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Abstract. This study deals with the problem of establishing the network of emergency service units. The goal of
the basic problem proposed in the literature is to locate certain number of units at given discrete points of the region
and to allocate cities to established units, in order to balance the load of established emergency units. Having in mind
that emergency units work in shifts, we extend the basic model to a multi-period model and involve additional
constraints on the number of units to be located. Since, in practice, the number of emergency incidents varies on daily
or monthly basis, we consider the uncertainty of the number of incidents and propose a robust integer programming
formulation of the multi-period model, which controls the deviation of objective value under uncertainty of input data.
In order to solve both deterministic and robust variant of the problem, we design an efficient hybrid metaheuristic
method based on combination of Particle Swarm Optimization method (PSO) and Reduced Variable Neighborhood
Search (RVNS). Computational results show that the proposed hybrid PSO-RVNS method quickly reaches all known
optimal solutions obtained by CPLEX solver, and provides solutions for instances that remained out of reach of
CPLEX. In the single-period case, PSO-RVNS outperforms existing metaheuristic method from the literature in the
sense of CPU time. Short running times of PSO-RVNS and high-quality solutions indicate the efficiency of the
proposed hybrid metaheuristic approach when solving the considered problem. Results presented in this study may
help security experts and emergency managers to design an efficient and sustainable emergency system.
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1. Introduction

In this paper, we consider a generalization of the
problem of establishing the network of emergency
service units that was introduced by Stanimirovié et
al. [33]. The authors of [33] deal with the problem of
designing the network of the Police Special Forces
Units (PSFUs) in the Republic of Serbia. A set of
potential locations for establishing PSFU units is
given, and a set of cities to be allocated to established
units. Each city is assigned the number of criminal
acts within its area, which was obtained from
statistical data over past years. The number of the
PSFUs to be located is limited by a given constant,
and according to the most common situation in
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practice, it is assumed that each city will be assigned
to its closest established PSFU unit. The model
proposed in [33] also involves penalties in the case
that a city is assigned to a PSFU unit that lies outside
given range that ensures an efficient PSFU reaction.
Differently from studies that optimize emergency
service systems from customers’ point of view, i.e.,
minimize the maximum distance between customer
and service provider [8, 9, 11, 19], Stanimirovi¢ et al.
[33] deal with designing the network of emergency
units from providers’ point of view [5, 13, 26]. In
practice, emergency units are required to travel longer
distances than others to reach an assigned city, or to
react in cities with higher number of incidents, and
therefore, the workload of emergency units will be
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most likely unequal. On the other side, all units are
generally equally paid, regardless of amount of their
workload during a shift. Therefore, the objective of
the model proposed in [33] is to minimize the
maximal load of a PSFU unit, while preserving the
efficiency of the emergency system. In the literature,
there are examples of location models that involve
workload balance of facilities in the objective [1, 16,
20, 21]. The balanced workload of facilities may be
used in long-term planning and designing public
services, such as health-care systems, determining
optimal locations of various public services within a
city area or a region, finding optimal locations of
telecommunication hubs, etc.

Since in practice, the number of incidents in each
city may vary from average values obtained from sta-
tistical data, it is necessary to take into account de-
mand uncertainties in emergency network model. Cap-
turing data uncertainty in deterministic models may be
achieved in different approaches that were proposed in
the literature in past years [7, 19, 27, 31, 36]. Starting
from deterministic PSFU location model, Stanimirovi¢
et al. [33] also proposed a robust optimization model
that captures the uncertainty of the number of incid-
ents in each city. More precisely, in [33] it is assumed
that the coefficients representing the number of crimi-
nal incidents in are subject to uncertainty, and they are
modeled as independent, symmetric and bounded ran-
dom variables with unknown distribution.

In [33], both deterministic and robust models are
tested by CPLEX 12.5 commercial solver on the set of
real-life test instances including up to 165 cities and
234 potential PSFU sites, and different protection
levels. Obtained solutions are analyzed by security
experts from practical point of view. Since the largest
problem instance remained out of reach of CPLEX
12.5 solver, the Stanimirovi¢ et al. [33] also designed
an evolutionary-based algorithm (EA) that was enhan-
ced with a local search method (LS). The proposed
hybrid method EA-LS was benchmarked on the same
real-life data set. The results of computational experi-
ments presented in [33] showed that the proposed
hybrid method EA-LS quickly reached all known opti-
mal solutions and provided solutions for the instances
unsolved to optimality by CPLEX 12.5 solver. The
analysis on the impact of different protection levels on
the objective value increase was also presented.

In this study, we extend the model presented in
[33] to a multi-period problem of locating emergency
units, having in mind that emergency units usually
work in two or three shifts during the day. In addition,
we impose the upper limit on the number of the
available emergency units through all time periods and
the lower limits on the number of active units within
each considered period. We further allow the number
of emergency incidents to vary within each time
period and propose a robust formulation of the
deterministic multi-period model.

We also design a novel hybrid optimization
method for solving both deterministic and robust
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variants of the considered problem. The proposed hy-
brid method is designed as a combination of Particle
Swarm Optimization method (PSO) and Reduced Va-
riable Neighborhood Search (RVNS). In each iteration
of the proposed PSO-RVNS method, a subset of solu-
tions obtained by PSO, are used as initial solutions for
the RVNS, in order to obtain further improvements.
Parameters of the PSO-RVNS are fine-tuned in order
to achieve the best performance of the algorithm.

The proposed hybrid PSO-RVNS approach is ben-
chmarked on single-period real-life problem instances
used in [33] and generated multi-period instances that
are derived from single-period ones. Results obtained
by th PSO-RVNS approach are compared with the re-
sults of EALS from [33] for solving deterministic and
robust variant of the single-period problem. Computa-
tional results clearly indicate the superiority of the
proposed PSO-RVNS method over existing EA-LS
heuristic in the sense of CPU times for problem
instances of larger dimension. For multi-period case,
most of the tested instances remained out of reach for
CPLEX solver, while the proposed PSO-RVNS con-
verges steadily to its best solutions, which coincide
with optimal solutions obtained by CPLEX (in cases
when optimal solutions are known). Short running
times of the PSORVNS (even in the case of the largest
considered instance) indicate the efficiency of the
proposed hybrid approach.

The rest of paper is organized as follows. In Sec-
tion 2, discrete optimization model of the multi-period
problem is presented. In Section 3, the discrete model
is extended to a robust optimization model that invol-
ves uncertainty of the number of emergency incidents.
Hybrid PSORVNS metaheuristic method is described
in Section 4. In Section 5, we present computational
results obtained on real-life problem instances for
single period case and compare them with the results
of EA-LS method from [33]. Results of computational
experiments for deterministic and robust multi-period
case are also presented in Section 5. Finally, in Section
6 we give the summary of obtained results and some
directions for future work.

2. Mathematical formulation of the multi-
period emergency units location problem

Let I represent the set of cities, and J the set of
potential locations for establishing emergency units.
Let T denote the set of considered time periods (work
shifts of emergency units). As in [28], it is assumed
that I € J holds, meaning that an emergency unit may
be located in a city itself. Each city i € I has assigned
values f;; = 0, t € T representing the average number
of incidents in the city i € [ in a time period t € T.

For each pair of locations i € [ and j € J, the dis-
tance d;; is calculated as driving distance between
two locations. It is assumed that between each pair of
locations there is a direct link (road) connecting them.
Let c represents the maximal driving distance between
a location of an emergency unit and a location of the
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incident that allows the unit to react in a timely manner.
Foreachi € [ and j € J, the following sets are defined:

o CU = {k E]:dik < dij}’ i € I,] E] represents
the set of potential locations k € J for which the
distance from location i is less than or equal to
the distance from i to j;

o Fj={k€]:dy >d;},i€l,j€] stands for
the set of potential locations k € J for which the
distance fromiis greater than distance from i
to J;

e Note that C;; U F;; = ] and C;; N F;; = @ hold
foralli € landj € J;

o S;={i€l:dj <c},j€] denotes the set of
locations i € I for which the distance from
location j is less than or equal to c;

e D;={i€l:d;j > c},j €] represents the set of
locations i € I for which the distance from lo-
cation j is greater than c.

e Here S;UD; =1 and S; N D; = @ hold for all
jE]J.

