1529 1349
1741981 1679 1741 1602 1616 1525 1492 1462 1401
SN=100 D=10 1542 981 1617 1529 1542 1560 1571 1540 1578 1583
SN=100 D=30 1573 981 1574 1556 1608 1534 1590 1574 1573 1512
SN=100 D=50 1544 981 1544 1539 1555 15701515 1599 1552 1600

(b) Vertical approach, f>, MaxFEs = 100,000

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
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Lx Lo Lioo Loso Lsoo Liso Liooo Li2so Lisoo  Leo limit’ Value, and whenever the L, had better alterna-
%
SN=24 D=2 1557991 1557 1557 1557 1557 1557 1557 1557 1557 . R
SN=24 D=5 1564981 1564 1564 1564 1564 1564 1543 1533 1550 tive(s) thebackground of table cell has been highlight-
SN=24 D=10 1580981 1554 1570 1554 1554 1544 1570 1544 1549 A Ti -
inlight gr lour. Similar to the NHST approach
SN=24D=30 1517 981 1514 1604 1569 1578 1546 1616 1547 1528 ed ght grey colou S ; tot .eN ST approach,
SN=24 D=50 1558 981 1539 1577 1576 1554 1610 1532 1505 1568 ~ CRS4EAs also found significant difference only for f,
SN=50D=2 1557986 1557 1557 1557 1557 1557 1557 1557 1557 . B B
SN=S0D=5 1566981 1566 1566 1566 1561 1566 1540 1540 1546  andf Inparticular, for f;: SN =24 and D =10 where L,
SN=50D=10 1560 981 1596 1560 1549 1560 1560 1570 1560 1565  yas sionificantly worse than L.... L.... L.. L L
SN=50D=30 1569 981 1603 1551 1571 1569 1544 1566 1599 1516 8 y 2502 =500 777502 710002 12502
SN=50D=50 1568 981 1545 1536 1608 1536 1561 1568 1569 1596 L., For f: SN = 24 and D = 5 where L, was signifi-
SN=100 D=2 1563996 1563 1563 1563 1563 1563 1563 1563 1563
SN=100D=5 1572981 1572 1572 1572 1567 1572 1551 1562 1551  cantlyworsethan L., Lso, Lyso, Ligoo Lizsor Lisoo L SN
SN=100 D=10 1555 981 1575 1565 1555 1544 1575 1575 1560 1570 =50 and D = 5 where Lk was Signiﬁcantly worse than
SN=100 D=30 1635981 1558 1593 1621 1508 1540 1532 1635 1532
SN=100 D=50 1592 981 1540 1547 1570 1623 1552 1510 1548 1535  Liyp00, Lyasgr Liysoer Ly SN = 24 and D = 10 where L, was
(c) Vertical approach, f3, MaxFEs = 100,000 significantly worse than L., L. However, when com-
T . paring the detected significant differences between
<K -0 <100 250 “500 <750 1-1000 f-1250 1500 <00 .
SN=24 D=2 1558981 1558 1558 1558 1558 1558 1558 1558 1558 NHST and CRS4EAs (compare Tables 5-9 with Ta-
SN=24 D=5 1558981 1558 1558 1558 1558 1558 1558 1558 1558 _ .
SN=24 D=10 1558981 1558 1558 1558 1558 1558 1558 1558 1558 bles 31-35), CRS4EAs appears more conservative
SN=24 D=30 1569 981 1544 1580 1502 1596 1555 1570 1573 1530  than NHST. Whilst the differences were presented
SN=24 D=50 1527 981 1576 1574 1573 1572 1518 1532 1539 1608 . . .
SN=50 D=2 1558981 1558 1558 1558 1558 1558 1558 1558 1558  or the same settings, in CRS4EAs these differences
SN=50 D=5 1558981 1558 1558 1558 1558 1558 1558 1558 1558  were hardly ever significant
SN=50 D=10 1565981 1565 1565 1565 1565 1565 1565 1565 1565 ’
SN=50 D=30 1566 981 1593 1534 1610 1566 1529 1564 1516 1608  For all ive problems. L. had almost alwavs better al-
SN=50 D=50 1595 981 1553 1538 1549 1547 1599 1595 1586 1553 ) b >k y .
SN=100 D=2 1564986 1564 1564 1564 1564 1564 1564 1564 1564  ternatives (but not significant) when dimension D
SN=100 D=5 1565981 1565 1565 1565 1565 1565 1565 1565 1565 10. 30. or 50
SN=100 D=10 1565981 1565 1565 1565 1565 1565 1565 1565 1565  WaS greater (10, 30, or 50).
SN=100 D=30 1570 981 1543 1561 1574 1587 1575 1566 1570 1543
SN=100 D=50 1576 981 1597 1551 1550 1516 1597 1521 1512 1600 g 3 2 Experiment 2: Vertical Approach with
(d) Vertical approach, fi, MaxFEs = 100,000 MaxFEs = 250.000
- B
Tabl - h he ratin, ined for ev-
Ik Lo Tioo Taso Tsoo T7s0 Tiooo T12so 1500 Teo ables 36(3') 36(6) show the rat gs Obta ed orev
SN=24D=2 15631502 1512 1521 1509 1510 1471 1503 1532 1375 ery setting of SN and D on all 5 minimisation prob-
SN=24 D=5 1261 982 1371 1498 1598 1612 1637 1650 1672 1719 1 All ol hed th . ine devi
SN=24 D=10 1423 981 1359 1538 1518 1702 1612 1620 1619 1628 ems. players reached the minimum rating devia-
SN=24 D=30 1558 981 1521 1602 1593 1570 1583 1528 1551 1514 tion value of 50 rating points. The best player of each
SN=24D=50 1536 981 1570 1567 1574 1537 1553 1521 1551 1611 1 . . R
SN=50D=2 1509 1505 1495 1537 1509 1516 1409 1525 1490 1505 setting (shown in one row) is marked in light grey
SN=50D=5 1419 982 1322 1475 1589 1615 1673 1621 1644 1659
SN=S0 D=10 1551 981 1340 1551 1557 1582 1667 1641 1565 1616  Packground colour. These tables show that L, was
SN=50 D=30 1606 981 1571 1551 1597 1606 1513 1579 1532 1569 almost always the more appropriate value for ‘limit’.
SN=50 D=50 1532 981 1631 1484 1609 1606 1553 1532 1512 1591 . .
SN=100 D=2 1512 1535 1512 1514 1560 1534 1503 1482 1422 1430  J5 was the only problem for which better alternatives
SN=100 D=5 1487 982 1327 1487 1580 1613 1613 1630 1636 1631 ;
re found for som nd D ings. Mor r, L
SN=100 D=10 1616 981 1349 1534 1616 1614 1547 1644 1597 1618 we e‘ ound ‘o some SN a d sett _gs ) _0 €OVeT, Ly
SN=100 D=30 1593 981 1593 1534 1588 1538 1614 1527 1593 1531 was just as in NHST analysis - the significantly bet-
SN=100 D=50 14§7 981 1589 1597 1544 1560 1530 1576 1583 1553 ter choice in most cases.
(e) Vertical approach, fs, MaxFEs = 100,000
Table 31
f,, vertical approach, MaxFEs = 100,000, CRS4EAs
SN=24 SN=50 SN=100
Lk > Lo*, Lsoo, Liooo, L1250, L15005 Leo Lk > Lo*, Liooo, L1250, Lo Lk > Lo*, Li0oo, L1250, L1500, Leo
D=2 Lg = Lo, Laso. L350 Lg = L. L2so. Lsoo. L7s0. Lisoo Lg = Lioo. L2so, Lsoos Lyso
Lg < Lk < Lg <
Ly > Lox Lk > Lox, Lsoo, L750, L1000, L1250, L1500, Lee Lk > Lo*, L750, L1000, L1250, L1500
D=5 Lg= Lg = Lo, Laso Lg = Laso
Lx < Lo Laso, Lsoos Lzso. Liooos Lizso. Lx < Lg < Lioo, Lsoos Leo
Li500, Le
Lx > Lo* Ligo* Lk > Lo*, Lioo*, Lsoo. L7s0. Liooo. Lizso. Lk > Lo* Lioo* L350, L1250, L1500: Leo
L1500, Lo
D=10 Lk = Ly = Izso Lx = Lsoo
Lk < Lyso*, Lsoo*, Liso*. Liooo*. Lioso*. Lk < Lx < Lyso, Liooo
Lis00%*, Lo
Lx > Lo*, Lioo*, Laso* Lx > Lo*, Lioo*, Laso*, Lsoo, L1500 Lx > Lo*, Lioo*, Laso*, Lsoo, Liooo, Lisoo,
D=30 Lg= Ly = Lzso Lg = -
Lk < Ls00, L750, L1000, L1250, L1500, Leo Lx < L1000, L1250, Lo Lg < L350, L1250
Lx > Lo*, Lioo*, Laso*, Lsoo Lk > Lox, Lioo*, L2so*, Lsoo, Liooo Lk > Lox, Lioo*, L250%*, Lsoo, L750
D=50 Lg= Lx = Liaso. Lg =
Lx < L350, L1000s L1250, L1500, Lo Lk < L350, L1500, L Lg < Li00o, L1250, L1500, Lo
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Table 32
f,, vertical approach, MaxFEs = 100,000, CRS4EAs
SN=24 SN=30 SN=100
Ly > Lo*, Lioo, Loso. Lsoo*, Lyso*, Liooo*, Lk > Lo*, Ligo. Laso. Lsoo. Lzso*, Liooo*, Lk > Lo, Laso, Lsoo, Lzso*, Liooo*, Liaso*,
Lizsox, Lisoo*, Leo* Lyos0%, Lisoo*, Leo* Lis00%, Leo¥
D=2 Lg-= Ly = Ly = Liw
LK < L[( < LK <
Ly > Lo*, Lioo. Laso. Lsoo. L7so. Liooos Lk > Lo* Lioo, Loso, Lsoo. Lzso. Liooo. Lx > Lo*, Lioo. Lsoo. L7s0. Liooo*s Liaso%,
Liaso*, L1soo#, Leo* Lizsox, Lisoo*, Leo* Lis00%, Loo
D=5 LK = LK = LK = L25()
LK < LK' < LK <
Lx > Lo*, Lys0, Liooos L1250, Lis00, Lx > Lox, Lioo, Lsoo, L7so, Liooo, Lizso, Lk > Lo*, Laso, Lizso
Lis500, Leo
D=10 Lg= Ly = Iaso Ly = Lsoo
Lx < Ligo, Lsoos L750, Lo Lg < Lk < Lioos L0, Liooo; L1500, Lo
Lx > Lo*, Lsoo. L1000s L12505 Leo Lg > Lo* L1000s Leo Ly > Lo*, Laso. Lasos Leo
D=30 Lg= Lg = Liso Ly = Lisoo
Lg < Lioo, Laso, Lsoo, Lisos Lisoo Lg < Lyoo, Laso, Lsoo, L1250, Lisoo Lg < Lioos Lsoo, L1ooos L1250
Ly > Lox Lx > Lo, L10o, Laso. Lsoo, L7s0. Liooo. Lisoo. Lk > Lo*, Laso, Liooo
D=50 Lk = Lg = Liso, Lx = Lo
Lg < Lo, Lasos Lsoos L7so, Liooos Lizsos L < Lx < Lsoos L0, L1250, L1500, Leo
L5005 Leo
Table 33
f,, vertical approach, MaxFEs = 100,000, CRS4EAs
SN=24 SN=50 SN=100
Ly > Lopx Ly > Lyx Ly > Ly*
D=2 Lg= Lo, Laso. Lsoo. L750. Liooo, Li2so. Lk = Lioo, Loso, Lseo. Laso. Lioco, Lizso, Lk =  Lioo, Loso, Lsoo. Lzso. Liooo. Lizso,
L1500, Leo L1500, Leo L1500, Leo
LK < LK < LK <
Lg > Lo, Li2505 L1500, Leo Ly > Lo, Lyso. L12s0s L1500, Leo Lg > Lox, L1s0, L12505 L15005 Loo