For each time period t € T, we introduce an
integer parameter k., representing the minimum
number of emergency units to be located in time
period t € T. The total number of established units
through all time periods is limited by integer k4,
where kmax = ZteT kt,min-

As in [33], for each pair i€] and jE], a
parameter p;; is involved, representing the penalty in
the case that a location i € D; is assigned to a unit at
location j. In order to avoid excessively large penalty
values, the value of parameter p;; is calculated as:

o (ldi=el
pij = mln{T,l .

The proposed multi-period emergency service
location model uses a continuous variable Z,q,
representing the objective function value, and two sets
of binary variables that indicate location and
allocation decisions. More precisely, binary variable
Yiej» t €T, j €] indicates if an emergency unit is
established at location j € J in a time period t € T

1, emergency unit is established at
Vej = {
0,

location j in time period t
otherwise,

while binary variable x;;; indicates whether or not a
police unit established at location j €] reacts on
incidents in a city i € [ for a time period t € T:

1, ifintime period t city i is assigned

Xeij = {
0,

to unit at location j,
otherwise.

The goal of the considered problem is to determine

locations for emergency units, such that the maximal

value of
thixtij + Z fei(1 + pij)xe;

(€S ieD—J
forallt € T and j € J is minimized.
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Having in mind the problem’s nature, it is assumed
that emergency incidents in each city are handled by
the nearest established emergency unit (single
allocation scheme and closest-assignment rule). In the
considered problem, no capacity restrictions and no
fixed costs for establishing units are involved. It is
also assumed that the performance rate of each
emergency unit is the same.

Using the notation and conditions mentioned
above, the mixed integer linear programming (MILP)
formulation of the multi-period emergency units
location problem may be written as:

mianax (1)
such that

Z,-E,xrif=1 VtET Vi€l (2)

X<y VtET Viel Vjej, 3)

ytj < ZkECij Xtik VteET Viel V] E]: (4)
Z]E]ytj = kmin,t vt e T3 (5)
Zte'[‘ Zje]ytj =< kmax> (6)

Ziesjftixtij + ZieDjfti(l + Dij)Xtij < Zmax

ViET VjE], ™
x; €E{01}VtET Viel VjE], ®)
yi; €{0,1} VteT Vj€], )
Zmax = 0. (10)

By objective (1) and constraint (7), the maximal
load of established emergency units through all time
periods is minimized. Each city is assigned to exactly
one emergency unit location, which is ensured by (2).
Constraints (3)—(4) denote that each city is assigned to
its closest established unit. By constraints (5), lower
bounds on the number of located units in each time
period are given, while constraint (6) imposes the
upper bound on the number of established locations
through all time periods. Constraints (7) define lower
bounds on the value of objective variable z,,, .
Variables x;; and y;; are binary (8)—(9), while
variable z,,,, is nonnegative (10).

In the single-period case (|T| = 1), index t may be
omitted from variables x;; and y;;, i €1, jE].
Parameters f;; are then reduced to f;, i €I, while
kmine is reduced to k. If the lower bound for
number of established units is set to zero (K, = 0),
the MILP model (1)—(10) reduces to the MILP model
proposed by Stanimirovi¢ et al. in [33].

3. Robust variant of the problem

There are numerous examples of applying tradi-
tional optimization techniques when dealing with un-
certainty in emergency service design, such as sto-
chastic programming and optimization under probabi-
listic constraints [17-19, 27, 34, 36]. However, the
difficulties in applying stochastic programming arise



when the exact distribution of input data is unknown,
which often happens when modeling real-life emer-
gency service problems. For optimization under pro-
babilistic constraints, the problem usually arises when
it is not possible to cover all scenarios that capture the
distribution of input data, even if all scenarios are
known. In this case, the size of resulting optimization
model increases drastically as a function of the
number of scenarios. This results in fact that optimal
solution can not be found due to time or memory
limits of computer resources.

Robust optimization [32] represents an alternative
approach to stochastic programming and optimization
under probabilistic constraints. It allows us to control
the degree of conservatism of the solution, and it is
computationally tractable both practically and theore-
tically, see [2, 3]. In robust models, random variables
are modeled as uncertain parameters belonging to a
convex or polyhedral uncertainty set, and the goal is to
protect the system against the worst case within the
uncertainty set [4].

In this study, we use robust optimization approach
to optimize the emergency system in the worst-case
situations that arise under uncertainty of number of
emergency incidents. The goal of robust model is to
protect the emergency system against the uncertainty
of the number of incidents f;; that occur in city i € [
in time period t € T . Therefore, the number of
incidents in a city i €] in time period t €T is
modeled as an independent and bounded random
variable, denoted as f,; and it is assumed that it has
unknown distribution. Considering the nature of the
problem, we are interested in cases when f;; may
decrease or increase from the nominal values f;; .
However, without loss of generality, we may suppose
that fti € [ftivfti +fti]: where fti = 0, i € I, teT.
Note that it is enough to consider the asymmetric
interval, since symmetric interval [gy; — §ri» Gei + Gril
may be obtained from [f,;, fi; + fi] by introducting
substitutions g,; = fi; + G and fr; = 2G4

Let us observe the set G = {(t,i) €T X I: f; > 0
consisting of all pairs (t,i) € T X I for which the
number of incidents increases from the nominal value
f+- For robustness purposes, we introduce protection
level parameter I' € [0, |G|] N N, which controls level
of robustness in the objective. In the case of I' = 0, we
completely ignore the change in the number of
incidents, while in the case of I' = |G|, all possible
changes in the number of incidents are considered. In
general, for higher values of T, the level of robustness
is increased at the expense of higher objective values
[4].

Using the notation and assumptions from
deterministic model (1)—(10), the robust mathematical
model of the considered multi-period emergency units
location problem is given as follows:

(1), under constraints (2)—(6), (8)—(10) and

Qj S Zmax VEET Vi€l (11)
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where
qej = Ziesjftixtij + Zieujfti(l +pi;) +
Pcrgﬁ?)fsr Z (t,i)eP ftixtif (12)

We now formulate Theorem 1 that will be used to
present mathematical formulation of robust multi-
period emergency units location model.

Theorem 1. Consider the nominal Integer Progra-
mming (IP) problem

min Z]E] CiXj,

Z]E]auxjﬁb} VLEI,
Let J;, i € I represent the set of coefficients a;j, ] € J;
that are subject to uncertainty, ie., J; = {j € J:a;; >
0}. Let integer parameters I; € [0, |];|], i € I denote

protection levels for the i-th constraint. The IP
problem

min Y e ¢;X;,
Z},E] aijxj +

x €{01} VjeJ

max . Q;ix; VIEI
SiSJ;:IS;1sT; Z]ESi W ’

has an equivalent Mixed Integer Linear Programming
(MILP) formulation:

min ZjEJCijv

ZJ'EIaUxf tzli+ Zjelipij <b Vi€l
z;+p; = a;y; Vi€l Vj€],

piy=0 Viel Vjej,

z;20 Viel,

x €{0,1} VjE]J.

It is easy to see that the presented theorem follows
directly from the Theorem 1 given in [4]. Finally,
having in mind Theorem 1, the robust variant of the
multi-period emergency units location model may be
formulated as:

(1), subject to (2)—(6), (8)—(10) and

ziesjftixtij + Ziepjfti(l + i) Xeij + Tz +

2iecTi < Zmax VELET VjE], (13)
241> fuxy; VEET ViEG Vj€], (14)
z>0, (15)
>0 Vi€G. (16)

Note that the robust model (1), subject to (2)—(6),
(8)—(10) and (13)—(16) represents a generalization of
the robust model proposed in [33].

4. Proposed hybrid metaheuristic method

Hybrid metaheuristics showed to be promising
approaches for solving numerous optimization prob-
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lems [6, 35]. In the literature, one of the most popular
strategies to develop a hybrid metaheuristic method is
to combine a population-based approach and a variant
of a local search heuristic [20, 22, 25, 28]. In general,
population-based heuristics offer more facilities for
exploration, while local search methods provide more
capabilities for exploitation. However, it is important
to achieve a good balance between exploitation and
exploration strategies, such that the resulting hybrid
method provides high-quality solutions in reasonably
short running times [6, 25].

In this paper, we present a hybrid metaheuristic
method that is obtained by combining a Particle
Swarm Optimization (PSO) as a population-based
heuristic, and a Reduced Variable Neighbourhood
Search (RVNS) as a local search heuristic. The
proposed PSO-RVNS works over population N, ,
consisting of |N,.| solutions. In each iteration of the
algorithm, solutions are evaluated and ranked in
respect to their objective values. The objective
function calculation is designed and implemented such
that PSO-RVNS successfully solves both deterministic
and robust variant of the problem. The PSO method is
applied only to less-quality solutions from N,., while
high-quality solutions N, € N, are directly passed to
the RVNS part of the hybrid method. The RVNS
heuristic is applied to all solutions from the set N,.,
looking for their improvements. Described steps are
repeated until a stopping condition is satisfied. The
described way of combining PSO and RVNS methods
takes advantage of good sides of both constructive
heuristics. The basic structure of the proposed PSO-
RVNS hybrid method is presented in Algorithm 1.

Algorithm 1. The basic structure of the PSORVNS method

1: Read input
2: while stopping condition is satisfied do

3p iei+1
4:  Calculate objective function value of the solutions
from N,

5 Choose the set of high quality solutions N, from N,
6:  Apply PSO to all solutions from the set N, \ N,

7. forr € N, do

8 Apply RVNS to solution r

9:  end for

10: end while

11: Write output

4.1. Representation of solutions

Each solution from the set N, is assigned an infor-
mation on locations of established emergency units in
each time period. It is represented by a binary array of
length N, where N = |T| - |J|. The binary array consi-
sts of |T| segments of length |J|, where each segment
t € {1, ..., |T|} corresponds to one time period. If loca-
tion j is opened in a period ¢, the ((t — 1) - |J| + j)-th
bit in the array takes the value of 1, and 0 otherwise.
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A solution is denoted as feasible if

e the number of bits in the t-th segment of its
code is greater than or equal to k¢ ,,;,, and

o the total number of bits with the value of 1 is

less than or equal to k4, -

For example, for |T| =3, |JI=3, kypn=
ko min = k3 min = 1 and k0, = 4, a solution to the
problem is represented as |100[010]|010]. In the first
period, an emergency unit is established at location 1,
while in the second and third period, emergency unit
established at location 2. The solution is feasible, sin-
ce the sum of all bits with the value of 1 is equal to 3
(which is less than k., ), while each time period
contains at least k¢ ,,;, = 1 established unit.

4.2. Objective function calculation

The indices of locations with established emer-
gency units for each time periods are read from the
solution’s code. After that, its objective function value
in the case the deterministic model is calculated
through the following steps:

Step 1. For each time period t € {1, ..., |T|}, create

the subset of locations E,={j€]
emergency unit is established at j in time
period t};

Step 2. For each city i and each time period t, assign
the city i is to a unit at location j € E;, such
that the distance d;; is minimal. If there is
more than one location j € E; such that the
distance d;; is minimal, randomly choose one

of them;

Step 3. Let wg; represent the workload of an esta-

blished unit at location j € E;. Set w,; = 0,
Step 4. For all cities i that are assigned to j € E;
a)if d;; < c, increase wy; by the value of f;;
b)if d;; > ¢, increase w;; by the value of
fa(1+pij);
Step 5. Set the objective
max{w.;:t €T,j € J}.

function value to

The complexity of objective function calculation
in the deterministic case is equal to O(|T| - |I] - |J]).

Once the objective function value of the solution
to the deterministic case (I' = 0) is calculated, the
corresponding objective function value for the robust
case (F > 0) may be obtained in an efficient manner
by using the result of the following theorem.

Theorem 2. Let fi, f5, ..., fu, fn+1 De the nonnegative
real parameters such that f; = f, = -+ =
fa = fne1 = 0 holds, and let T be a posi-
tive integer parameter I' € {0,1, ...,n }. If
z+r=2fi,i=1,..,n holds for
Z,11, Ty, o, Ty = 0, then the minimal value
of function Fr: R™ - R



Fr(z, 1y, ..,1) =L, + 7y

n
i=1
is achieved for z = fr,4.

The proof of Theorem 2 can be found in
Appendix A.

Let F™" represent the objective function value of
the robust model for the fixed protection level
parameter ' > 0. Let array ftkik ,1<k<M, M=
IT| - |I|, represent a permutation of f,;, t €T, i €I
such that

ftlil 2 ftziz 22 ftMiM~ (17)
From Theorem 2 and (13), it follows that
r
FPm = FRm 43 fos (18)
k=1

which allows us to easily calculate objective value of
the solution to the robust model (with I' > 0) when
the objective value of the corresponding solution to
the deterministic model (I" = 0) is known. Note that
similar conclusion may be applied for calculating
objective function value for the robust variant of the
problem proposed in [33].

4.3. Particle Swarm Optimization part

Particle swarm optimization method (PSO) is a
population-based metaheuristic, based on the idea of
swarm intelligence. Since 1995, when the concept of
PSO was introduced by Kennedy and Eberhart [14], it
has been applied to both continuous and discrete
optimization problems in a wide range of areas. An
overview of publications on applications of PSO to
various optimization problems may be found in [29].

The PSO works over a swarm X of particles mo-
ving in a N-dimensional search space (N = |T| - []]).
Each swarm represents a candidate solution to the
problem. PSO shares many similarities with evolutio-
nary-based algorithms, but the main difference is that
PSO includes no variation operators (e.g. crossover,
mutation), and therefore, it is easier to implement
compared to EA. In spite the fact that the structure of
PSO is simpler than the structure of EA, the PSO still
provides good and efficient diversification of solutions
in the search space.

In this study, we design a variant of PSO that is
used as population-based part of the proposed hybrid
method. In each iteration of the hybrid algorithm, PSO
is applied only to the set of non-elite solutions from
the previous iteration. Therefore, the initial swarm of
particles X in each iteration is actually the set of non-
elite solutions N,\N, from the previous iteration of
the hybrid method. The percentage of elite individuals
represents a parameter that is experimentally adjusted
(see Section 5.1).

Each particle i € X is assigned vectors x; € R"
andv; € R", i € X. A N-dimensional binary vector X;
represents the current position of a particle i € X and
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corresponds to a candidate solution in the search
space. The velocity of a particle is represented by a
N-dimensional vector v; with real coordinates that
take values from interval [Vpnin, Vimax], Where v,
and vy, are predetermined parameters. If a coordi-
nate of the velocity vector v; exceeds Vi, OF Vpyay, it
iS reset tOVy,in OF Vpayx, respectively. In addition, for
each particle i € X, its best visited position in N-
dimensional binary vector p; is memorized. The best
and the second best position visited by whole swarm
are saved in N-dimensional binary vectors g and g’,
respectively.

In the initialization phase, the positions of particles
are set in accordance with non-elite solutions that are
subject to PSO. More precisely, the position vector X;
of a particle i € X is equal to the binary code of a non-
elite solution i € N,\N,. Coordinates of velocity vec-
tor v;, I € X are obtained by uniform distribution from
[Vinins Vmax]- Having in mind the nature of considered
problem, in the proposed PSO implementation, v,,;,
and v,,, are set to 0 and 1, respectively. Initial values
of vectors p;, i € X, g and g’ are also calculated in this
step.

After the initialization phase, in each PSO itera-
tion, a particle i € X successively adjusts its position
X; in respect to the best position p; visited by itself,
and the best position visited by the whole swarm g. In
addition, inspired by idea presented in [30], we use the
second best global position g’ when adjusting a par-
ticle’s position. In [30] it is experimentally confirmed
that the variant of PSO that uses the second best glo-
bal position has better performance compared to the
standard PSO. Therefore, in each iteration, coordinates
of velocity change vector Av;; of a particle i are
calculated as:

AVi,l = rpcp(pi - Xi) + rgcg(g - Xi) +

rg:cgr(g' -x),l=1,2,..,N,i € X.

Note that velocity change vector of a particle also
depends on a cognitive learning parameter 7;,, and
social learning parameters 7; and 7y

Parameter 7, represents the attraction that a partic-
le will fly toward its own success, while parameters 7,
and 7y denote the tendency that a particle will be

leaded by the success of the best and the second best
positioned particle in whole swarm, respectively. In
each PSO iteration, the values of parameters r,, r; and
rgr are chosen by uniform distribution from the
interval (0;1). The values of ¢,, ¢; and ¢y are taken
from paper by Shin and Kita [30]: ¢, = ¢; = 1.5, and
cq' =5, since they are experimentally determined in
[30]. Parameters c,, ¢; and c s have constant values
through all PSO iterations.