D=5 Lg= Lo, Laso. Lsoo- L7s0. Liooo Lx = Lioo. Laso. Lsoo. Liooo Lg = L. Laso. Lsoo. Liooo
LK < LK < LK <
Lk > Lo*, L1oo. L2so, Lsoo. L350, Liooo, L1250, Lk > Lo*, Lsoo Ly > Lo L1s50
L1500, Leo
D=10 Ly = Lg = ILys0, L7s0. Liooos Lisoo Ly = Lsw
Ly < Lg < Lo, L1250, Lo Lg < Lo, Las0, Liooo, L1250, L1500, Lo
Lx > Lox Lioo Lx > Lox, Laso, Liooo. L1250, Leo Lg > Lo*, Lioo, L250, Lsoo, L750, L1000, L1250,
Lo
D=30 Lg= Ly = Liso Ly = Lisoo
Lk < Lps0. Lsoo, L750. Liooo. L1250. Lis00. Lee Lk < Lioo, Lsoo. Lis0o Ly <
Lx > Lox, Lioo, L750, L1250, L1500 Lx > Lo, Lioo, Laso, L750, L1ooo Lg > Lox, Lioo, Laso, Lso0, Liooo, Li2s0,
Li500, Lo
D=50 Ly = Li= Lo Ly =
Lk < Lps0, Lsoo, L1000, Leo Lg < Lso0, L1500, Leo Lg < Liso
Table 34
f,, vertical approach, MaxFEs = 100,000, CRS4EAs
SN=29 SN=50 SN=100
Ly > Lo* Lx > * Lx > *
D= Ly = Lioos Lasos Lsoo. Laso. Liooos Lizso. Lk = Lioo. Losos Lsoos Lzso. Liooo. Lizso. Lk =  Lioos Laso. Lsoo. Lzsos Liooos Lizsos
Li500, Leo Ly500, Leo Lys500, Leo
Ly < Ly < Ly <
LK > LQ* LK > * LK > Lo*
D=5 Lk = Lo, Laso. Lsoo, L7so. Liooo, Lizso, Lk = Lioo. Laso, Lsoo, Laso, Liooo, Lizso. Lk = Lioo, Laso, Lsoo, Laso, Liooo. Lioso,
Lis00, Leo Lis00, Lo Lis00, Lo
LK < LK < LK <
Lx > * Lg > * Lg > *
D=10 Lx= L. Laso. Lsoo. L7s0, Liooo, Lizso. Lk = Lioo. Laso, Lsoo, L7s0, Liooo, Lizso. Lk = Lioo. Laso. Lsoo, Lzso, Liooo. Li2so.
Lis00, Leo Lis500, Leo Li500, Leo
LK < LK < L]( <
Lx > Lo* Lioo. Lsoos L1000s Leo Lk > Lo, Ls0, Liooo> L1250, L1500 Ly > Lo, Lioo, L250, L1250, Leo
D=30 Lg= Ly = Liso Lx = Lisoo
Lg < Lpso, L350, L12so, Lisoo Lx < Lo, Lsoo, Lo Lg < Lso, L50, Liooo,
Lx > Lo Lioo Lx > Lox, Lo, L2so, Lsoo» L7505 L15005 Leo Ly > Lox, Lyso, Lsoo, L750, L1250, L1500
D=50 Ly = Ly = Lnso Ly =
Lk < Li0os Los0, Lsoos L7505 L1250, L1500, Lo~ Lk < Liooo Ly < Lioo, Li000s Lo
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Table 35
fi, vertical approach, MaxFEs = 100,000, CRS4EAs
SN=29 SN=50 SN=100
Lx > Lo*. Lioo, L2so. Lsoo, L7s0. Liooo. L12so. Lk > Lo. Lioo. Liooo. L1500, Leo Lg > Liooo, L1250, L1500, Lo
L1500- Leo
Lg < Lx < Las0. L350, L1250 Lg < Lo. Lps50, Lsoo. Lso
Ly > Lox Lyx > Lo Lioo Lg > Lox, Lioo
D=5 Lg = Lg = Ly = Lrsp
Lk < Lioo, Lasox, Lsoo*, Lzso*, Liooo*, Lk < Laso, Lsoo, L750, Liooo*, Lioso*, Lisoo*, Lk <  Lsoo. L750, L1000, L1250, L1500, Loo
Liaso*, Li500%, Loo* Loox
Lk > Lo* Lioo Lx > Lox Lioo Lx > Lox, Lioo*, L2s0, L7s0, L1ooo, Lisoo
D=10 Lg= Lg = Loso Lg = Lspo
Lx < Las0. Lsoo, L7so*, Liooo, Li2sos Lisoo, Lk < Lso0, L7505 Liooo, L1250, L1500, Leo Lk < Li2s50, Lo
oo ¥
Lx > Lo, Lioo, Li250, L1500, Leo Lx > Lo*, Lico. L250, Lso0. Liooo, Li2so. Lk > Lox, L2s0, Lsoo, L750, L1250. Lo
Liso0, Leo
D=30 Lg= Lg = L3so Lg = Lioo, Lisoo
Lk < Las0, Lsoo. L7s0, Liooo Ly < Lk < Liooo
Lx > Lo* Li2so Lk > Lo*. Laso, L1500 Ly > Lo*
D=50 Lx= Lx = Lpso Ly =
Lk < Lioo, L250, Ls0o, L750, L1000, L1500s Lo Lx < Lioo, Ls00, L7505 L1000, Leo Lx < Lioo, Laso, Lsoo, Lis0, Liooo, Li2so,
Lis500, Lo
Table 36
Vertical approach. MaxFEs = 250,000
Tk  To Taoo Ta50 Ta00 T30 1000 T1250 1500 T Lx Lo Lioo Loso Lsoo Lgso Liooo L1250 Lisoo Leo
SN=24 D=2 1548 1101 1548 1548 1548 1548 1548 1548 15481516  SN=24D=2 1558981 1558 1558 1558 1558 1558 1558 1558 1558
SN=24 D=5 1562 981 1562 1562 1562 1562 1562 1562 15621521 SN=24 D=5 1558981 1558 1558 1558 1558 1558 1558 1558 1558
SN=24 D=10 1615 981 1128 1615 1615 1615 1615 1611 1615 1588 SN=24 D=10 1558981 1558 1558 1558 1558 1558 1558 1558 1558
SN=24 D=30 18221004 1073 1212 1664 1741 1694 1644 1628 1518 SN=24 D=30 1577981 1405 1577 1577 1577 1577 1577 1577 1577
SN=24 D=50 2019 1022 1074 1193 1362 1612 1689 1711 1697 1620 SN=24 D=50 2016981 1344 1552 1550 1534 1479 1507 1511 1527
SN=50 D=2 1547 1096 1547 1547 1547 1547 1547 1547 1547 1531 SN=50 D=2 1558981 1558 1558 1558 1558 1558 1558 1558 1558
SN=50 D=5 1558 981 1558 1558 1558 1558 1558 1558 1558 1553 SN=50 D=5 1558981 1558 1558 1558 1558 1558 1558 1558 1558
SN=50 D=10 1630 981 1124 1630 1630 1630 1630 1625 16301621 SN=50 D=10 1565981 1565 1565 1565 1565 1565 1565 1565 1565
SN=50 D=30 1831 1009 1082 1240 1678 1831 1685 1720 1653 1601 SN=50 D=30 1586981 1415 1586 1586 1586 1586 1586 1586 1586
SN=50 D=50 20191033 1076 1225 1407 1649 1730 2019 1704 1658 SN=50 D=50 1586981 1415 1586 1586 1586 1586 1586 1586 1586
SN=100 D=2 15531106 1553 1553 1553 1553 1553 1553 1553 1526 SN=100 D=2 1565981 1565 1565 1565 1565 1565 1565 1565 1565
SN=100 D=5 1569 981 1569 1569 1569 1569 1564 1564 1569 1548 SN=100D=5 1565981 1565 1565 1565 1565 1565 1565 1565 1565
SN=100 D=10 1634 981 1120 1634 1634 1634 1629 1629 1625 1616 SN=100 D=10 1565981 1565 1565 1565 1565 1565 1565 1565 1565
SN=100 D=30 1833 1013 1079 1239 1698 1685 1725 1650 1833 1577 SN=100 D=30 1587981 1410 1587 1587 1587 1587 1587 1587 1587
SN=100 D=50 2019 1033 1060 1200 1355 1608 1704 1689 1693 1640 SN=100 D=50 2011981 1351 1558 1509 1482 1530 1525 1540 1514
(a) Vertical approach, f|, MaxFEs = 250,000 (d) Vertical approach, f;, MaxFEs = 250,000
Lx Lo Lioo L2s0 Lsoo L7s0 Liooo L1250 L1500 Leo Lx Lo Lo Lzso Lsoo L7s0 Liooo L1250 L1500 Leo
SN=24 D=2 1994 981 1648 1715 1465 1593 1366 1512 1459 1267 SN=24 D=2 1914 1494 1508 1495 1485 1492 1437 1431 1438 1306
SN=24 D=5 1982981 1695 1637 1598 1517 1502 1434 1420 1233 SN=24 D=5 1538 984 1268 1495 1561 1649 1592 1647 1668 1597
SN=24 D=10 1967981 1583 591 1558 1553 1547 1460 1461 1299 gN=24 D=10 1582 981 1272 1476 1547 1610 1608 1621 1649 1655
SN=24 D=30 1941 981 1145 1431 1548 1575 1583 1561 1604 1632 gy_p4 D=30 1838 981 1492 1469 1595 1509 1500 1542 1493 1582
SN=24D=50 1998981 1119 1539 1530 1614 1547 1557 1543 1572 >4 p=50 1933 981 1493 1477 1482 1506 1507 1512 1578 1532
SN=20D=2 1987981 1010 1699 1010 1579 1381 1459 1488 1200 N=50D=2 1903 1546 1453 1535 1505 1503 1417 1411 1416 1312
SN=50D=5 1973981 1679 1638 1547 1513 1502 1446 1471 1250 = = 2 197 > ol
SN=50D=10 1971981 1570 1971 1550 1557 1566 1506 1495 1304  SN=50D=5 1625 982 1230 1439 1562 1627 1620 1625 1653 1637
SN=50D=30 1980981 1152 1471 1616 1980 1619 1503 1644 1533 SN=50 D=10 1595 981 1343 1595 1582 1557 1600 1626 1592 1625
SN=50D=50 2010981 1144 1522 1558 1555 1575 2010 1577 1578 SN=50 D=30 1835 981 1453 1522 1564 1835 1535 1526 1529 1556
SN=100D=2 1991981 1991 1697 1610 1562 1529 1473 1441 1216 SN=50 D=50 1875 981 1474 1556 1523 1531 1506 1875 1540 1513
SN=100D=5 1976981 1678 1976 1599 1531 1530 1467 1445 1292 SN=100 D=2 1749 1551 1749 1491 1495 1503 1500 1465 1443 1304
SN=100 D=10 1973981 1581 1590 1973 1512 1568 1503 1497 1297 SN=100D=5 1596 981 1269 1596 1573 1617 1609 1622 1614 1619
SN=100 D=30 1966981 1170 1470 1535 1584 1629 1583 1966 1582 SN=100 D=10 1704 981 1287 1514 1704 1618 1623 1583 1588 1601
SN=100 D=50 2007 981 1124 1475 1567 1557 1588 1548 1547 1607 SN=100 D=30 1818 981 1445 1575 1506 1523 1523 1556 1818 1571
(b) Vertical approach, f», MaxFEs = 250,000 SN=100 D=50 1888 981 1529 1551 1482 1506 1506 1523 1509 1527
(e) Vertical approach, f5, MaxFEs = 250,000
Lx Lo Lioo Laso Lsoo L7s0 Liooo L1250 L1500 Lo
SN=24 D=2 15501048 1550 1550 1550 1550 1550 1550 1550 1550
SN=24 D=5 1561 981 1561 1561 1561 1561 1561 1561 1561 1530
SN=24 D=10 1903 981 1529 1535 1529 1535 1519 1503 1498 1467
SN=24 D=30 1923 981 1263 1460 1520 1559 1599 1538 1589 1569
SN=24 D=50 1937 981 1106 1353 1604 1594 1598 1615 1611 1599
SN=50 D=2 1554 1017 1554 1554 1554 1554 1554 1554 1554 1554
SN=50D=5 1561 981 1561 1561 1561 1561 1561 1561 1561 1535
SN=50D=10 1917 981 1523 1917 1543 1533 1528 1502 1507 1466
SN=50 D=30 1934 981 1243 1487 1523 1934 1597 1577 1573 1585
SN=50D=50 1958 981 1111 1446 1586 1607 1582 1958 1606 1623
SN=100 D=2 1558 1033 1558 1558 1558 1558 1558 1558 1558 1558
SN=100 D=5 1566 981 1566 1566 1566 1566 1566 1566 1556 1556
SN=100 D=10 1867 981 1550 1555 1867 1550 1540 1483 1508 1462
SN=100 D=30 1940 981 1235 1475 1546 1569 1577 1597 1940 1580
SN=100 D=50 1941 981 1108 1397 1555 1592 1606 1610 1613 1598

(c) Vertical approach, f3, MaxFEs = 250,000
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Tables 37-41 show more clearly the differences found
between L, and other 9 fixed ‘limit’ values on all 5 op-
timisation problems. As mentioned before, the better
alternatives were found only for problem f;, when the
dimensions were either 5 or 10 but the ‘limit’ values
were not significantly better than L,. As in NHST
analysis, the CRS4EAs also showed that whenever
sufficiently larger numbers of function evaluations
were available, Karaboga’s ‘limit’ setting was an ap-
propriate choice. In this approach, both methods,
NHST and CRS4EAs, appeared equally conservative
(compare Tables 10-14 with Tables 37-41).

2.3.3. Experiment 3: Horizontal
Approach - 10¢ - MaxFEs =1,000,000

In the horizontal approach, there were fixed ‘limit’
values that found (sub-)optimal solutions in fewer
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fitness evaluations than L, for all optimisation prob-
lems. Tables 42(a)-42(e) show the ratings for every
optimisation problem and every setting of SN and D.
All ‘limit’ values reached the minimum rating devia-
tion value of 50 rating points and the better rating val-
ues are again highlighted with light grey colour.

For f, better alternatives than L, were available for
the smaller population size SN = 24 and for the greater
population size SN = 100, whereas for SN = 50, L, was
only worse for D = 5 and D = 50 and better for all other
dimension values. For f,, L, was the worst value for all
population sizes and dimensions, except for SN =50 and
D =10,SN =100 and D =10, SN =50 and D = 30, and SN
=50 and D = 50. For f;, L, was the better value only for
SN =24 and D =2 and SN =24 and D = 50, but for other
settings there were better alternatives. For f,, L, always
had a better alternative and was always worse than at

Table 37
f,, vertical approach, MaxFEs = 250,000, CRS4EAs
SN=24 SN=30 SN=100
Lg > Lox, Ly Ly > Lox, Lo Ly > Lo*, Lo
D=2 Lg= Lo, Loso. Lsoo, L7s0, Liooos Lizso. Lk = Lioos Laso. Lsoo. Lzso, Liooos Lizsos Lk = Lioos Laso. Lsoo. Lzso. Liooos Lizsos
Lis00 Liso0 Lys00
LK < L]( < LK <
Lk > Lo, Leo Lk > Lox Lo Lk > Lo*, Liooo, L1250, Leo
D=5 Lg= Lo, Loso, Lsoo, L7so, Liooo, Lizso, Lk = Lioo, Loso. Lsoo, Liso, Liooo, Lizso, Lk = Lioo, Laso, Lsoo, L7s0, Lisoo
Lisoo Lisoo
LK < L]( < L]( <
Lk > Lox Lioo*, L1250, Leo Lx > Lo*, Lioo*, L1250, Leo Lg > Lo*, Lioo*, L1ooos L12505 L1500 Leo
D=10 Lg = Laso, Lsoo. L750. L1ooo. Lisoo Lg = Las0, Lsoo, L750, L10oo, Lisoo Lk = Laso, Lsoo, L7s0
Lg < Lg < Lg <
Lx > Lo, Lioo*, Laso*, Lsoo. L7s0, Liooo. Lk > Lo* Lioo*, Laso*, Lsoo, Liooo, Li2so. Lk > Lo*, Lioo*, Laso*, Lsoo, L750, L1ooo,
L1250, L5005 Leo Lis00, Leo* Li2s0, Lo
D=30 Lg= Lx = L350 Lx = Lisoo
Ly < Lk < Lk <
Lx > Lox, Ligo*, Laso*, Lsoo*, L7so*, Ligoo*, Lk > Lo*, Lioo*, Laso*, Lsoo*, L7so*, Liooo*, Lk > Lo*, Ligo*, Laso*, Lsoo*, Lzs0%, Liooo*,
Li2s0*, Lis00*, Lo Lisoo*, Leo* Li250%, L1500%, Leo*
D=50 Lg= Ly = Ly Ly =
Ly < Lg < Lk <
Table 38
f,, vertical approach, MaxFEs = 250,000, CRS4EAs
SN=29 SN=50 SN=100
Lk > Lox, Lioo*, Lasox, Lsoo*, L350, Liooo*, Lx > Lo*, Lioo*, Laso*, Lsoo*, L750%, Liooo*, Lk > Lo, Laso*, Lsoo*, L750*. L1000*, L1250%,
Liasox, Lisoo*, Leo* Liaso*, Liso0%, Leo* Liso0%, Leo*
D=2 Ix= Lg = Lx = Lo
Ly < Ly < Lg <
Lg > Lo Lioo*, Loso*. Lsoo*. L7s0%. Liooo*. Lg > Lo*, Lioo*. Loso* Lsoo*. L7s0*, Liooo*. Lk > Lo*, Lioo*, Lsoo*. L750*. L1000 %, L1250%
Li250%, Li500%, Leo* Ly250%, Li500%, Leo* Lis00%, Loo*
D=5 Ig= Lg = Lxg = Lyso
Lg < Ly < Ly <
Lk > Lox, Lioo*, Loso*, Lsoo*, L750*, Liooo*, Lk > Lox, Lioo*, Lsoo*, L7s0*, Liooo*, Li2so*, Lk > Lo*, Lioo*, Laso*, L7s0*, L1ooo*, L1250*,
Li250%, L1500%, Loo* Li500%, Loo¥ Li500%, Leo*
D=10 Lg= Lx = Laso Lx = Lsg
Lk < Lg < Lg <
Lk > Lo*, Lioo*, Laso*, Lsoo*, L7s0*, Liooo*, Lk > Lox, Lioo*, Lasox, Lsoo*, Liooo*, Li2sox, Lk > Lox, Lioo*, Laso*, Lsoo*. L7s0*, Liooo*,
Li250%, L1500%, Loo* Li500%, Loo* Li2s0%, Leo*
D=30 Ik = Lg = L7s0 Lk = Lisoo
L < Lg < Lk <
Lk > Lox, Lioo*, Loso*, Lsoo*, L7s0*, Liooo*, Lk > Lox, Lioo*, Laso*, Lsoo*, L7so*, Liooo*, Lk > Lo*, Lioo*, L2so*, Lsoo*, Lso*, Liooo*,
Li2s0%, L1500, Leo*® Lys500%, Loo* Liyaso*, L1500%, Leox
D=50 Lk = Lg = Liso Lg =
Ly < Lg < Lg <
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Table 39
fs, vertical approach, MaxFEs = 250,000, CRS4EAs
SN=24 SN=50 SN=100
Lx >  Lo* Lig > * Lg > *
D=2 Lg= Lo, Laso, Lsoos Liso, Liooo, Liso, Lix = Lioo, Laso, Lsoo, L7so. Liooo, Lizso, Lk = Lioos Lzso. Lsoo, Lasos Liooo, Lizsos
Lis00: Leo Li500, Leo L1500: Leo
Lg < Ly < Lg <
Lx > Lo*, Ly Lg > Lo*, Ly Lg > *
D= Lk = Lo, L2so, Lsoo. Lyso, Liooo. Lizso, Lk = Lioo, Laso, Lsoo. L7s0, Liooo, Lizso, Lx =  Lioo, Laso. Lsoo, Liso. Liooo, Lizso,
Lisoo Lis00 L1500, Lo
Lg < Ly < Lg <
Lx > Lo*, Lioo*, Loso*, Lsoo*, L7s0*, Liooo*, Lk > Lo*, Lioo*, Lsoo*, L750*, Liooo*, L12so*, Lx > Lo*, Lioo*, Laso*, L7s0%, Liooo*, Li2so*,
Lyaso*, Lisoo*, Leo* Lyspo%, Leo* Lysoo*, Loo*
D=10 Lg= Lg = Laso Lg = Lsoo
LK < L]( < L]( <
Lx > Lo*, Lioo*, Loso*, Lsoo*, L7so*, Lisoo*, Lx > Lo*, Lioo*, Laso*, Lsoo*, Liooo*, Li2so*,  Lx > Lo*, Lioo*, Laso*, Lsoo*, L750%, Liooo*,
Li2so*, L1500%, Lo Li500%, Loo* Li2s50%, Leo*
D=30 Ig= Ly = L5 Ly = Lisoo
Ly < Ly < Lg <
Lk > Lo*, Lioo*, Loso*, Lsoo*, L7so*, Liooo*s Lk > Lo*, Lioo*, Laso* Lsoo*, L7so*, Liooo*, Lk > Lo*. Lioo*, Laso*, Lsoo*, Lyso*, Liooo*,
Lizso, L1500, Leo* Lis00%, Loo* Li2s0%, L1500%, Leo*
D=50 Lx= Ly = Lpso Lg =
Lg < Lg < Lg <
Table 40
f,, vertical approach, MaxFEs = 250,000, CRS4EAs
SN=24 SN=50 SN=100
Lg> L= Lk > Lo= Ly > Lo*
D=2 Lg= Lo, Laso» Lsoo, L7s0. Liooo» Lizso. Lk = Licos Laso. Lseo» L7s0, Liooo. Lizso. Lk = Lico» Laso. Lsoos Laso, Liooos L1250
Lis00, Leo Lisoos Leo Li500, Leo
Lg < Ly < Lx <
L > * Lx > * Lg > *
D=5 Lk = Lo, Loso. Lsoo. L7s0. Liooo. Lizso. Lk = Lioo. Laso. Lseo, Lzso, Liooo. Lizso. Lk = Lioo. Laso, Lsoo. Lzso, Liooo. Li2so.
L1500, Leo L1500, Leo L1500, Leo
Ly < Ly < Lg <
Ly > * Lg > * Lx > *
D=10 Lx = Lioo. L2so. Lsoo. L7s0. Liooo. Lizso. Lk = Lioo, Laso, Lsoo. L7s0, Liooo, Li2so. Lx = Lioo. Laso. Lsoo. Lzso. Liooo. Lizso.
L1500, Leo L1500, Leo L1500, Loo
Lg < L < Lg <
Lx > Lo Lo Lx > Lo+ Lioo Lx > Lo* Lioo
D=30 Lg = Lo, Lsoo. L750. Liooo. L1250, L1500, Lo Lx = Laso, Lsoo. L7s0, Liooo. L1250, Lisoo. Le Lk = L2so. Lsoo. L350, L1000, L1250 L1500, Leo
Lg < Lg < Lg <
Lx > Lo*, Lico*, Laso*, Lsoo*, Lyso*, Liooo*, Lk > Lo Lioo Lx > Lo*, Ligo*, Laso*. Lsoo*, L750%*, Liooo*,
Lizso*. L1500%. Loo* Lizs0*. L1500%, Loo*
D=50 Lg= Lx = Laso, Lsoo, L7s0, Liooo, L1250, Lisoo, Lo Lk =
Ly < Lk < Lg <
Table 41
fi, vertical approach, MaxFEs = 250,000, CRS4EAs
SN=24 SN=50 SN=100
Lx > Lo* Lioo*, L2so*. Lsoo*, L7s0*, Liooo*. Lk > Lo*. Lioo*, Laso*. Lsoo*. L750%, Liooo*. Lk > Lo. L250*, Lsoo*, L7s0*, L1ooo*, L1250%,
Ly250%, L1500%*; Leo* Li2s0%, L1500%*; Leo* Lisoo*, Leo*
D=2 Lg= Ly = L= Lo
Ly < Ly < Ly <
Lx > Lox, Lioo*, L2so Lx > Lo*, Ligo*, L2s0, Lsoo, Liooo Lg > Lo*, Lioo*, Lsoo
D=5 ILg= Ly = 1250 Lg = Lyso
Lk < Lsoo, Ly50, L1000s L12505 L15005 Leo Lk < L350, L1500, Lo Lx < Li50, L1000, L1250, L1500, Leo
Lk > Lo, Lioo*, Laso, Lsoo Lg > Lo*, Lioo*, Lsoo, L7s0, Lis00, Lk > Lo*, Lioo*, Laso, Lis0, Liooo, Li2so,
L1500, Lo
D=10 Ly = Ly = Laso Lg = Lsoo
Lg < Lis0, Liooo, L1250, L1500, Leo Lg < Liooo, L1250, Leo Lg <
Lk > Lo*, Lioo*, Laso*, Lsoo*, L7so*, Liooo*, Lk > Lo*, Lioo*, L250*, Lsoo*, Liooo*, Li2so*, Lk > Lo*, Lioo*, Laso*, Lsoo*, L750*, Liooo*,
L1250%, L1500%; Loo* Li500%, Loo Li2so*, Lo
D=30 L= Ly = Liso Lg = Lisoo
Lg < Lk < Lg <
Lk > Lo*, Lioo*, Laso*, Lsoo*, L7s0*, Liooo*, Lk > Lo*, Lioo*, Laso*, Lsoo*, L750%, Liooo*, Lgx > Lo*, Lioo*, Laso*, Lsoo*, L750%, L1000,
Liasox, Lisoo*, Loo Lisoo*, Loo* Lizso*, Lisoo*, Leo*
D=50 Lg= Ly = Liso Ly =
LK < LK < LK <
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Table 42
Horizontal approach, 10¢

Lx Lo Liw Loso Lsoo Lzso Liooo Lizso Lisoy Leo

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30
SN=50 D=50
SN=100 D=2
SN=100 D= 5

1435
1396
1441

1386 1515
1004 1585
981 1252
1542 1040 1040
1587 1097 1097
1559 13821530
1604 995 1573
1665 981 1300
1725 1051 1063
1747 11111111
1453 1438 1453
1549 1002 1555

1562
1573
1625
1290
1097
1533
1553
1665
1252
1111
1481
1549

1551

1576
1636
1688
1519
1550
1499
1590
1652
1509
1496
1652

1505
1518
1629
1689
1688
1491

1635
1583
1725
1714
1536
1549

1569 1560 1467 1452
1592 1597 1562 1596
1637 1607 1610 1582
1677 1630 1671 1733
1755 1702 1743 1716
1532 1499 1457 1465
1536 1468 1583 1555
1604 1626 1588 1564
1680 1695 1674 1708
1751 1747 1728 1719
1505 1549 1525 1517
1510 1573 1540 1570

SN=100 D=10
SN=100 D=30
SN=100 D=50

1661 981
1671
1678

1281

1050 1050
1096 1096 1101

1586
1283

1661 1617
1634 1696
1473 1697

1543 1609 1605
1718 1690 1671
1712 1728 1719

1618
1708
1700

(a) Horizontal approach, fi, 107°

Lk Lo

Lioo

Laso Lsoo Liso

Liooo Lizso Lisoo

L

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30
SN=50 D=50
SN=100 D=2
SN=100D=5
SN=100 D=10
SN=100 D=30
SN=100 D=50

1553 1082
1553 981
1517 981
1532 981
1513 981
1560 1058
1538 981
1618 981
1603 981
1579 981
1534 1060
1592 981
1641 981
1539 981
1589 981

1566
1576
1557
1558
1528
1624
1577
1579
1510
1565
1534
1571

1560
1558
1591

1521
1581
1487
1597
1607
1589
1591
1618
1582
1516
1499
1592
1570
1603
1563

1578 1559
1571 1516
1581 1525
1505 1525
1573 1550
1557 1555
1595 1541
1532 1574
1544 1603
1579 1569
1595 1544
1519 1608
1641 1566
1626 1481
1502 1553

1537 1544 1565
1548 1576 1553
1629 1630 1557
1591 1533 1620
1583 1494 1552
1500 1501 1535
1513 1558 1559
1583 1547 1519
1564 1592 1528
1578 1579 1569
1555 1597 1547
1546 1521 1569
1503 1597 1556
1639 1500 1539
1548 1560 1542

1495
1546
1536
1558
1620
1521
1547
1566
1595
1565
1569
1593
1526
1574
1570

(b) Horizontal approach, f5, 107°

Ix 1o

Lio0

Ias0 ILso0 1750

L1000 T1250 T.1500

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30
SN=50 D=50
SN=100 D=2
SN=100 D=5
SN=100 D=10
SN=100 D=30
SN=100 D=50

15601184
1562 981
1576 981
1566 981
1600 981
1500 1190
1586 981
1560 981
1529 981
1553 981
1501 1169
1578 981
1531 981
1535 981
1553 981