In each PSO iteration, flying direction of a particle
i € X is calculated as:

1, ifVi’l + Avi'l > 1,
vil «— O, ifVi’l + Avi'l < 0,
v+ Avyy otherwise.
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After we obtain the flying direction of particle
i € X, a new particle position is calculated as x; =
X; + v;. Since we are dealing with discrete problem
with binary variables, the velocity of a particle is
associated with the probability that a bit in a particle’s
position vector will take the value of 1. Therefore, a
sigmoid function S(v) =1/(1+e77) is used to
normalize the coordinates of velocity vector into
interval [0,1], see [15]. A random number r is
generated uniformly from (0,1), and the coordinates
of position vector x;,,l = 1,2,...,N of particle i € X
are adjusted as follows:

{1, ifr <(1+e Vi)t

Xi1 < .

’ 0, otherwise.

In this way, it is ensured that x;; € {0,1}, [ =
1,2,...., N for the adjusted position of particle i € X.

Note that it may happen the new particle position
X; may correspond to an infeasible solution. This
situation will occur if the total number of bits x;,;, [ =
1,2,...., N with the value of 1 is greater than k,,,,, or
if for some t € {1, 2, ...,|T|}, the number of bits x;,
with the value of 1 in the #-th segment of X; is smaller
than k;,;, .. If the total number of bits with the value
of 1 is k, where k > k4., we randomly choose k —
kmax coordinates x;, with the value of 1 and invert
them to 0. Similarly, if number of bits with the value
of 1 in the #th segment is k., where k; < Kipine,
exactlyky,;, + — k¢ randomly chosen coordinates with
the value of 0 are inverted to 1.

If a particle i € X has moved to a better position X;
compared to its best local position, vector p; is
updated with x;. If the new best local position is better
than the best global one, the best global position g of
the swarm is updated. The second best global position
g’ is also updated, if necessasry.

4.4. Reduced Variable Neighborhood Search part

Variable neighborhood search (VNS) is a metah-
euristic method proposed by Mladenovi¢ and Hansen
in [23]. The basic idea of VNS is systematic change of
neighborhood within a local search. In general, VNS
sequentially explores neighborhoods of the current
solution looking for a better solution, and moves from
the current solution to its neighbour if an improvement
was made. The summary of VNS applications to
various optimization problems and its hybrids with
other optimization techniques can be found in [35].

Let U;(r) denotes the set of solutions belonging to
the /-th neighborhood of the current solution r, where
lnax denotes the number of different neighborhood
structures. Assuming that [ is initially set to 1, the
basic VNS procedure typically consists of the follo-
wing three phases:

e Shake — generate a random solution 7’ from the

[-th neighborhood of the current solution U;(7);
e Local search — apply a local search method

starting from the randomly generated solution

r' € U;(r) and find a local optimum in U,(r);
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e  Move — if the local optimum is better than the
current solution, move there and set [ « 1.
Otherwise, set | < [ + 1.

These steps are repeated until [ = [,,,,,. The initial
VNS solution is randomly generated, but it also may
be obtained by the means of some other heuristic. In
this way, it is ensured that VNS starts the search from
a good quality solution.

In cases that local search is costly, the acceleration
of VNS may be achieved by completely omitting the
local search phase. This is the basic idea behind the
variant of VNS, denoted as Reduced Variable
Neighborhood search (RVNS). In RVNS, solutions are
chosen at random in successive neighborhoods of the
current solution, and the search is restarted each time
when an improvement is obtained (see [12]). In this
paper, we have used Reduced Variable Neighborhood
Search instead of basic VNS, in order to achieve
improvements within short running times. The results
of preliminary experiments showed that the idea of
omitting local search drastically reduced running time
of the hybrid PSO-RVNS, while the solution quality
was preserved.

The RVNS method is applied each iteration of the
proposed hybrid algorithm. Let us consider a solution
r to the problem, and let (t,j),t € T, j € J denote a
bit on ((t —-1-|J] +j) -th position in the code of
solution r. Neighbourhood structures U;(r),l = 1,2,3
used in this paper are as follows:

e U;(r) — the set of solutions obtained from solu-
tion r by swapping two different bits (t, i) and
(t,)),i,j €],i # j in the same code’s segment
te{l,..,\T|};

e U,(r) — the set of solutions obtained from
solution r by swapping bits (t;,i) and
(t5,)),1,j € ] belonging to two different code’s
segments tq,t, € {1,...,|T|}, t; # ty;

e U;(r) — the set of solutions obtained from the
solution r by inverting a randomly chosen bit
(t,j),i€] from a code’s segment tE€
{1,....IT|}

The basic structure of the RVNS procedure used in
this study is presented by Algorithm 2. In each itera-
tion of the proposed hybrid method, the RVNS heuris-
tic is applied 10 times to each solution r from the
population N,. A neighbor solution ' is considered
better than solution r, if the objective function f(r") is
less than ¢, - f(r). The value of parameter c, is adjus-
ted by using analysis of variance (see Section 5.1).

When generating a neighbor solution r in the
Shaking phase of the RVNS, it is necessary to either
invert the bit values from 0 to 1, or from 1 to 0 in the
code of current solution r. Instead of recalculating
objective function value of the generated neighbor
from the beginning, we take into consideration only
changes in objective value that resulted from inversion
of the particular bit of the current solution r. The
applied strategy significantly reduced computational
time of the RVNS part.



Algorithm 2. RVNS method

1: for each solution r € N, do
2: l<1

3:  whilel <1, do

4: Shaking: generate randomly solution r' € U; (1)
5: if f(r") < c, - f(r) then

6: rer!

7: le1

8: else

9: le<l+1

10: end if

11:  end while

12: end for

Let us assume that the value of ((t -1 +j)-
th bit in the code of current solution is changed from 1
to 0. It means that emergency unit at location j in time
period t is removed. Therefore, the sum of f;; among
all cities i that were assigned to the unit at location j
in time period t becomes 0. Each city i that was
assigned to the unit at location j in time period ¢, is
now being assigned to the established unit at its
closest location j' in the same time period. The value
of the workload of the unit at location j' is further
updated. Since we only consider the set of cities that
were assigned to the unit at location j in time period ¢,
the overall computational time of this step is reduced
from O(IT| - 1 - I71) to O(|J;] - /1)

Similarly, let us assume that the value of ((t -1)-
I/l + j) -th bit in the code of current solution is
inverted from 0 to 1. This implies that emergency unit
at location j in time period t is now established. For
all cities i € I, we check if the value d;; is less than
d;x, where k is the location of the closest established
emergency unit for city { € [ in time periodt € T. If
d;j < dy holds, the city i € I is now assigned to the
unit at location j in time period t. The workload of
location j is increased by f;;, while the workload of
location k is decreased by the same value. As in

previous case, the overall computational time of this
step is O(|I]).

4.5. Other aspects of the PSO-RVNS

Initial population, containing |N,| individuals, is
generated by uniform distribution, thus providing a
good diversity of the initial solutions. Infeasible in-
dividuals in the initial population are corrected to be
feasible, as described in Section 4.3. The PSO method
corrects infeasible solutions that might appear during
PSO iterations (see Section 4.3), while RVNS impro-
vement procedure is designed in such way that the
feasibility of the solutions is preserved.

In the proposed PSO-RVNS, we use the elitism in
generation replacement strategy. All individuals are
ranked according to their objective function value, and
the best fitted |N,| ones are selected as elite indivi-
duals. These individuals directly pass in the next PSO-
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RVNS generation, and therefore, they do not need re-
calculation of the objective function value (since they
have been evaluated in one of previous generations).
In this way, we provide additional time-savings in
total CPU time. Remaining (non-elite) individuals are
replaced in the next generation. The percentage of
elite individuals is denoted as p,;, which represents
one of the parameters of the algorithm that is experi-
mentally adjusted. The number of elite individuals
[N,| is calculated as the product p,; - |N,| rounded to
the nearest integer.

If a duplicate individual appears during the algo-
rithm’s run, it is being removed by setting its objective
value to +oo. In this way, we tend to preserve the
diversity of individuals and to prevent the premature
convergence of the algorithm. The PSO-RVNS stops if
the solution with the best objective value remains
unchanged through rep subsequent generations.

The number of individuals in the population |N,|,
the percentage of elite individuals in the population
Pei» and the stopping criterion parameter rep are
experimentally determined by using analysis of
variance (see Section 5).