1544
1539
1562
1563
1578
1462
1548
1564
1560
1544
1501

1613
1616
1577

1559

1495 1553 1535
1589 1545 1545
1622 1566 1507
1578 1562 1542
1552 1486 1565
1528 1591 1577
1561 1574 1535
1560 1551 1488
1592 1514 1529
1558 1516 1592
1523 1508 1575
1578 1603 1590
1540 1531 1573
1622 1542 1575
1524 1572 1544

1522 1555
1529 1580
1522 1585
1529 1575
1562 1576
1538 1543
1559 1556
1608 1623
1555 1553
1577 1553
1596 1520
1571 1527
1555 1597
1581 1539
1514 1603

1521
1547
1508
1563
1558
1538
1497
1569
1603
1613
1595
1514
1503
1535
1591

1530
1583
1571
1542
1542
1535
1605
1557
1614
1566
1513
1523
1606
1549
1560

(c) Horizontal approach, f3, 107°

Ly Lo

Lioo

Laso Isoo Iaso

Liooo T12s50 Lisoo

2

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30
SN=50 D=50
SN=100 D=2
SN=100 D=5

1411 1115
1562 981
1576 981
1527 981
1582 981
1527 1100
1573 981
1552 981
1578 981
1535 981
1575 1074
1574 981

1588
1533
1536
1598
1575
1548
1540
1597
1593
1605
1575
1551

1573
1549
1521
1593
1544
1538
1502
1552
1531
1622
1529
1574

1528
1546
1578
1554
1535
1542
1597
1614
1565
1565
1597
1551

1557
1572
1590
1499
1538
1543
1583
1587
1578
1565
1523
1559

1534 1550
1629 1583
1531 1618
1593 1561
1523 1544
1494 1553
1544 1554
1532 1551
1513 1590
1561 1560
1578 1556
1535 1544 1612

1518
1516
1518
1585
1617
1602
1560
1552
1558
1535
1553

1628
1528
1551
1508
1562
1555
1566
1535
1591
1506
1516
1593

SN=100 D=10 1590 981
SN=100 D=30 1586 981 1575 1535 1586 1547 1556 1599 1586 1536
SN=100 D=50 1567 981 1566 1510 1521 1597 1567 1554 1561 1576

(d) Horizontal approach, f;, 107¢

1583 1549 1590 1557 1570 1592 1540 1538
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Lo
1510
1500
1500
1500
1500
1503
1500
1500
1500
1500
1499
1500
1500
1500
1500

Ly Lo Lio Lpso Lsoo Liso Liooo Liaso Lisoo
1499 1499 1499 1499 1499 1499 1499 1499 1499
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1498 1498 1498 1503 1498 1503 1503 1498 1498
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1499 1505 1499 1499 1499 1499 1505 1499 1499
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500 1500

(e) Horizontal approach, fs, 10°°

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30
SN=50 D=50
SN=100 D=2
SN=100 D=5
SN=100 D=10
SN=100 D=30
SN=100 D=50

least one other ‘limit’ value, regardless of the population
size and dimension of a problem. Lastly, for f; and small
dimension D =2, L, had better alternatives, whilst for
other dimensions and population sizes values, all ‘limit’
values performed the same. This happened due to the
fact that none of these ‘limit’ values found the (sub-)op-
timal solution 10¢1in 1,000,000 available fitness evalua-
tions. For D = 2, some ‘limit’ values found (sub-)optimal
solution in some runs, and therefore performed better
than L,. Whilst there were a lot of differences found be-
tween L, and other ‘limit’ values, these differences were
hardly ever significant. There were only two problems
for which L, was significantly worse than some other
‘limit’ values. The first was f, where L, was significantly
worse for small population size SNV = 24 and dimension
D = 5. The other problem was f, where L, was signifi-
cantly worse than L_ for small population size SN =24
and small dimension D = 2. CRS4EAs again appeared as
more conservative than NHST (compare Tables 15-19
with Tables 43-47).

2.3.4. Experiment 4: Horizontal
Approach - 10*? - MaxFEs =1,000,000

In the horizontal approach with (sub-)optimal solu-
tion 10%, L, again had better alternatives in almost
all cases. In this approach, L, was the optimal solution
50% fewer times than when the (sub-)optimal solu-
tion equaled 1075, Tables 48(a)-48(e) show the ratings
obtained for all five optimisation problems.

For f,, L, always had a better alternative, except when
SN =50 and D =10, SN = 50 and D = 30, and SN = 100
and D = 2. For f,, L, always had a better alternative and
was always worse than at least one other ‘limit’ value,
regardless of the population size and dimension of a
problem. For f;, L, always had a better alternative and
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was always worse than at least one other ‘limit’ value,
except when SN = 50 and D = 5. For f,, L, always had a
better alternative and was always worse than at least
one other ‘limit’ value, except when SN = 24 and D = 30
and SN =100 and D = 30. Lastly, for f;, all ‘limit’ values
performed the same. This happened due to the fact that
none of these ‘limit’ values found the (sub-)optimal solu-
tion 10*? in 1,000,000 fitness evaluations. Whilst there
were a lot of differences found between L, and other
‘limit’ values, these differences were rarely significant.
There were only two problems for which L, was signifi-
cantly worse than some other ‘limit’ values. The first was
f,where L, was significantly worse for small population
size SN = 24 and dimensions D = {5, 10, 30, 50}. The oth-
er was problem f, where L, was significantly worse for
small population size SN = 24 and small dimension D =
2. CRS4EAs again appeared as more conservative than
NHST (compare Tables 20-24 with Tables 49-53).
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2.3.5. Experiment 5: Large Dimensions

In this section, the horizontal approach with (sub-)
optimal solution set at 10 was repeated for larger
dimensions, D = {100, 200, 300}. Again, fixed ‘limit’
values, L = {0, 1000, 2000, 3000, 4000, 5000, 6000,
7000, 8000, 9000,10000,11000,12000,13000, 14000,
15000, «o}, were compared to Karaboga’s setting L,.
Obtained ratings are shown in Table 54 and found
differences are shown in Tables 55-59. As in previous
four experiments, this experiment showed that there
are other ‘limit’ values that perform better than L,, for
certain problems (f,) even significantly. In majority
of D and SN settings and problems, at least one better
performing ‘limit’ value was found. For f, none of the
‘limit’ values reached optimal solution, since all set-
tings performed equally. By comparing Tables 55-59
with Tables 43-47, it can be observed that with higher
dimensions L, setting becomes less appropriate.

Table 43
f,, horizontal approach, 10, CRS4EAs
SN=24 SN=350 SN=100
Ly > Lo Lk > Lo, Lioo, Las0. Lsoo, L750, Liooos L12so. Lk > Lo
L1500, Leo
D=2 LK = LK = LK = L|00
Lg < Lo, Laso, Lsoo, L7s0, Liooo. Lizso. Lk < Lg < Laso. Lsoo. Ls0. L1ooo. L1250, L1500, Leo
Li500, Lo
Lg > * Lx > Lo*, Lioo. La2so. Lsoo. Liooo. Li2so. Lx > Lo*, Liooo, Lisoo
L1500, Leo
D=5 Lg= Lg = Lg = Laso, L1so
Lg < ilom izso- Lsoo. L7s0, Liooo. Li2sox, Lk < Liso Lx < Lioo. Ls500, L1250, Leo
1500 Lco
Lx > Lo* Lioo Lx > Lo*, Lioo*, Lsoo., L7s0. Liooo, Li2s0. Lk > Lo* Lioo* L2s0. L750. Liovo. Li2s0.
L1500, Leo Li500. Loo
D=10 Lg = Ly = Lo Lk = Lsoo
Lg < Las0. Lsoo, L3750, L1ooo. L1250, Lisoo. Lee Lk < Lg <
Lx > Lo*, Lioo*, Laso* Lk > Lo, Ligo*, Laso*. Lsoo. Liooo. Lizso. Lk > Lox, Lioo*, Laso*. Lsoo
L1500 Loo
D=30 Lg= Lg = Liso Lx = Lisoo
Lg < Lsoo. L50, L1000, L1250, L1500, Lo Lg < Lxg < L350, Liooos L1250, Lo
Lx > Lo*, Lioo*, Laso*, Lsoo Lk > Lo, Lioo*, Laso*, Lsoo*, L7s0. Lisoo. Lk > Lo* Lioo* Laso*, Lsoo*
D=50 Lg= Lk = Liaso Lg =
Lx < L350, Liooo, L1250, L1500, Lo Lx < Liooo Lk < L350, L1000, L1250, L1500, Lo
Table 44
f,, horizontal approach, 10, CRS4EAs
SN=24 SN=30 SN=100
Lgx > Lo*, L250, L1000, L12505 Lo Lk > Lox, L500, L750. L1000, L1250, L1500, Lo Lk > Lo*, L250,
D=2 Igx= Lg = Lg = Lo
Lk < Lo, Lsoo, L750, L1500 Lg < Lo, Laso Lg < Lsoo, L750, L1000, L1250, L1500, Leo
Lk > Lo*, L750, L1000; Leo Lk > Lo*, Liooo Lk > Lo, Lioo, L500, L1000, L1250, L1500
D=5 Lxk= Lisoo Ly = Lk = Lyso
Lg < Lo, Lpso, Lsoo, Lizso Lx < Lioo, Laso, Lsoo, Ls0, L1250, L1500, Lee Lk < L750, Leo
Lx > Lox, Laso* Lx > Lo*, Lioo, Lsoo, L750. Liooos Li2so, Lk > Lo, Lioo, L250, L7505 L100os L1250, L1500,
Lys00, Leo o0
D=10 Lk = Ly = Lxso Lg = Lsowo
Lg < Lo, Lsoo, L750, L100os L1250, Lis00s Lo Lk < Lg <
Lg > Lo*, Lsoo- L7s50 Lx > Lox. Lo, Lzs0. Lsoo. Liooo. Lizso. Lx > Lo*, Lis0. Li2so
Li500, Lo
D=30 Lk = Lx = Liso Lk = Lisoo
Lg < Lo, Lpso, Liooo> Lizso, L1500, Leo Lg < Lg < Lioo, Las0, Lsoo, L1000s Loo
Lx > Lo*, Li2so Lx > Lo*, Lioo, L2so. L750, L1000s L15005 Lo Lx > Lo, Laso, Lsoo, L7505 L1000, L1250- L1500,
D=50 Lk = Lk = Lso, Li2so Lk =
Lg < Lo, Lpso, Lsoo, L7s0, L1000, Lis00s Lo~ Lk < Lg < Ligo
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Table 45
f,, horizontal approach, 105, CRS4EAs
SN=24 SN=30 SN=100
Lk > Lo*, Lioo, L2s0, Ls00, L750. L1000, L1250, Lk > Lo*, Lioo* Lk > Lox
L1500, Leo
D=2 Lg= Lg = Lg = Lo
Lk < Lk < Lps0, Lsoo, Ls0, L1000, L1250, L1500, Lo Lx < Lp50, Lsoo, L750, L1000, L1250, L1500, Loo
Lx > Lo*, Li0o, Lsoo, L750, L1000, L1500 Lk > Lo*, Lioo, L250, Lso0, L750, L1ooo, L1250, Lk > Lo*, Liooo, L1250, L1500, Lo
Lis00
D=5 Igx= Lg = Lx = Lpso
Lg < Lps50, L1250, Lo Lg < Lo Lg < Lo, Lsoo, L750
Lx > Lo* Lioo, Ls00. L750> L1000 L1500- Lo Lg > Lo*, Ls00> L750, Lo Lg > Lo*, Lise0
D=10 [k = Lg = Laso Lg = Lsoo
Lx < L»ps0, Li2so Lk < Lioo, L1000, L1250, L1500 Lg < L, L2s50, L750, L1000, L1250, Loo
Lx > Lo*, L1oo, Lsoo, L350, L1000, L1500- Lo Lx > Lo*, Lsoo. Lg > Lo*
D=30 Lx= Lk = Liso Lg = Lisoo
Lg < Lpso, Lizso Lg < Lioo. Laso. Liooo, L1250, L1500, Leo Lg < Lioo, Laso, Lsoo, L750, L1000 L1250, Lo
Lk > Lo*, Lioo, Laso, Ls00, L750, L1000, L12so. Lk > Lo*, Lioo, Lsoo Lx > Lo*, Laso. L750, Liooo
Lis5005 Loo
D=50 Iyx= Lg = Liso Lg =
Lg < Lk < L»50, L750, L1000> L1500, Lo Lx < Lo, Lsoo, L1250, L1500, Leo
Table 46
f,, horizontal approach, 106, CRS4EAs
SN=24 SN=50 SN=100
Lx >  Lox Lx > Lo* Lioowo Lx > Lo*, Las0, L350, L1250, L1500, Leo
D=2 Igx= Lg = Lx = Lioo
Lg < Lo, Laso, Lsoo, Liso, Liooo, Lizso, Lk < Lioo, L2so, Lsoo, L750, L1250, L1500, Lo Lx < Lsoo, Liooo
Ly500, Loo*
Lg > Lo*, Lioo, L250, Ls00. L1500, Leo Lx > Lo%, Lioo, L2s0, L1ooo, L1250, L1500, Le  Lx > Lo*, Lioo, Ls00, L7505 L1000, L1250
D=5 Lg = Lg = Lg = 250
Lx < L350, L10oo, L1250 Lx < Lspo, L750, Lk < Li500, L
Lx > Lo*, Lioo, L250, L1000 L1500, Leo Lx > Lo*, Liooo, L1250, Lo Lx > Lox, Lioo, L2s0, L750, L1000s L1500, Leo
D=10 Lg= Lg = Lzs0, Lis00 Lg = Lsoo
Lg < Ls00, L750, L1250 Lg < Lioo, Ls0o, L7s0 Lg < Lpso
Lx > Lo*, L7150, Lo Lx > Lo*, L2so, Lsoo, Liooo: L1s00 Lx > Lo*, Lioo, L250, L750- L1000 Leo
D=30 L= Lx = Liso Lg = Lsoo, Liso
Lx < Li0o, Lp50, Ls00, L1000, L1250, L1500 Lx < Lo, L1250, Leo Lx < Liso
Lx > Lo*, Lioo, L2505 Lsoos L7505 L1000 L1250, Lx > Lo*, L1500, Lo Lx > Lo*, Lioo, L2s0, Lsoo, L1250, L1500
Lo
D=50 Lx = Lg = Lx = Liooo
Lg < Lisoo Lk < Lo, L2s0, Lsoo, L750, L10oo, L1250 Lk < L350, Lo
Table 47
fi, horizontal approach, 106, CRS4EAs
SN=24 SN=50 SN=100
Ly > Ly > Lg >
=2 Lx= Lo, Lioo, Laso, Lsoo, L350, L1ooos Lizso.  Lx = Lo, Lioo, Lsoo, L1250, L1soo Lx = Lioo, Laso, Lsoo, Lso- L1250, L1500, Leo
Lisoo
Lg < Ls Lk < L350, L750, L1000, Lo Lx < Lo, Liooo
L > L > L >
D=5 Lk = Lo, Lo, Laso. Lsoo. L750, Liooo, Lizso. Lk = Lo, Lioo. Laso. Lsoo, L7so. Liooo, Li2so. Lk = Lo, Lioo, L2s0, Lsoo. L7s0. Liooo. Li2so.
Lisoo, Loo Lis00, Leo Lis00, Leo
Ly < Lg < Lg <
Lx > Ly > Ly >
D=10 Lg = Lo, Lo, Laso. Lsoo. L1so, Liooo, L12so. Lk = Lo, Lioo. Las0, Lsoo, L7s0. Liooo, Li2so. Lk = Lo, Lioo, L2s0, Lsoo, L7s0. Liooo, Li2so.
L1500, Loo L1500, Leo L1500, Leo
Lx < Lg < Lg <
Lg > Ly > Ly >
D=30 Lk = Lo, Lo, Laso. Lsoo. L1s0, Liooo, L12so. Lk = Lo, Lioo. L2s0, Lsoo, L7s0. Liooo, L12so. Lk = Lo, Lioo, L2s0, Lsoo, L7s0. Liooo, Li2so.
Lis00, Lo L1500, Leo Ly500, Lo
LK < LK < LK <
Ly > Lg > Lg >
D=50 Lx= Lo, Lioo, L2s0, Lsoo, L350, L1ooo, L1oso. Lk = Lo, Lioo, Laso, Lsoo, L7s0, Liooo, L12so. Lk = Lo, Lioo, L2so, Lsoo, L7so, Liooo, L12s0,
Lis00, Lo Lis00, Leo L1500, Leo
Lg < Lg < Lg <
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Table 48
Horizontal approach, 102

Lk Lo Lioo L2so Lsoo L750 Liooo L1250 L1500 Lo
SN=24 D=2 1514 1203 1557 1517 1517 1560 1558 1458 1565 1551
SN=24 D=5 1312 981 1715 1591 1525 1585 1551 1588 1565 1588

SN=24 D=10 1367 995 1100 17701636 1630 1672 1619 1570 1641
SN=24 D=30 1434 1097 1097 1097 1678 1787 1764 1719 1695 1633
SN=24 D=50 1507 1152 1152 1152 1207 1704 1821 1840 1785 1681
SN=50 D=2 1613 1193 1555 1494 1507 1480 1477 1533 16361511
SN=50D=5 1663 981 1673 1532 1497 1529 1544 1528 1515 1539
SN=50D=10 1691 996 1126 16911626 1598 1619 1674 1610 1558
SN=50D=30 17481111 1111 1111 1708 1748 1726 1695 1666 1626
SN=50 D=50 1782 1165 1165 1165 1236 1706 1782 1782 1797 1701
SN=100 D=2 1603 1191 1603 1475 1486 1570 1544 1540 1566 1525
SN=100D=35 1588 981 1675 1588 1574 1542 1513 1508 1565 1555
SN=100 D=10 1677 1000 1100 1703 1677 1609 1551 1616 1599 1648
SN=100 D=30 1679 1111 1111 1111 1678 1743 1714 1723 1679 1631
SN=100 D=50 1719 1144 1144 1144 1195 1700 1761 1740 1758 1695

(a) Horizontal approach, f;, 1072

Lk Lo Lioo Laso Lsoo Lzso Liooo L1250 Lisoo Lo

SN=24 D=2 1458983 1565 1565 1568 1579 1571 1547 1569 1596
SN=24 D=5 1571981 1570 1524 1519 1531 1612 1555 1598 1539
SN=24 D=10 1593 981 1508 1565 1576 1587 1604 1537 1555 1494
SN=24 D=30 1569 981 16041557 1583 1558 1535 1561 1524 1530
SN=24 D=50 1558981 1517 1527 1578 1600 1543 1565 1556 1576
SN=50D=2 1575981 1617 1582 1490 1550 1525 1536 1607 1538
SN=50D=5 1559981 1558 1550 1553 1531 1556 1591 1565 1555
SN=50 D=10 1582981 1592 1582 1562 1508 1596 1592 1521 1566
SN=50 D=30 1532981 1592 1556 1593 1532 1540 1561 1575 1569
SN=50 D=50 1593 981 1578 1555 1543 1555 1572 1593 1602 1521
SN=100 D=2 1526981 1526 1577 1569 1564 1553 1557 1623 1550
SN=100 D=5 1540981 1584 1540 1597 1617 1550 1567 1509 1556
SN=100 D=101571981 1600 1500 1571 1533 1538 1573 1618 1586
SN=100 D=30 1586 981 1545 1543 1559 1616 1558 1555 1586 1557
SN=100 D=501576 981 1537 1539 1548 1605 1546 1545 1576 1547

(b) Horizontal approach, f, 10712

Lx Lo Lo Laso Lsoo L7s0 Liooo L1250 L1500 Lo
1541 990 1562 1583 1592 1560 1547 1599 1529 1498
1576 981 1585 1543 1523 1585 1565 1566 1566 1510
1569 981 1530 1588 1610 1555 1557 1521 1498 1591
1528 981 1582 1527 1527 1569 1542 1561 1583 1602
1543 981 1580 1566 1568 1541 1554 1595 1582 1491
1596 991 1565 1591 1531 1514 1532 1546 1498 1636
1603 981 1578 1548 1576 1515 1521 1536 1566 1576
1558 981 1591 1558 1529 1547 1573 1548 1565 1609
1544 981 1601 1539 1601 1544 1570 1540 1586 1538
SN=50 D=50 1548 981 1556 1580 1554 1529 1571 1548 1587 1595
SN=100 D=2 1568 985 1568 1563 1556 1492 1566 1573 1608 1590
SN=100 D=5 1556 981 1542 1556 1602 1573 1582 1557 1575 1533
SN=100 D=10 1552 981 1539 1551 1552 1601 1575 1531 1637 1534
SN=100 D=30 1560 981 1613 1549 1556 1561 1591 1504 1560 1586
SN=100 D=50 1582 981 1566 1595 1599 1575 1528 1515 1552 1508

(c) Horizontal approach, f;, 10712

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30

Lx Lo Lioo L2so Lsoo L7s0 Liooo L1250 L1500 Loo

1370 981 1632 1584 1561 1565 1599 1570 1538 1600
1583 981 1517 1551 1542 1543 1544 1544 1625 1570
1562 981 1535 1576 1521 1562 1581 1602 1519 1561
1617981 1596 1544 1516 1580 1561 1497 1596 1513
1543 981 1521 1566 1552 1595 1550 1629 1493 1572
1553 981 1572 1561 1558 1543 1587 1566 1524 1557
1560 981 1538 1588 1562 1563 1531 1588 1541 1548
1530 981 1551 1530 1558 1636 1577 1545 1580 1542
1587 981 1528 1565 1578 1587 1593 1574 1502 1592
SN=50 D=50 1582 981 1523 1568 1540 1613 1565 1582 1577 1552
SN=100 D=2 1587 981 1587 1527 1552 1579 1538 1603 1571 1562
SN=100 D=5 1512 9811590 1512 1539 1555 1584 1586 1603 1551
SN=100 D=10 1571 981 1514 1574 1571 1544 1612 1522 1583 1599
SN=100 D=30 1618981 1608 1578 1539 1548 1538 1571 1618 1519
SN=100 D=50 1490 981 1501 1533 1591 1555 1553 1577 1605 1613

(d) Horizontal approach, f;, 10712

SN=24 D=2
SN=24 D=5
SN=24 D=10
SN=24 D=30
SN=24 D=50
SN=50 D=2
SN=50 D=5
SN=50 D=10
SN=50 D=30

2017/4/46

Lx Lo Lwo Laso Lsoo L7so Liooo Lizso Lisoo Leo
SN=24 D=2 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=24 D=5 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=24 D=10 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=24 D=30 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=24 D=50 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=50 D=2 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=50 D=5 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=50 D=10 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=50 D=30 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=50 D=50 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=100 D=2 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=100 D=5 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=100 D=10 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=100 D=30 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500
SN=100 D=50 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500

(e) Horizontal approach, fs5, 10712

2.3.6. Discussion

The results between CRS4EAs and NHST were com-
parable. When smaller numbers of fitness evaluations
were available, L, was an appropriate choice only for
small dimensions; and when sufficiently large enough
numbers of fitness evaluations were available, L, was
a significantly better choice than the presented fixed
‘limit’ values. When it was of interest to find a (sub-)
optimal solution and large numbers of fitness evalua-
tions were available, better alternatives than L, were
available several times. The main difference between
NHST and CRS4EAs comparison was that CRS4EAs
was more conservative and detected less significant
differences than NHST, however, the conservativi-
ty/liberality can be easily controlled through rating
deviation RD [48]. Otherwise, the methods showed
the same trends when and for which population size
and dimension L, was an unsuitable choice and when
it was a suitable choice. Hence, the main conclusion
as presented in Section 2.2.5 is that using NHST was
the same as using CRS4EAs. The main differences be-
tween both methods showed in the abilities to detect
differences amongst fixed ‘limit’ values. Whilst for
NHST only the differences between L, and other fixed
‘limit’ values were calculated and detected, CRS4EAs
allowed direct comparisons between fixed ‘limit’
values. In order to find the differences between the
fixed ‘limit’ values in NHST, additional tests would be
needed, which would be both time consuming and re-
quire special care to avoid Type-I-Error.

3. ABC Parameter Tuning

In the previous section, it was shown that ABC does
not always perform best when under the setting ‘limit’



Information Technology and Control

=n,* D. Hence, the ‘limit’ control parameter should be
tuned or controlled. Therefore, this section displays the
results of ABC tuning in contrast to the suggested ‘limit’
setting and to the statistical analysis in Section 2.

Tuning is a process of finding those parameter values
for which the meta-heuristic algorithm performs the
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best for selected sets of problems F. A combination of
different parameter values is called configuration. One
of the more common and easy-to-apply tuning meth-
ods is F-Race [4], which empirically evaluates a set of
parameter values and discards the bad ones as soon
as statistically sufficient evidence — supported by the
Friedman test [13], [14] - is gathered against them.