5. Experimental analysis

All computational experiments in this study were
carried out on an Intel i5-2430M 2.4 GHz with 8§ GB
RAM memory under Windows 7 operating system.
The CPLEX 12.1 commercial solver was employed to
obtain optimal solutions, if possible. The PSO-RVNS
implementation was coded in C++ programming
language. On each test instance, the proposed PSO-
RVNS was run 15 times.

In order to benchmark PSO-RVNS method, we
start from the real-life instances introduced in [33],
which are obtained from the network of Police Special
Forces Units (PSFUs) in the Republic of Serbia. These
instances involve geographical positions locations of
cities and potential locations for PSFUs in the
Republic of Serbia. The driving distances between the
cities and potential PSFU locations are calculated by
using given locations. The largest instance contains all
165 cities and 234 locations, while the smaller-size
instances are obtained by grouping cities and locations
that belong to one or more neighbor administrative
regions in Serbia. The average number of incidents on
a monthly basis f; for a city i € I is obtained from the
data provided by the Statistical Office of the Republic
of Serbia, see [33].

In the single-period case (|T| = 1), the PSORVNS
method was tested on instances 112,16 7 8,il 2 3 4
and i_all used in [33], and the obtained results were
compared with the EA-LS approach proposed in the
same paper. In order to benchmark PSO-RVNS for the
multi-period case, we have generated instances with
|T| = 2 and |T| = 3 periods by modifying instances
from [33].

In Table 1 we give the overview of test instances
used in our computational study. The first two colu-
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mns contain the name of the instance and its descript-
tion, respectively. The name of a single-period instan-
ce is the same as in [33], while the name of a multi-
period instance includes the number of periods. For
example, 112 _t2 denotes the instance with two periods
that is generated from instance i12 used in [33].
Column headings |I|, |/|, and |T| in Table 1 represent
the number of cities, potential locations and time
periods, respectively. The values of f;; are generated

Table 1. Overview of test instances used in computational study

in respect to the values of f; from [33]. For |T| = 2,
the values of f;; are in the ratio 1: 2, while for |T| = 3,
the corresponding ratio is 1:1:2. As in [33], it is
allowed that the values fti increase up to 5% from
their nominal values. For each instance presented in
Table 1, different values of k4, and parameter I' are
considered, while the values of parameters k¢,
t €T aresetto 1.

Name Description || M AT | f
i12 used in Stanimirovic et al. (2014) 17 21 1 hi=fi
i6_7_8 used in Stanimirovic¢ et al. (2014) | 32 46 1 hi=ri
il_2_3 4 used in Stanimirovic¢ et al. (2014) | 62 95 1 hi=fi
i_all used in Stanimirovi¢ et al. (2014) | 165 234 1 hi=1fi
il2_2 obtained from i12, |T| =2 17 21 2 | fu=fi/3. hi=2fi/3
i6_7_8_t2 obtained fromi6_7_8, |T| =2 32 46 2 | fu=1fi/3. Hhi=2f/3
i1_2 3 4 2 | obtained fromil_2_ 3 4,|T|=2 62 95 2 | fu=fi/3. fhi=2f/3
i_all_t2 obtained from i_all. |T| =2 165 234 2 | fi;=fi/3. Hi=2fi/3
i12_t3 obtained from i12, |T| =3 17 21 3 | hi=fhi=fi/4 fhi=fi/2
i6_7_8_t3 obtained fromi6_7_8, |T| =3 32 46 3| hi=hi=fi/4 fhi=fi/2
i1.2 3 4 t3 | obtained fromil_2 3 4,|T|=3 62 95 3 | hi=hi=fi/4 fhi=fi/2
i_all_t3 obtained from i_all. |T'| =3 165 234 3 | hi=fi=fi/4 fi=fi/2
Table 2. The results of parameter analysis test
Inst. Par. SS DF MS F P
il2 [Ny | 0.000 1 0.000  0.0000  1.0000
i12 ¢ | 0.000 2 0.000 0.0000 1.0000
il2 rep | 0.000 1 0.000  0.0000  1.0000
il2 Per | 0.000 1 0.000  0.0000  1.0000
i6._7 8 12 [Ny | 0.133 1 0.133  1.4268 0.6008
i6_7_8_t2 Cr 1.008 2 0.504 9.0634 0.0015
16_7_8_t2 rep | 0.246 1 0.246  2.1214  0.4879
i6_7_8_t2 Pe | 0.016 1 0.016 0.1992 0.9254
il 23413 | |NJ | 0000 1 0.000  0.0000  1.0000
il. 2343 ¢ | 0000 2 0000 00000 1.0000
il_2 3.4 t3 | rep | 0.000 1 0.000  0.0000  1.0000
il_2.3.4t3 | pg | 0.000 1 0.000  0.0000  1.0000
i_all [N¢| | 1.464 1 1464  2.0260 0.5013
i_all ¢ | 0542 2 0271 03387 0.7165
i all rep | 0.203 1 0.203  0.2599  0.9041
i all Pe | 1.497 1 1.497  2.0763  0.4942

5.1. Calibration of the PSO-RVNS parameters

In order to attain best performance of the proposed
PSO-RVNS algorithm, we have performed experi-
mental analysis of several parameters:

e |N,| — the size of population;

e ¢, — coefficient used in acceptance criterion for
the newly generated solution in RVNS part;

e rep — the maximal number of subsequent
generations without improvement of the best
solution;

® p, — the percentage of elite individuals in the
population.
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A full factorial design experiment is conducted to
obtain the best combination of parameters [24]. The
levels of parameters used in the experiment are as
follows:
parameter |N,.| has two levels — 30 and 60;

parameter c, has three levels — 1, 1.001 and
1.005;
parameter rep has two levels — 1000 and 2000;
parameter p,; has two levels — 66:67% and
75%.

The total number of combinations is 2-3-2-2 =
24. In order to test all considered combinations, we

use the subset of four problem instances: il12,
i6 7 8 t2,i1 2 3 4 t3, and i_all. On each instance,



PSO-RVNS algorithm was run 15 times for each com-
bination of parameters. For each considered instance
and each parameter combination, the best objective
value obtained by PSORVNS was memorized.

In Table 2, we present the results of the one-way
analysis of variance (ANOVA) for the conducted
experiments, see [24]. The column headings in Table 2
have the following meaning:

e Inst. — instance’s name;

Par. — parameter that is being tested;

SS — sum of squares between groups;
DF — degrees of freedom between group;
MS — mean of squares between groups;
F — the value obtained by F-test;

p — corresponding p-value.

Critical value used in the parameter analysis test is
set to 0.05. According to p-values presented in the last
column of Table 2, only parameter c, has some effect
on the objective value of the best PSO-RVNS solution
(see the results obtained for instances i6 7 8 t2 and

i all). For instances 112 and il 2 3 4 t3, each
combination of parameters leaded to the same result,
and therefore no parameter has significant effect when
testing these two instances. We may conclude that
parameters |N,|, rep and p,; do not have significant
effect on the obtained PSO-RVNS results. In all cases,
the value of ¢, = 1.001 showed to be the best choice,
while the values of other three parameters are set to

IN,| = 30, rep = 1000, and p,; = 75%.

5.2. Results and comparisons for single-period case

In this subsection we present the computational
results of the proposed PSO-RVNS for single-period
case and compare them with the results of EA-LS
method from [33] and CPLEX 12.1 commercial sol-
ver. The results and comparisons on the set of instan-
ces with |T| = 1 period, different values of k4, and
protection parameter [" are presented in Tables 3 — 7.
The meaning of the column headings through these
tables are as follows:

S. Miskovi¢, Z. Stanimirovi¢

Kimax — maximal number of locations to be
established;

I" — the value of parameter controlling the level
of robustness;

Sol. — the objective value of optimal solution
(obtained by CPLEX 12.1) or best-known
solution (when no optimal solution is known);
teprex[S] — running time of CPLEX 12.1
solver for the robust model from [33];

tepray[s] — running time of CPLEX 12.1
obtained the robust model from [33] when
using Theorem 2;
EA-LSpes — the objective value of the best EA-
LS solution, with mark opt or best when it
coincides with the objective value of optimal or
best known solution, respectively;
PSO-RVNS,., — the objective value of the best
PSO-RVNS solution, with mark opt or best
when it coincides with the objective value of
optimal or best known solution, respectively;
tpa_is[S] — average time (in seconds) for
which EA-LS produced its the best solution;
tpso—rvns|S] — average time (in seconds) for
which PSO-RVNS method produced its best
solution;
Incr[%] — increment of the objective value of
the solution for the given level of robustness I'.
In Table 3, the results for instance 112 and k4, €
{3,4,5} are presented. Both EA-LS and PSO-RVNS
reached all optimal results previously obtained by
CPLEX 12.1 solver. From the values presented in
column Impr[%], it may be noticed that objective
function value increases as parameter I increases. For
example, for k4., = 3, the increment of the objective
function ranges from 0% for I' = 0 (no deviation of
fti) up to 10.919% for I' = 17 (when all values of f;;
are changed). Similarly, for k., € {4,5} , the
objective function value increases from 0% forI' = 0
up to 15.232% for ' = 17.