Table 49
f,, horizontal approach, 10", CRS4EAs
SN=24 SN=50 SN=100
Lk > Lo Li2so Lx > Lox*, Lioo, L250, Ls00, L750. L1ooo, Lizso, Lk > Lo*, Laso, Lsoo. L7s0, Liooo. L1250,
Leo L1500, Leo
D=2 Lg= Lg = Ly = Lo
Lx < Lioo, Laso, Lsoo, L7505 Liooos L1500, Les Lk < Lisoo Ly <
Lx > Lo* Lk > Lo* Laso, Lsoo, L7so, Liooo. Lizso. Lk > Lo*, Lsoo. L750, Liooo. L1250, L1500, Leo
Li500. Lo
D=5 Lg= Ly = Ly = Laso
Lk < Lio*, Laso*, Lsoo*, Liso*, Liooo*, Lk < Lioo Lg < Lioo
Lizso*, Lisoo*, Loo*
Lk > Lo*, Lioo* Lk > Lo* Lioo*, Lsoo, Liso, Liooo, Lizso. Lk > Lo*, Lioo*, L350, L1000, L1250, L1500, Leo
L1500, Lo
D=10 LIk = Ly = Laso Lg = Lspo
Lk < Lpsox, Lsoo*, L7sox Liooo*, Lizsox, Lk < Ly < Laso
Lysoo*, Leo*
Lx > Lo*, Ljoo*, Laso* Lx > Lo*, Lioo*, Laso*, Lsoo, Liooo. Li2so, Lk > Lo*, Lioo*, L2so*, Ls0o, Leo
Lis00, Leo
D=30 Lx= Lx = Liso Lk = Lisoo
Lg < Lsoo*, Lyso*, Liooo*, Li2s0*: Lisoo*s Leo Lk < Lg < Lg50. Liooos Li2so
Lk > Lo*, Lioo*. Laso*, Lsoo* Lx > Lo*, Lioo*. Las0*, Lsoo*, L750, Leo Lk > Lo*, Lioo* Laso*, Lsoo*, L750. Leo
D=50 Lg = Lg = Liooo, L1250 Lg =
Lg < L350, Liooo*, Li2s0*, Li500%, Lo Lg < Lisoo Lk < Lyooo, Li2so, Lisoo
Table 50
f,, horizontal approach, 10", CRS4EAs
SN=24 SN=50 SN=100
Lx > Lox Lx > Lo*, Lsoo, L750, L1000, L1250, Lo Lg > Lox
D=2 Lg = Lg = Lx = Lioo
Lg < Lo, Loso, Lsoo, L7s0, Liooos Lizso, Lx < Lioo, L2so, Lisoo Lg < Laso, Lsoo, L350, L1000, L1250, L1500, Lo
Li500, Lo
Lx > Lo*. Lioo. L250. Lso0. L750, L1250, Lo Lx > Lo*, Lioo. I250- Ls00. L750- L1000, Loo Lx > Lox, Liseo
D=5 Lg= Ly = Lg = Laso
Lk < Liooo, Lis00 Lk < Lizso, Liso Lk < Lioo, Lsoo, L750, L1000s L1250, Leo
Lk > Lo*, Lioo, L2s0, Lsoo0, L750, L1250, L1500, Lk > Lo*, Lsoo, L750, L1500, Loo Lk > Lox, Lys0, L750, Liooo
L
D=10 Ix = Lg = IL»so Lg = Lsoo
Lg < Lo Lg < Lioo, L1000, L1250 Lg < Lioo, L1250, L1500, Leo
Lx > Lo*, L250, L750, L1000, L1250, L1500, Lo Lk > Lo Lx > Lox, Lioo, L250, Ls00- L1000, L1250, Leo
D=30 Lg= Ly = Liso Lg = Lisoo
Lk < Lioo, Lsoo Lk < Lioo, L2505 L500, L1000, L1250, L1500, Lo Lx < L350
Lx > Lo*, Lioo. Laso. Liooo. L1500 Lx > Lo*, Lioo. L2s0. Lsoo. L750, L1000, Leo Lx > Lo*, Lioo. L2s0, Lsoo, L1ooo. L1250, Leo
D=50 Lg= Lg = 1250 Ly =
Lk < Lsoo, L7505 L1250, Lo Lk < Lisoo Lk < Lzso, Lisoo
Table 51
fs, horizontal approach, 10%%, CRS4EAs
SN=24 SN=350 SN=100
Lk > Lo* Lisoo, Leo Lx > Lo*, L1o> L250> Lsoo> L7s0» Liowo> L1250, Lk > Lo*s Laso, Lso> L7s0> Liooo
Lis00
D=2 Lg = Lg = Lg = Lo
Lx < Lioo, Lz50, Lsoo, L7s0, Liooo, Li2so Ly < Ly Lg < Lizso, Lis00, Lo
Lk > Lo, L250. Ls00, L1000- L1250, L15005 Loo Lk > Lo*, Li0o, L250, Ls00, L750, L10oo> L1250, Lk > Lo, Lioo, Lo
Li500, Loo
D=5 Lgx-= Ly = Ly = Laso
Lx < Ligo, L7s0 Lg < Lk < Lsoo, L750, L1000, L1250, L1500
Lg > Lo*, Lioo, L750, L1000, L1250, L1500 Lk > Lo, Lsoo, L750, L1250 Lx > Lo, Lioo, L250, L1250, Leo
D=10 Lg = Lx = Lo Lg = Lspo
Lk < L250, L500, Leo Lk < Lioo, L1000, L1500, Leo Lk < L350, L1000, L1500
Lk > Lo*, Laso, Lsoo Lx > Lox, Lyso, L1250, Lo Lk > Lox, Las0, Lsoo, L1250
D=30 Lg= Lg = Liso Lg = Lisoo
Lg < Lioo, L7505 L1000s L1250, L1500, Lo Lk < Lioo, Lsoo, L1000, L1500 Lk < Lioo, L750, L100os Leo
Lx > Lox, L750, L Lx > Lo Liso Lx > Lo, Lioo, L750, L1000, L1250, L1500, Leo
D=50 Ly = Lgx = Lo Lg =
Lk < Lioo, L250, Ls0o, L1000, L1250, L1500 Lk < Lioo, L250, Ls0o, L1000, L1500, Lo Lk < L350, Lsoo
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Table 52
f,, horizontal approach, 10"%, CRS4EAs
SN=24 SN=30 SN=T00
Lg > Lo* Lx > Lox, Lis0, L1500 Lg > Lo*, Las0, Lsoo, L750. L1000, L1500, Leo
D=2 Lx= Ly = Ly = Lo
Lk < Lioo*. Laso*, Lsoo, L7s0, Liooo*, Li2so, Lk < Lioo, L2so, Lsoo, L1ooo, L1250, Lo Lg < Liso
Li500, Loo®
Lx > Lo*, Lioo, L2s0, Lsoo, L750, L1ooo, Li2so, Lk > Lo*, Lioo, Liooo, L1500, Leo Ly> Lo
Le
D= Ly = Ly = Ly = Lo
Lg < Liso Lg < Las0, Lsoo, L7s0, L12so Lg < Lo, Lsoo, L7s0. L1ooo, L1250, L1500, Leo
Lx > Lo*, Lioo, Lsoo, L750. L15005 Leo Lg > Lo* Lg > Lo*, Lioo, L1s0, L1250
D=10 L= Ly = Laso Lg = Lsyo
Lg < Las0, Lioo, L1250 Lg < Lo, Lsoo, L7s0, Liooo, L1250, L1500, Lee Lk < Lpso, L1000, L1500, Leo
Lx > Lo*, Lioo, L250, Lsoo, L7150, Liooo, Li2so, Lk > Lo*, Lioo, L250, Lsoo, Li2so. Lisoo L > Lo*, Lioo, L2so, Lsoo. L750, L1000, L1250,
Li500, Leo Leo
D=30 Lg= Ly = Lyso Ly = Lisoo
Lk < Lg < Lo, Lo Lg <
Lg > Lo*, Lioo, Lis00 Lx > Lo*, Lioo, Laso, Lsoo, Liooo. L1500, Lee Lk > Lo*
D=50 LK = LK = L[250 LK' =
Lg < Laso, Lsoo, L7s0, L1000, L1250, Leo Lx < L350 Lg < Lo, Laso, Lsoo, Laso, Liooo, Liaso,
L1500, Loo
Table 53
i, horizontal approach, 107%%, CRS4EAs
SN=24 SN=50 SN=100
L > Li > L >
D=2 Lyg= Lo Lo, Laso. Lsoo, L350, Liooos L12so.  Lg = Lo, Lioos Laso, Lsoos L7so. Liooo, Lizso, Lk = Lo, Lioo, Laso, Lsoo. L750. Liooo. L12so,
L1500, Leo Li500, Loo Lis00, Loo
LK < LK < LK <
Ly > Ly > Lg >
D=5 Lg= Lo, Lioo, Laso, Lsoo, L350, Liooo, Li2so, Lk = Lo, Lioo, Lo, Lsoo, L7s0. Liooo, Li2so, Lk = Lo, Lioo, Laso, Lsoo, L7s0, Liooo, Li2so,
Li500, Loo Li500, Loo Lis00, Leo
LK < LK < LK <
Ll( > L[( > LK >
D=10 Lg= Lo, Lo, Laso, Lsoo. L350, Liooo. Li2so.  Lx = Lo, Lioo. Laso, Lsoo. L7s0. Liooo, Liaso. Lk = Lo, Lioo. L2so. Lsoo. L7s0, Liooo, Liso.
L5005 Leo Lis00s Leo Lis00, Leo
LK < L[( < LK <
Ly > Ly > Ly >
D=30 Lx = Lo, Lioos Laso, Lsoo, Laso. Liooo> Liaso. Lk = Lo, Lioos L2so, Lsoos Lzso, Liooo, Liaso, Lk = Lo, Lioos Laso, Lsoos L7s0, Liooo, Li2sos
Lis00s Leo Li500, Leo Lis00, Leo
Lg < Lg < Lg <
Ly > Li > Lx >
D=50 Lgx= Lo, Lioo, Laso, Lsoos L7sos Liooos L1asos  Lx = Lo, Lioos Laso, Lsoos L7sos Liooos Liaso, Lk = Lo, Lioos Lasos Lsoos L150. Liooos L12so,
Ly500, Loo Lis005 Leo Li500, Lo
Lg < Ly < Ly <

Before the tuning procedure starts, the user has to de-
fine the initial set P of all configurations that will be
tested, number of initial races 7, significance level o
under which the statistical tests will be applied, and
maximum number of executions. In each iteration, all
configurations from P will be executed on one ran-
dom problem from the set F'over n,independent runs.

After that, if the number of iterations is greater than
r, a Friedman test will be applied to see if there are
significant differences amongst all configurations in
P. If the Friedman test shows that there are signifi-
cant differences, a post-hoc test, such as Holm test
[19] is applied between the best performing config-
uration (the one with the smallest Friedman rank)
and other configurations. Those configurations that

are significantly worse than the best performing
configuration under significance level a are removed
from set P. This procedure is repeated until the max-
imum number of executions is reached or only one
configuration remains in P (Algorithm 2). As already
described, one execution is treated as the execution
of one configuration on one problem from F over n,
independent runs.

To test the suggested formula for parameter ‘lim-
it’ further, we tuned parameters SN and ‘limit’ for
different dimensions D on problem f, with vertical
approach and maximum number of fitness evalua-
tions 100,000. The number of independent runs n,
= 25, the number of initial races r = 5, significance
level a = 0.05, and maximum number of executions
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equaled 15,000. A goal of this experiment was to find
the parameter values SN and ‘limit’ for which ABC
will perform the best on f, for different dimensions.
Hence, some boundaries and precisions of these two
parameters needed to be set. The values parameter
SN could take were {10, 20, 30, ..., 100}, and the values
parameter ‘limit’ could take were {0, 50, 100, 150, ...,
1450, 1500, oo}. These values are different from those
used in the experiment in Section 2, as the goal of this
experiment is different as well. In this experiment,
we wanted to tune the parameters of ABC and in the
experiment from Section 2 the goal was to make a
pairwise comparison of pre-selected values. In other
words, the values of SN and D were fixed in Section
2 and the performances of different ‘limit’ settings
compared to Karaboga’s ‘limit’ setting. In this sec-
tion, on the other hand, only the allowed values of SN
and ‘limit’ were defined, and the best settings of SN
and ‘limit’ for each fixed value of dimension D were
selected with a tuning process. The size of the initial
population P equaled 320 (1032 combinations, 10 for
SN and 32 for ‘limit’). The conclusions of the tuning
process are summarised as follows.

When the dimensionality of a problem was setto D =
2, 62 configurations remained from the initial set P.
The values of parameter SN were from 20 to 100,
and the values of parameter ‘limit’ were from 100
to 500. The best performing configurations (those
with the lowest Friedman ranks) were {SN = 60,
‘limit’ = 200}, {SN =40, ‘limit’ = 200}, and {SN =80,
‘limit’ = 200}. Following the Karaboga’s formula, the
ratio between ‘limit’ and SN when D =2 should be 1:1,
meaning that ‘limit’ should have the same value as
SN. None of the configurations found by the tuning
process corresponded to this formula.

When the dimensionality of a problem was set to
D = 5,19 configurations remained from the initial
set P. The values of parameter SN were from 30 to
50, and the values of parameter ‘limit’ were from
300 to 700. The best performing configurations
were {SN =30, limit’ = 300}, {SN = 40, limit’ =
400}, and {SN = 40, ‘limit’ = 550}. Following the
Karaboga’s formula, the ratio between ‘limit’
and SN when D = 5 should be 2.5:1, meaning that
‘limit’ should be 2.5-times greater than SN. None
of the configurations found by the tuning process
corresponded to this formula.
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Table 54
Horizontal approach, 10, large dimension

Ly Ly Lygoo Laooo Laoo Laooo Loy Leoeo Lrooo Loy Lo Laowoo Lasooo Lo Lisoon Lasoon Lasoon Livg
SN=24D=100 1427 983 1277 15771576 1337 1531 1566 1629 1482 1609 1587 1617 1524 1526 1515 1532 1504
SN=24D=200 1450 1031 1031 1254 1503 1543 1612 1604 1603 1611 1565 1590 1529 1652 1606 1634 1584 1597
SN=24D=300 1418 1165 1165 1163 1337 1467 1547 1591 1645 1620 1613 1597 1676 1611 1580 1639 1612 1552
SN=50D=100 1487 983 1236 1568 1527 1642 1569 1556 1556 1525 1548 1539 1495 1542 1557 1557 1585 1529
SN=50D=200 16341033 1033 1168 1318 1547 16341609 1605 1559 1578 1582 1597 1619 1503 1610 1609 1564

1

1

1

l

SN=30D=300 1622 1143 1143 1156 1305 1511 1567 1631 1670 1601 1624 1574 1542 1532 1336 1607 1633 1605
SN=100D=100 1527 984 1278 1472 1356 1585 1527 1535 1574 1611 1361 1520 1392 1572 1514 1563 1529 1501
SN=100D=200 1588 1029 1029 1217 1333 1605 1591 1383 1604 1615 1627 1588 1667 1535 1573 1529 1560 1527
SN=100D=300 1620 1146 1146 1146 1328 1543 1561 1550 1579 1600 1597 1630 1536 1619 1639 1539 1620 1579

() Horizontal approach, £, 10

L Ly Liooo Laoop Lo Laowo Lo Leooo Laowo Lswoo Loouo Lioaso Lavowo Luaow Liseon Lo Liswwo Ly
SN=24D=100 1543 981 1533 1571 1529 1504 1476 1546 1499 1451 1497 1576 1604 1540 1474 1567 1600 1507
SN=24D=200 1621981 1498 1423 1583 1526 1480 1513 1588 1533 1504 1365 1557 1524 1608 1467 1469 1561
SN=24D=300 1533 981 1518 1521 1454 1494 1512 1549 1557 1510 1452 1632 1548 1582 1535 1523 1526 1572
SN=50D=100 1543 981 1490 1513 1490 1520 1542 1499 1641 1490 1554 1540 1498 1558 1542 1515 1553 1532
1
1
!

SN=50D=200 1521 9811518 1573 1507 1540 1521 1567 1508 1583 1491 1578 1523 1519 1538 1479 1540 1515
SN=50D=300 1567 981 1511 1505 1350 1612 1564 1590 1496 1486 1527 1496 1495 1557 1481 1579 1482 1520
SN=100D=100 1531 9811597 1454 1469 1491 1531 1498 1548 1504 1568 1527 1505 1554 1526 1556 1498 1571
SN=100D=200 1542 981 1568 1544 1379 1486 1546 1558 1480 1481 1462 1542 1623 1510 1489 1531 1474 1604
SN=100D=300 1387981 1548 1468 1345 1582 1483 1502 1518 1467 1578 1551 1546 1542 1522 1507 1387 1487

(b) Horizontal approach, f, 10°°

Ly Ly Lo Laooo Zaooo Lo Lo Leono Lrono Lo Zoooo Liooo Lo Liaom Lizeoo Ligeoo Lisen Ling
SN=24D=100 1490981 1594 1543 1477 1535 1517 1523 1543 1475 1490 1531 1526 1589 1590 1509 1513 1575
SN=24D=200 1485981 1503 1573 1584 1526 1562 1571 1505 1586 1401 1556 1538 1562 1502 1487 1567 1512
SN=24D=300 1544981 1570 1553 1496 1544 1496 1546 1539 1515 1527 1565 1497 1498 1529 1488 1570 1541
SN=30D=100 1478981 1580 1459 1474 1604 1505 1548 1561 1492 1560 1451 1568 1384 1538 1334 1538 1544
SN=30D=200 1474981 1565 1484 1540 1547 1474 1497 1498 1575 1616 1541 1507 1523 1556 1589 1511 1523

1

1

1

1

SN=30D=300 1307981 1331 1553 1503 1553 1340 1353 1528 1520 1467 1513 1488 1384 1559 1531 1381 1508
SN=100D=100 1523981 1484 1550 1522 1512 1523 1540 1543 1511 1531 1502 1496 1535 1545 1548 1570 1574
SN=100D=200 1540981 1541 1563 1498 1530 1345 1510 1511 1555 1393 1540 1469 1600 1479 1530 1525 1482
SN=100D=300 1533981 1513 1489

2
08
47415701509 1482 1551 1582 1363 1612 1531 1489 1608 1480 1535 1491
(c) Horizontal approach, f;, 10

L Ly Luowo Loono Laowo Laono Loy Leoun Lo Laeeo Lo Laoono Lasooo Liauuo Lisoon Luguon Lisono L
SN=24D=100 1538 981 1543 1462 1525 1533 1499 1585 1573 1512 1533 1518 1502 1516 1545 1500 1597 1320
SN=24D=200 1464 (083 1573 1534 1437 1565 1492 1480 1547 1494 1540 1563 1562 1327 1521 1552 1419 1643
SN=24D=300 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=50D=100 1454 981 1509 1524 1507 1545 1509 1502 1620 1436 1534 1643 1481 1532 1571 1600 1513 1540
SN=50D=200 1531 1093 1506 1515 1572 1487 1331 1396 1526 1471 1544 1528 1547 1463 1503 1465 1507 1616
SN=30D=300 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=100D=100 1558 981 1525 1520 1366 1517 1558 1580 1513 1554 1597 1571 1484 1582 1493 1527 1641 1433
§N=100D=200 1475 1082 1518 1578 1356 1445 1603 1392 1501 1560 1530 1475 1525 1551 1389 1360 1492 1568
SN=100D=300 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500

() Horizontal approach, fi, 10°°

Lg Lo Liow L Laooo Laooo Lsooo Leono Laono Looo Looon Lowen Lrono Lizsoo Lzooo Laooo Lisow L
SN=24D=100 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=24D=200 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=24D=300 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 (500 1500 1500 1500 1505 1500
SN=50D=100 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=50D=200 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=50D=300 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=100D=100 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=100D= 200 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500
SN=100D=300 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1500 1505 1500

(e) Horizontal approach, f;, 1076
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Table 55
f,, horizontal approach, 10, large dimension, CRS4EAs
SN=24 SN=50 SN=100
Lg > Lo*, Liooo Lg > Lo*, Lioo* Lk > Lo*, Liooo*. L2000, L10ooos L13000+ Leo
D=100 Ly = Ly = Lk = Lsooo

Lk < Laoo, L3000, Laooo, Lsooo. Leooo, Laooo*, Lk < L2000, Laooo, Laooos Lsooo, Leooo, L7ooo, Lsooo. Lk < Laooo, Laooo, Leooo. L7ooo,

Lsooo, Loooos Lioooos Li1ooo: Li2000s Liz000,
L4000, L1500, Loo

Lsooo, Loooos
Laooo, Lioooo: Li1ooos Li2000s Li30005 Li4oco- Li1000: L1200+ L1400+ Liso0o

Lis000, Lo

D=200

Lk > Lo*, Ligoo*, L2000

Ly =

Lioooos L11000, Li2000%*, L13000, L1400, L15000,
Loo

Lg = Lsooo
Lg < Lagoo, Laooo, Lsooo, Leooo, L7ooos Lsooo, Leooo, Lk <

Lg > Lo*, Ligoo*, Laooo*, Laooo, Laooo, Leooo, Lk > Lo*, Liooo*, Laooo*, Laooo. Leooo. Lizooo,

Liaoo. Lsooos Loooo, Lioooos Litooos Liz2000, L3000, L4000, L15000s Leo
L3000, L1aooo, L15000, Loo
Lk = Lioooo

Lk < Laooo, Lsooo, L7000, Lsooo. Leooo, L1000

D=300

Ly > Lox, Liooo*. Laooo*, Laooo

Ly = Lg =

Ly < Liooos Lsooo. Leooos Lzooo*. Lsooo*. Loooo. Lk < Leaoo: L7000- Laooo: Lis000
Lioooo, Liwooo*, Lizooo. Lizooo. Liaooo*,
L5000, Leo

Lg > Lo, Ligoo*. Laooo* Laooo. Laooo. Lsooo. Lk > Lo*. Liooo*. Laooo*. Laooo*s Laooo. Lsono.

Lsooo, Laooo, Lsooos Loooo, Litooo, Li2000
Lya000s Loo

Lk = Lisoo0

Lg < Lioo00: Li3000

Lsooo, Lioooos Lirooo, L2000, Li3o0o, Liaooos
Lis000s Leo

Table 56
f,, horizontal approach, 105, large dimension, CRS4EAs

SN=24

SN=50 SN=100

D=100

L > Lo*, Liooo» L3ooos Laooos Ls000> L7000> Lgooo, Lk
Loooo, L12000> L130005 Leo
Lg < Laooo, Leooo, L1oooo, L11000s L1400o, Lisooo Lk

> Lo*, L1000, L20oo> L3ooo, Laooo, Lsooos Leooos Lk > Lo*, Laooos L3000s Laooos Leooos L1oooo Li1000»
Lsooo L1000, L11000> L130005 L14000, Leo L3000, L1s00o

= Lk = Lsooo

< L7000, Leooo, Li2000, Lisooo Lg < Liooos L7000, Lsooo, Loooo> L120005 L1400, Leo

D=200

L > Lo*, Liooo, L2000, L3000, L4000, L5000, Leooo, Lk
L3000, Lsooo, Lsooo, Lioooo, Lirooos L2000
L3000, L140005 L1500, Leo

LK =

Lg <

Ly
Lg

> Lo*, L1000, L3000, L7000, L9000, L12000> L 140005 Lk > Lo*, Laooo, L7000, Lg000, L9000, L1200, L1300,
oo La000- L1000
= Lsono Lk = Lioooo
< Laooo, L4000, Leooo, Lsooo, Lioooos L1100, Lx < Li0oos L2000, L3000, Ls000> L0, Li110005 Loo
Li30005 Lis000

L > Lo*, Liooo. L2000, L3000, Laooo. Lsooo. Lgooo. Lk
Loooo, L4000 L15000

> Lo, Liooo. L2ooo. Laooo. Lsooo. L7000, Lsooos Lk > Lo*, Liooo, L2000, L3000, Laooo. Lsooo. Leooo.
Loooos L1000os L1100, L120005 L1300, L150005 L7000, Lsooos L9ooos Lioooos Lit0oo, Li2000,
L3000, L140005 Loo

D=300 Lg = Ly = Lk = Liso0
Lk < Leooo, L7000, L10000, L1100, L1000, L3000, Lk < Laooo, Le0oo, L1aooo Lg <
Ly
Table 57
fs, horizontal approach, 10°¢, large dimension, CRS4EAs
SN=24 SN=50 SN=100
Lk > Lo*, Lyooo, Lsooo Lk > Lo*, Laooo, L300, Lioooo L > Lo*, Liooo, L3ooo, Laooo, Lsgooo. Lioooo, L1100
D=100 Lg = Ly = L = Lsooo

Lk < Li000» L2000, Laooo, Lso00, Leooo» L7oon, Loooo, Lk
Lioooo, Li1000, L12000, L13000, L1400, Lis000,

00

< L1000, Laooo Lsooo, Leooo> L7000, Lsooo, Loooo, Lx < L2000, Leooos Liooo Lsooo, Lizo00. Lizo00,
Li1000> L12000, L1300, L14000, L5000, Loo L4000, L150005 Leo

Lk > Lo, Loooo Ly > Lox Lk > Lo*, Lsooo, Laooo» Leooos L7000 L11000> Li3000,
L4000, L15000, Leo
D=200 Lg = Lg = Lsooo Lk = Liooo

Lk < L1000» L2000, L3000, L4000, Lsooo. Leooo, L7000, Lk
Lgooo, Lioooo» Li1o0o. Li2000» L13000. Lido00-
Lis000, Lo

< L1000, L2000 L3000, Laooo> Leooo» L7000, Lsooo, Lk < L1000, L2000 Lso0o, Lsooos Loooo, Li2000
Loooo» Lioooo- Li1000s L1200 L13000 Liaooo
Li5000, Leo

D=300

Lk > Lo*, Laooo, Lso00, L7000, Lsooo, Loooo. L1000, L
L2000, L13000> L14000s Lo

Lg =

Ly < Liooo, Laooo, L4000 Leooo L1oooo, L1s000

Lk
Ly

Lk > Lo*, Liooo. L2000, L3ooo. Lsooo. Leooo, Li100o,
L12000> L140005 Leo
Lk = Lis000
< L1000» L2000, L4000, Lso00 Leooo> L7000, Lsooo, Lx < Laooo- L7000, Lsooo, Loooo, Lioooo, L1300
L0000, L12000, L13000, L14000, L15000, Loo

> Lo*, L3000, Loooo. L1000
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Table 58
f,, horizontal approach, 106, large dimension, CRS4EAs
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SN=24 SN=50

SN=100

Lg > Lo*, Laooo, L3ooos Laooos Lsooo, Lsooo, Lioooo, Lk > Lo*, Lgooo
L1000 L12000> L14000s Leo

D=100 Lk = Lg =

LK < LIOUUs LﬁOOOv L?OOU; LQ(}OOv L13gg[], LISOOO

Lk > Lo*, Liooo, L2000 L3000, Laooo, L7000, Lsooo,
L1000 L13000> L14000s Leo
Lk = Lsooo

LK <"-IOOO: LZOOUs L}UOO: L4000, LS(][]O; Lb()()()v LTO[](); LK < L6000w LO[][]O; Lll)OOUs LIZOOO: LISOUU

Loooo, L1oooos Li10oo: L1200, Li3ooo. L4000,

Lis000> Lo

D=200 Ix =
Lk < Ligoo- L2000 Laooo- Lsooo- Leooo> L7000, Lsooo, Lx < L3000- Leooos Leooo- Li1000s Leo

Lk > Lo, Lsooo, L5000

Lg > Lo, L1000, L2000> L4000, L7000, Lsooo, L1oooo, Lx > Lo*, Laooo, L13000

Li20005 L130005 L1000+ L5000

Lg = Lsooo

Loooo, Lioooos L1100, Li2000, Li3ooos L4000,

00

Lg = Lioooo
Lk < Lyooo» L2000 L3000> Lsoo0 Lsooo> L7000, Lsooo,
Loooo, Li1000, L12000s L1400+ L150005 Lo

D=100 Lk = Lo, Liooo, L2ooo- L300 L4000, Lsooos Leooo L

Lg>Lg > Ly >
D=300 Lk = Lo, Liooo, L2000, L3000, Laooo. Lsooo, Leooo, Lx = Lo, Liooo, L2000, L3ooo, Laooos Lsooo, Leooo, Lx = Lo, Liooo, Lzooo. Lzoo0. Laooo, Lsooo, Leooo.
L3000. Lsooo, Loooos Lioooos Litooos L2000, L7000, Lsooo, Loooo: Lioooo. Li1ooos L2000+ L3000, Lsooos Loooos Lioooos Litooo: Li2000
L3000, L14000> Lo Li3000, L14000> L15000, Leo L3000, L1a000> L150005 Leo
Lg < Liso00 Lg < Lg <
Table 59
f5, horizontal approach, 109 large dimension, CRS4EAs
SN=24 SN=50 SN=100
LI( > LK > L[( >

L7000, Lsooo, Laooos Lioooos Li1000s Li12000,
L1300[)s L]!lO()Ds Ll500lfls Loo
LK < LK <

= Lo. Liooo. L2ooo. L3000- Laooo. Lsooos Leooos Lx = Lo, Liooos L2o00. Laooo. Laooo. Lsooo. Leooos
L7000, Lsooo, Loooo, Lioooo, Litooo, Li2000,
Ll}UOOs L|4000~ L]SDDUs Loc

L7000, Lsooo, Loooos Lioooos Li1ooos Lizo00,
L|30009 L]4000: L]iOOO’ Loo
LK <

Lk > Lg >

L7000, Lsooos Loooos Lioooos Li1ooos Li2000s
Li3000: L14ooo: L15000: Leo
Lg < Ly <

LK>

D=200 Ly = Lo, Liooo, Laooo- Lsooo, Laooo. Lsooos Leooos Lx = Lo, Liooos L2000 L3o00- Laooo, Lsooos Leooos Lk = Lo, Liooo, L2000, L3ooos Laooos Lsooo, Leooo-
L7000, Lsooos Loooos Lioooos Litooo, L12000,
L3000, L1a00os L150005 Leo

L7000, Lsooo, Loooos L1oooos Li1000s Li2000s
L3000, L14000- L15000: Leo
LK <

Lig > Lg >

L7000, Lsooos Loooo- Lioooos Li1ooo. Li2000
L13000, L14000> L150005 Leo
Ly < Lg <

Lyg >

D=300 Lk = Lo, Liooo, L2000, L3000, Laooo, Lsooos Leooos Lk = Lo, Liooo, L2000, L3000, Laooos Lsooos Leooos Lx = Lo, Liooos L2000, L3000, Laooo, Lsooo, Leooos
L7000, Lgooo> Loooo> Lioooo, Li1000s L120005
L3000, L14000> L150005 Loo

L7000- Lsooo> Loooos L10o00> Li1000- L1200
Li30005 L14000> L150005 Loo
Lx <

When the dimensionality of a problem was set
to D = 10, four configurations remained from the
initial set P. The values of parameter SN were 30,
and the values of parameter ‘limit’ were from 800
to 1000. Those four configurations were {SN =30,
‘limit’ = 800}, {SN =30, ‘limit’ = 1000}, {SN = 30,
‘limit’ = 950}, and {SN =30, ‘limit’ = 850}. Following
the Karaboga’s formula, the ratio between ‘limit’
and SN when D = 10 should be 5:1, meaning that
‘limit’ should be 5-times greater than SN. None
of the configurations found by the tuning process
corresponded to this formula.