Table 3. Results and comparisons for instance 112 (single-period case)

kmax | T Sol. |tcprex[s) fgi,ngEX [s]|EA-LSp.q |PSO-RVNS,.o | tEALS]S] |7Pso-rvNS[s]|Incr[%)]
3 10]27.5500] 0.37 0.37 opt opt 0.009 1.070 0.000
3 151]29.6708 0.76 0.37 opt opt 0.006 1.070 7.698
3 110]30.2250( 0.91 0.37 opt opt 0.008 1.070 9.710
3 115]30.5458] 0.48 0.37 opt opt 0.009 1.070 10.874
3 [17]30.5583( 0.50 0.37 opt opt 0.006 1.070 10.919
4 10 [19.7500] 0.34 0.34 opt opt 0.042 0.680 0.000
4 |5 (21.8708] 0.49 0.34 opt opt 0.036 0.680 10.738
4 |10(22.4250| 0.51 0.34 opt opt 0.041 0.680 13.544
4 |15(22.7458| 0.68 0.34 opt opt 0.041 0.680 15.169
4 |17(22.7583| 0.77 0.34 opt opt 0.036 0.680 15.232
S5 [0]19.7500( O.16 0.16 opt opt 0.012 1.020 0.000
5 | 5]21.8708( 0.44 0.16 opt opt 0.011 1.020 10.738
S5 110]22.4250( 0.42 0.16 opt opt 0.011 1.020 13.544
S5 [15]22.7458( 0.50 0.16 opt opt 0.011 1.020 15.169
5 [17]22.77583( 0.59 0.16 opt opt 0.011 1.020 15.232
Average| 24.51 0.53 0.29 opt opt 0.02 (0.03%) 0.92 9.90
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Table 4. Results and comparisons for instance i6_7_8 (single-period case)

kx| T S0l |icprex [s) 1oy £x [8) |[EA-LSpey |PSO-RVNS . | 7pa-1s[s] |tpso-ryws|s]|Iner[%]
10 [ 0 [29.1667] 7.1 7.1 opt opt 0.875 1.988 0.000
10 [10(37.0583 7.1 20.9 opt opt 0.777 1.988  |27.057
10 [20(39.3625 7.1 55.6 opt opt 1.031 1.988  [34.957
10 [25(39.9333 7.1 68.0 opt opt 1.074 1.988 [36.914
10 |32(40.2625 7.1 91.2 opt opt 1.000 1.988  |38.043
1110 [29.1667| 10.3 10.3 opt opt 0.831 2.514 0.000
11 [10[37.0583| 10.3 50.6 opt opt 1.325 2,514 |27.291
11 {20(39.3625 10.3 107.0 opt opt 1.141 2.514  |35.259
11 125(39.9333| 10.3 164.5 opt opt 1.127 2.514  |37.233
11 32(40.2625 10.3 140.0 opt opt 1.464 2,514  |38.371
12 |0 (284417 7.0 7.0 opt opt 1.577 1.809 0.000
12 [10(36.3333[ 7.0 21.2 opt opt 1.168 1.809 |27.746
12 {20(38.6375[ 7.0 314.1 opt opt 1.670 1.809  |35.848
12 {25(39.2083[ 7.0 271.1 opr opt 1.770 1.809  |37.853
12 32(39.5375[ 7.0 334.0 opt opt 1.558 1.809  {39.012
Average| 36.91 | 110.8 8.1 opt opt 1.23 (1.9%) 2.10 27.71

The average CPU time of EA-LS method for
instance 112 among all values of k,;,,, and I" was 0.02
s, while the average running time of PSORVNS was
0.923 s. However, it should be mentioned that EA-LS
method was tested on a machine with Intel Core i7-
860 2.8 GHz processor and 8 GB RAM memory,
which has higher performances compared to the
computing machine used for experiments in this study
(Intel Core 15-2430M 2.4 GHz processor with 8§ GB
RAM memory). Due to difference in computing plat-
forms, we have normalized the average computational
time of the EA-LS by using the approach described in
[10] and the data from http://www.cpubenchmark.net/.
The average normalized EA-LS running time
NAT(EA-LS) is equal to product of average EA-LS
time AT(EALS) multiplied by

PCPUS(Intel Core i7-860 2.8 GHz)

PCPUS(Intel Core i5—2430M 2.4 GHz)’

where PCPUS stands for Passmark CPU Score. There-
fore, the calculated normalized average EALS running
time for instance 112 is 0.03 seconds, which is given in
the last row of Table 3 with mark *.

Note that in [33], the CPLEX 12.5 solver was
applied to the robust model involving |I||J| + |J] +
|G| + 2 constraints and 2|I||J| + |G|IJ| + [I| + 3]]] +
|G| + 4 variables. From Theorem 2, it follows that
solutions for the robust case I' > 0 can be easily
calculated by using solution that was previously
obtained for the deterministic case I' = 0. Therefore,
in cases when I' > 0, we use the results of Theorem 2
and employ CPLEX 12.1 solver on the model with
[I1|]J] + |J| + 1 variables and 2|I||J| + |I| +3|J| +3
constraints. In order to investigate the effects of the
applied time-saving strategy when solving the robust
model, we have tested both variants by using CPLEX
12.1 solver on the same machine — Intel Core i5-
2430M 2.4 GHz processor with 8 GB RAM. By
comparing CPLEX 12.1 running times presented in
columns t;p;px[s] and térgfbfx [s], it can be seen that
the use of Theorem 2 speeds up optimization process
and enables CPLEX 12.1 to produce optimal solutions
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in significantly shorter CPU times. The average
running time of CPLEX 12.1 was 0.53 seconds when
solving the robust formulation from [33], while only
0.29 seconds was needed when using Theorem 2,
which is almost 2 times faster. The same strategy was
also used in the proposed PSO-RVNS method when
calculating objective function values for the robust
model. The PSO-RVNS uses the objective value of a
solution obtained for the deterministic case (I' = 0) to
efficiently calculate the corresponding objective value
in the robust case (I' > 0). For this reason, for each
considered instance, computational times of PSO-
RVNS obtained for the same value of parameter kmax
are the same for all T € {0, ..., |1|}.

In Table 4, we present results for instance i6_7 8
and k4, € {10,11,12} in the same way as in Table 4.
Both EA-LS and PSO-RVNS methods reach optimal
solutions, which were previously obtained by CPLEX
12.1 solver. As in the case of instance 112, it may be
noticed that objective function value increases as the
value of parameter I" increases. The highest increment
of the objective function value is obtained for I' = 32:
for kpqr =10, the objective function value is
increased by 38.043%, while for k.., =11 and
Kmax = 12, the objective value is increased by
38.371% and 39.012%, respectively. The average
computational time of PSO-RVNS was 2.10 seconds,
while the EA-LS showed to be slightly faster, since its
normalized average running time was 1.9 seconds.
Time savings obtained by using Theorem 2 when
solving the robust model by CPLEX 12.1 are more
obvious in the case of instance i6_7 8. In average,
CPLEX 12.1 needed 110.8 seconds when solving
robust model from [33] for instance i6_7 8 among all
values of k4, and I'. However, when applying the
results of Theorem 2, CPLEX 12.1 needed only 8.1
seconds (in average), which is more than 13 times
faster.