When the dimensionality of a problem was set to
D =30, 70 configurations remained from the initial
set P. The values of parameter SN were from 10 to
70, and the values of parameter ‘limit’ were from
700 to «. The best performing configurations
were {SN = 20, ‘limit’ = 1450}, {SN = 20, ‘limit’

= 1250}, and {SN = 20, ‘limit’ = 1500}. Following
the Karaboga’s formula, the ratio between ‘limit’
and SN when D = 30 should be 15:1, meaning that
‘limit’ should be 15-times greater than SN. None
of the configurations found by the tuning process
corresponded to this formula.

When the dimensionality of a problem was set
to D = 50, 13 configurations remained from the
initial set P. The values of parameter SN were
from 20 to 40, and the values of parameter
‘limit’ were from 1100 to o. The best performing
configurations were {SN =20, ‘limit’ = o}, {SN = 30,
‘limit’ = oo}, and {SN = 40, ‘limit’ = c}. Following
the Karaboga’s formula, the ratio between ‘limit’
and SN when D = 50 should be 25:1, meaning that
‘limit’ should be 25-times greater than SN. None
of the configurations found by the tuning process
corresponded to this formula.
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One would expect that these results can be compared
tothose in Tables 5 and 31, however as Tables 5 and 31
display the answers to different questions (as already
explained above), the results and conclusions of these
experiments cannot be compared directly. There are,
however, some similarities between the conclusions
of both sections. For example, when D = 10 it can be
noticed that F-Race found the following best configu-
rations: SN = 30 and ‘limit’ = {800, 950, 1000}. Whilst,
from Tables 5 and 31 it can be noticed that configura-
tions with SN = 24 and ‘limit’ = {750, 1000, 1250} are
significantly better statistically than L, under NHST
and CRS4EAs. Or, when D = 30 it can be noticed that
F-Race recommended the following best configura-
tions: SN = 20 and ‘limit’ = {1250, 1450, 1500}. Whilst,
from Tables 5 and 31 it can be noticed that configura-
tions with SN =24 and ‘limit’ = {1000, 1250, 1500} are
significantly better statistically than L, under NHST
and only better, but not statistically significant, un-
der CRS4EAs as CRS4EAs is more conservative than
NHST in this experiment.

Overall, the results of ABC parameter tuning showed
that the best performing configurations did not corre-
spond to the Karaboga’s formulafor f,. Similar conclu-
sion can be derived from recent study [49] where for
ABC parameter tuning F-Race, Revac, and CRS-Tun-
ing have been used. From the best performing config-
urations found by F-Race, Revac, and CRS-Tuning
none conform to the Karaboga formula.

4, Related Work

To date there have been no deep investigations about
setting ABC control parameter ‘limit’. The formula
‘limit’ = n, * D was first proposed in the ABC introduc-
tory paper [29] and since then used in many papers
(e.g., [6], [21], [24], [27], [28], [31], [54]). The effect
of ‘limit’, as investigated by ABC inventors [29], has
been studied on the same benchmark suite f, ... , f;
as presented in Section 2 (actually we used the same
benchmark suite as in [29]) using the following fac-
tors and their values: SN ={20, 40, 100}, D ={2, 5, 50},
and ‘limit’ ={0.1*n,*D, 0.5*n,*D, n,*D, «}. However,
full factorial design has not been used since D = 2 was
used only for f,, D = 5 for f,, and D = 50 for f,, ..., f;. Fur-
thermore, the only vertical approaches applied in [26]
used 20,000 fitness evaluations for f, f,, and 100,000
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fitness evaluations for f,, ..., f;. In our work, Karabo-
ga’s experiment [8] has been extended by performing
a full factorial design on this benchmark suite using
the following factors and their values: SN = {24, 50,
100}, D = {2, 5, 10, 30, 50}, and ‘limit’ = {0, 100, 250,
500,750, 1000, 1250, 1500, o}, whilst using two differ-
ent horizontal and vertical approaches [18]. The other
difference between these two studies is that 30 inde-
pendent runs were used in [8], whilst 100 in our study
in order to enhance its reliability.

The effect of ‘limit’ on ABC was briefly studied in [1]
on functions f, ... f;, Ackley and Weierstrass with a
vertical approach (30,000 fitness evaluations, 30 in-
dependent runs) using the following factors and their
values: SN = {10}, D = {10}, and ‘limit’ = {10, 200, 500,
1000, 3000, 5000}. It was found that ‘limit’ = 200 was
more appropriate than other values used in this study.
Again, our study can be seen as an extension of [1].

A similar study as in [1] on the effect of ‘limit’ has
been recently performed in [30] using a variant of
ABC called the quick artificial bee colony (qABC)
algorithm. The vertical approach has been applied
with 500,000 function evaluations and 30 indepen-
dent runs on a benchmark suite containing optimi-
sation functions f,, ..., fi. The following factors and
their values have been used: SN= {50}, D = {30}, and
‘limit’ = {10, 50, 187, 375, 750, 1500}. It was found
that the ‘limit’ = 750 is the more suitable value,
which is equal to the value calculated from the for-
mula ‘limit’ =n, * D.

The Enhancing artificial bee colony (EABC) algo-
rithm has been proposed in [15] and tested on 48
benchmark functions. The effect of ‘limit’ on EABC
was investigated with vertical approach (150,000
function evaluations, 30 independent runs) on seven
functions out of 48. The following factors and their
values were used: SN = {100}, D = {30}, and ‘limit’ =
{50, 100, 200, 400, oo}. It was reported that ‘limit’ =
200 was the more appropriate than other values used
in that study.

All the aforementioned works exhibit partial experi-
mentation and non-full factorial design on investigat-
ing the effect of ‘limit’ on ABC. However, such partial
investigations were still better, in our opinion, than
using a fixed setting from a study using different op-
timisation problem. The results from our study show
that the tuning or controlling of the control parameter
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‘limit’ is indeed needed. An example of a study where
tuning on ‘limit’ was applied is presented in [35].

It is worth mentioning that in all of the above men-
tioned experiments, the better settings for ‘limit’ were
chosen by visual inspection of the results and without
any statistical testing. Our study was quite different
to the aforementioned works due to the applications
of NHST and CRS4EAs. In this respect, our work was
similar to [42], where full factorial design and ANO-
VA statistical analysis were used to investigate the
sensitivity of reactive tabu search (RTS) to its me-
ta-parameters.

5. Conclusions

As the horse racing approach is still omnipresent,
researchers have often compared their algorithms,
which are well tuned for (a) particular problem(s),
with some standard versions of meta-heuristic algo-
rithms using recommended control parameter set-
tings, which might not be appropriate for some prob-
lems used in an experiment. This situation should
be avoided. In the recently published guidelines for
replication and comparison of experiments in EC [9],
we promoted fair comparisons amongst algorithms
where all the algorithms used in the comparisons, not
only the researchers’ preferred, should be using the
best control parameter settings. Hence, performing
extensive parameter tuning or control [11] for all al-
gorithms involved in an experiment is a prerequisite
for a fairer comparison.

This paper has shown that amongst ABC control pa-
rameters ‘limit’ is very sensitive, whilst population
size (SN) is quite robust (at least for the benchmark
suite used in this study). Hence, properly setting con-
trol parameter ‘limit’ should be of particular inter-
est to every ABC user. Furthermore, it was shown in
this study that ABC is not always the best performing
when ‘limit’ = (SN/2)*D, although it is a very competi-
tive setting. This formula was the best for the vertical
approach using 250,000 fitness evaluations for the
benchmark suite used in this study. Better settings
for ‘limit’ exist, occasionally statistically significant,
for the vertical approach using 100,000 fitness evalu-
ations, as well as for the both horizontal approaches
(reaching (sub-)optimal solution at 10 and 107'?) for
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benchmark suite used in this study. When 100,000
fitness evaluations were available, L, was the appro-
priate choice only for small dimensions (D = 2, rare-
ly for D = 5 or D = 10) amongst all the five presented
problems. When the dimension becomes bigger, more
appropriate alternatives could be chosen. Hence,
proper setting of ‘limit’ also depends on the available
maximum number of fitness evaluations, indicating
that ABC convergence with L, is not amongst the
fastest. Furthermore, as results from the horizontal
approach indicate a better ABC convergence whilst
obtaining the same accuracy can be achieved with
‘limit’ settings other than using the recommended
formulae. Moreover, setting ‘limit’ = (SN/2)*D has no
theoretical explanation in [26] and is based only on
partial experimentation on limited number of numer-
ical optimization. Hence, it is too risky to expect that
the suggested formula in [26] would be good for other
problems. Our recommendation is to perform tuning
or control on ABC parameter ‘limit’. These findings
are valid for ABC only, and no generalisations regard-
ing other meta-heuristic algorithms can be applied.
As extensive parameter tuning using full factorial
design [33] is often too expensive, researchers should
use various already-available tuning approaches (e.g.,
F-Race [4], Revac [40], SPO [3], CRS-Tuning [49])
for setting control parameter ‘limit’ or investigate
some parameter control approaches (e.g., driven by
diversity [46], entropy [36], exploration and exploita-
tion measures [37]), which will be part of our future
work. Last but not least, it is shown that CRS4EAs
is comparable to NHST, in particular to the multiple
pairwise Wilcoxon’s test. Both methods pairwisely
compare the results of an optimisation problem over
all n runs. However, in one tournament, the CRS4EAs
compared the results obtained by all participants
(more absolute approach), whilst the Wilcoxon’s test
compared only results of the participants that are of
the main interest (more relative approach). Thus,
several Wilcoxon’s tests were applied separately for
each and every comparison. Additionally, for a set of
Wilcoxon’s tests made on the same data, a post-hoc
analysis is needed to avoid inflating Type-I-Error.
Nevertheless, the results of CRS4EAs can be com-
pared amongst all participants, whilst in NHST even
more additional tests would be needed in this respect.
Deeper comparison among CRS4EAs and NHST is
presented in our recent work [50].
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Summary / Santrauka

Artificial Bee Colony (ABC) is a successful meta-heuristic algorithm that has been greatly utilised by research-
ers. Through our practical experience of ABC, we have noticed that the recommended formula ‘limit’ = ne *
D may not be the best choice for different problems. In this work, a set of experiments using horizontal and
vertical approaches has been designed and executed with the aim of observing the effect of ‘limit’ on ABC. The
results have been statistical analysed using Null Hypothesis Significance Testing (NHST) as well as the Chess
Rating System for Evolutionary Algorithms (CRS4EAs), which is a novel approach for comparing meta-heu-
ristic algorithms. It is shown that the recommended formula is not the best setting for different problems and
approaches. Hence, the control parameter ‘limit’ should be tuned or controlled. The other important result of
this study is to show that CRS4EAs is comparable but also shows benefits over NHST.

Dirbtiné bic¢iy kolonija (ABC) yra sékmingas, mokslininky placiai naudojamas metaeuristinis algoritmas. Per
savo praktine ABC patirtj straipsnio autoriai pastebéjo, kad rekomenduojama formulé ‘limit’ = ne * D ne visuo-
met yra geriausias pasirinkimas tam tikroms problemoms spresti. Su tikslu jvertinti formulés elemento ‘limit’
poveikj ABC, straipsnio autoriai sukiiré ir atliko eksperimentus, paremtus horizontaliais ir vertikaliais meto-
dais. Gautirezultatai statistiskai analizuoti naudojant hipotezés reikSmingumo testavimg (NHST) bei Sachma-
ty reitingy sistema Evoliucijos algoritmui (CRS4EAs). Tai yra naujas metodas metaeuristiniams algoritmams
palyginti. Straipsnyje jrodoma, kad rekomenduojama formulé isties néra geriausias skirtingy problemy ir me-
tody nustatymas. Taigi, kontrolés parametras ‘limit’ turéty biiti nustatytas arba kontroliuojamas. Kitas svarbus
Sio tyrimo rezultatas — parodoma, kad CRS4EAs yra palyginamas, tac¢iau, palyginus su NHST, yra pranasesnis.