In Table 5 we present the results obtained for insta-
nce il 2 3 4 and k., € {21,22,23}. The EA-LS
and PSO-RVNS methods were successful in reaching
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Table 5. Results and comparisons for instance i1 _2 3 4 (single-period case)

kmax | T Sol. EA-LSpey | PSO-RVNSpe | fEarsls] | tpsorvns[s] | Incr[%]
21 0 | 63.7500 opt opt 0.764 6.923 0.000
21 15 | 80.8750 opt opt 0.725 6.923 26.863
21 30 | 87.3667 opt opt 0.634 6.923 37.046
21 45 | 90.8417 opt opt 0.673 6.923 42.497
21 55 | 92.2708 opt opt 0.736 6.923 44.738
21 62 | 92.6750 opt opt 0.862 6.923 45.372
22 0 | 63.7500 opt opt 0.502 5.144 0.000
22 15 | 80.8750 opt opt 0.564 5.144 26.863
22 30 | 87.3667 opt opt 0.474 5.144 37.046
22 45 | 90.8417 opt opt 0.624 5.144 42.497
22 55 | 922708 opt opt 0.584 5.144 44.738
22 62 | 92.6750 opt opt 0.625 5.144 45.372
23 0 | 63.7500 opt opt 0.502 3.238 0.000
23 15 | 80.8750 opt opt 0.434 3.238 26.863
23 30 | 87.3667 opt opt 0.764 3.238 37.046
23 45 | 90.8417 opt opt 0.622 3.238 42.497
23 55 | 92.2708 opt opt 0.389 3.238 44,738
23 62 | 92.6750 opt opt 0.712 3.238 45.372
Average 84.63 opt opt 0.62 (0.9%) 5.10 32.75

optimal solutions provided by CPLEX 12.1. From the
last column, it may be noticed that objective function
value increases as parameter I increases. The highest
increment of the objective function value is obtained
for ' = 62. For k4, € {21,22,23} objective function
value is increased up to 45.37%. The average CPU
time of PSO-RVNS method for instance il 2 3 4
among all values of k., and ' was 5.1 s, while the
normalized average CPU time of EA-LS was 0.9
seconds.

The proposed PSO-RVNS method shows its
advantages when the size of instances increases. The
results and comparisons for the largest instance i_all is
presented in Table 6. We have considered the same
values for parameter k., € {4,24,36,48,60} as in
[33]. Note that in the case of instance i_all, CPLEX
12.1 solver was unable to provide optimal solutions
with the given time limit of 3 h. For k. =4,
Kmax = 36, Kmax = 48 and ke, = 60, both PSO-
RVNS and EA-LS obtained the same (best-known)
solutions. However, for k4, = 24, the proposed
PSO-RVNS improved the best EA-LS solutions for all
0<T'<165. The PSO-RVNS was also superior
compared to the EA-LS regarding CPU times for the
largest instance i all. The normalized average
computational time of EA-LS method for instance
i all among all values of k4, and T' was 79.35
seconds, while the average computational time of the
proposed PSO-RVNS was 22.33 seconds, which is
around 3.5 shorter. From the last column, it may be
noticed that objective function value increases with
the increase of protection parameter I'. The highest
increment of the objective function value is obtained
for T = 165: for ke = 4, kinax = 24 and kypqy €
{36,48,60}, objective function value is increased by
10.985%, 47.395% and 48.354%, respectively.

The presented results for the single-period case
show that PSO-RVNS reached all optimal and best-
known solutions from [33]. In several cases of the
largest considered instance i_all, the proposed PSO-
RVNS improved best EA-LS solutions from the same
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paper. Regarding CPU times, the EA-LS appears to be
more efficient than PSORVNS when solving small
size instances, while it outperformed EA-LS in the
terms of computational time for the largest instance
i all. Computational results obtained with CPLEX
12.1 instance show significant improvements regar-
ding CPU times when using the results of Theorem 2.

5.3. Results for |[T| > 1

In this subsection we present the results on PSO-
RVNS instances with |T| =2 and |T| =3 time
periods. For each instance, we consider the different
values of parameter k,,,,. Similarly, as in the case
with one period, the objective values in the robust case
may be easily calculated by using the corresponding
values in the deterministic case. The values of the
parameter k., for each instance represent the
product of number of periods and value of k,,,, for
corresponding instance with one period. For example,
for instance 112 with one period, the values of k;,
are 3, 4 and 5, for twoperiod instance i12 t2 the
considered values of k4, are 6, 8 and 10, while for
three-period instance 112 t3, the values of k.4, are
equalto 9, 12 and 15, etc.

The results of of PSO-RVNS obtained on multi-
period instances in the deterministic case (I' = 0) are
presented in Table 7. This table also contains optimal
solution obtained by CPLEX 12.1 solver and the
corresponding running time tp; gy [s]. In cases when
CPLEX found no solution within the given time limit
of 3h, mark - is placed the corresponding row. When
PSO-RVNS reached optimal solution obtained by
CPLEX 12.1, it is denoted by mark opt. The remain-
der of the Table 7 follows the structure of tables from
the previous subsection. As it can be seen from
Table 7, CPLEX 12.1 provided optimal solutions for
15 out of 28 instances only. The proposed PSORVNS
method quickly reached all known optimal solutions,
but also provided solutions for 13 instances that
remained out of reach of CPLEX 12.1 solver. The
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Table 6. Results and comparisons for instance i_all and k,,,,, € {4,24,36,48,60} (single-period case)

Kmax T Sol. EA-LSpeq PSO-RVNS. TEA-LS [5 PSO-RVNS S] ]I]CI’[%]
4 0 483.6917 best best 48.677 23.499 0.000
4 15 | 504.2542 best best 52.734 23.499 4.078
4 30 | 516.1583 best best 35.366 23.499 6.290
4 45 | 523.9958 best best 49.120 23.499 7.692
4 60 | 528.9667 best best 36.289 23.499 8.559
4 75 | 532.7625 best best 41.764 23.499 9.211
4 90 | 535.8667 best best 28.730 23.499 9.737
4 105 | 538.3542 best best 48.150 23.499 10.154
4 120 | 540.4208 best best 46.912 23.499 10.497
4 135 | 541.9000 best best 52.284 23.499 10.742
4 150 | 542.8958 best best 34.576 23.499 10.905
4 165 | 543.3792 best best 34.972 23.499 10.985
24 0 66.2500 76.7500 best 92.374 16.024 0.000
24 15 86.8125 08.9653 best 78.782 16.024 23.686
24 30 | 98.7167 109.8166 best 85.067 16.024 32.889
24 45 | 106.5542 | 118.1625 best 77.434 16.024 37.825
24 60 | 111.5250 | 122.5306 best 83.975 16.024 40.596
24 75 | 1153208 | 127.0700 best 85.394 16.024 42,552
24 90 | 118.4250 | 128.8611 best 81.940 16.024 44.057
24 105 | 1209125 | 131.7458 best 99.130 16.024 45.208
24 120 | 122.9792 | 134.4950 best 82.663 16.024 46.129
24 135 | 124.4583 | 136.0944 best 80.534 16.024 46.769
24 150 | 125.4542 | 137.6958 best 509.596 16.024 47.192
24 165 | 125.9375 | 137.9986 best 76.599 16.024 47.395
36 0 63.7500 best best 53.7 14.9 0.00
36 15 84.3125 best best 34.6 14.9 24.38
36 30 96.2167 best best 43.8 14.9 33.74
36 45 | 104.0542 best best 45.4 14.9 3873
36 60 | 109.0250 best best 37.0 14.9 41.52
36 75 112.8208 best best 44.8 14.9 43.49
36 90 | 115.9250 best best 44.4 14.9 45.00
36 105 | 118.4125 best best 37.3 14.9 46.16
36 120 | 120.4792 best best 48.6 14.9 47.08
36 135 | 121.9583 best best 39.2 14.9 47.72
36 150 | 1229542 best best 51.0 14.9 48.15
36 165 | 123.4375 best best 46.0 14.9 48.35
48 0 63.7500 best best 15.0 26.6 0.00
48 15 84.3125 best best 13.1 26.6 24.38
48 30 96.2167 best best 11.6 26.6 33.74
48 45 104.0542 best best 13.7 26.6 38.73
48 60 | 109.0250 best best 11.8 26.6 41.52
48 75 112.8208 best best 13.1 26.6 43.49
48 90 | 115.9250 best best 13.0 26.6 45.00
48 105 | 118.4125 best best 12.7 26.6 46.16
48 120 | 120.4792 best best 13.7 26.6 47.08
48 135 | 121.9583 best best 12.4 26.6 47.72
48 150 | 1229542 best best 11.3 26.6 48.15
48 165 | 123.4375 best best 12.8 26.6 48.35
60 0 63.7500 best best 82 332 0.00
60 15 84.3125 best best 72 33.2 24.38
60 30 | 96.2167 best best 54 332 3374
60 45 104.0542 best best 72 33.2 38.73
60 60 | 109.0250 best best 7.0 332 41.52
60 75 112.8208 best best 6.1 332 43.49
60 90 | 1159250 best best 52 332 45.00
60 105 | 118.4125 best best 55 332 46.16
60 120 | 120.4792 best best 6.8 332 47.08
60 135 | 121.9583 best best 6.2 332 47.72
60 150 | 122.9542 best best 7.2 33.2 48.15
60 165 | 123.4375 best best 5.6 33.2 48.35
Average 213.39 216.24 best (213.39) 50.98 (79.35%) 22.33 30.87

average running time of PSO-RVNS on instances from
Table 7 was 53.3 seconds. As in deterministic case, the
increase of the objective function values follows the
increase of the protection parameter I'.

Tables 8-9 show the results obtained for modified
instance i all with |[T| =2 and |T| =3 periods,
respectively. As it was expected, these instances could
not be solved to optimality by CPLEX 12.1 solver
within the given time limit of 3 hours. For all
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instances from Tables 8-9 PSORVNS achieved its
best solutions in short CPU times. The average
running time of PSO-RVNS was 53.2 seconds for
i _all t2 and 129.6 seconds for i_all t3. The average
increase of the objective function value was 62.54%
and 85.23%, respectively.

Figure 1 shows the increment of the objective
function value as a function of parameter I in the case
of instance 112 t2. The function value increases for



S. Miskovi¢, Z. Stanimirovi¢

Table 7. Results of CPLEX and PSO-RVNS for instances with I' = 0, |T| = 2 and |T| = 3 (multi-period case)

Instance max Sol. tepex[s] | PSO-RVNS,.y, | tpso-rvns]s]
i12_12 6 15.3981 6.1 opt 2.9
i12_12 8 13.1667 3.6 opt 3.1
i12_12 10 13.1667 1.7 opt 1.8

i6_7_8_12 20 18.5000 308.5 opt 1.3
i6_7 8 12 22 18.5000 180.4 opt 34
i6_7 8 12 24 18.5000 133.0 opt 34
i1.23412 42 42.5000 1872.2 opt 9.7
i1.23412 44 42.5000 3426.2 opt 14.9
i1.23 412 46 42.5000 2696.2 opt 15.3

i_all_t2 8 258.0741 - best 32.7
i_all_2 48 42.5000 - best 73.6
i_all_t2 72 42.5000 - best 83.9
i_all_2 96 42.5000 - best 96.0
i_all_t2 120 42.5000 - best 103.5
i12_13 9 11.5486 78.6 opt 2.3
i12_13 12 9.8750 9.8 opt 5.0
i12_13 15 9.8750 6.3 opt 4.5

i6_7_8_13 3 13.8750 1229.5 opt 5.5
i6_7_8_13 33 13.8750 1289.3 opt 5.5
i6_7 8 13 3 13.8750 952.6 opt 4.8
il_2.3 413 63 31.8750 - best 44.5
i1.23 413 66 31.8750 - best 49.0
i1.2.3 413 [ 31.8750 - best 69.1

i_all_3 12 165.4549 - best 100.2
i_all_3 72 31.8750 - best 159.1
i_all_t3 108 31.8750 - best 204.5
i_all_3 144 31.8750 - best 206.7
i_all_3 180 31.8750 - best 187.2

Average 39.7968 - best 53.3
Table 8. Results of PSO-RVNS for instance i_all_t2 and Table 9. Results of PSO-RVNS for instance i_all t3 and

|T| = 2 (multi-period case) |T| = 3 (multi-period case)

Kmax r PSO-RVNS;.y | fpso-rvnsls] | Incr[%] kmax | T | PSO-RVNSpey | tpsorvns|s] | Incr|%]
8 0 258.0741 327 0.00 2] 0 165.4540 100.2 0.00
8 20 275.4060 327 6.72 12 | 25 180.9153 100.2 9.34
8 10 284.7963 327 10.35 12 | s0 189.2726 100.2 14.40
500 18000 27| 130 2 |10 aorois | 102 | 20
8 80 297.0685 327 1511 12 | 125 205.1184 100.2 2397
8 | 100 300.9907 327 16.63 12 | 150 | 2083965 100.2 25.95
8 120 304.2269 32.79 17.88 12 | 175 211.2465 100.2 27.68
8 | 140 306.9532 327 18.94 12 | 200 | 2135236 100.2 29.05
8 | 160 309.1213 327 19.78 12 | 225 215.4361 100.2 30.21
8 | 180 | 3110130 327 20.51 1212350 1 217.1340 100.2 31.23
¢ | wen | ny | 2|zl dmew | 2|2
8 220 313.9880 327 21.67 12 | 325 | 2210830 100.2 33.62
8 240 315.1019 32.7 22.10 12 | 350 222.0799 100.2 34.22
8 | 260 316.0546 327 2247 12 | 375 222.9632 100.2 34.76
s | 280 316.8088 327 2276 12 | 400 | 2237028 100.2 35.20
81300 | 3173463 27| 29 4% | meros | 1002 | wm
§ | 320 317.6977 327 23.10 12 | 475 225.0300 100.2 36.01
8 | 330 3177616 327 23.13 12 | 495 | 225.1424 100.2 36.07

48 0 42.5000 73.6 0.00 72 | 0 31.8750 159.1 0.00

48 | 20 59.8319 73.6 40.78 72 | 25 47.3354 159.1 48.50
48 | 40 69.2222 73.6 62.88 72 | 50 55.6927 159.1 74.72
48 | 60 76.2875 73.6 79.50 2 62.3740 159.1 95.68
48 | 80 | 814944 736 | 9L75 |15 | Tsss | 1m0 | e
48 | 100 85.4167 73.6 100.98 72 | 150 74.8167 159.1 134.72
48 120 88.6328 73.6 108.59 72 | 175 77.6667 159.1 143.66
48 | 140 91.3792 73.6 115.01 72 | 200 79.9437 159.1 150.80
48 160 93.5472 73.6 120.11 72 225 81.8562 159.1 156.80
48 | 180 95.4389 73.6 124.56 ;3 g;g giééﬁ i:g: :gé;g
48 1 200 97.0611 73.6 128.38 72 | 300 86.3875 150.1 17102
48 | 220 98.4139 73.6 131.56 72 | 325 87.5031 159.1 174.52
48 240 99.5278 73.6 134.18 72 | 350 88.5000 159.1 177.65
48 | 260 100.4806 73.6 136.42 72 | 375 89.3833 159.1 180.42
48 280 101.2347 73.6 138.20 72 400 90.1229 159.1 18274
48 | 300 101.7722 73.6 139.46 ;3 ﬁa g‘l]‘l";;g i:g: :g;‘g‘;
48 ) 320 102.1236 73.6 140.29 72 | 475 014510 150.1 186.91
48 330 102.1875 73.6 140.44 72 | 495 91.5625 159.1 187.25
Average 195.9299 53.2 62.54 Average 1442211 129.6 85.23
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Figure 1. Change in the objective function value as a function of I' for instance i12_t2
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Figure 2. Change in the objective function value as a function of I for instance i12_t3

0 <T < 34, while for I' = 34 it remains unchanged.
We present the result graphically for two values of
parameter k,,4,: 6 and 10. For k.., = 6, the highest
increment is obtained for I' > 34 and it is equal to
19.537. The value for k,,,4,, = 10 is equal to 22.848.
The blue line shows the values for k,,,, = 6, and the
red one for k4, = 10.

Similarly, Figure 2 presents the increment of the
objective function value as a function of parameter I
in the case of instance il12 t3. The function value
increases for 0 < I' < 51, while for I' = 51 it remains
unchanged. We present the result graphically for two
different values of pa rameter k,y4,: 9 (blue line) and
15 (red line). For k4, = 9, the highest increment is
obtained for I' = 51 and it is equal to 26.049. The
value for k,,,q, = 15 is equal to 30.464.

6. Conclusions

This study introduces a generalization of the prob-
lem of emergency service location from [33]. Having
in mind that needs for emergency service may vary on
weekly or daily basis, we involve multiple periods in
the model proposed in [33]. In addition, we impose
lower bounds on the number of services to be located
in each period and the upper limit on the total number
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of available emergency services through all periods.
Considering the nature of the problem, we further
propose a robust optimization model of the multi-
period problem which captures the uncertainty of
emergency incidents. It is assumed that input data
representing the number of incidents in the considered
city and time period are subject to uncertainty, and
they are modeled as independent and bounded random
variables with unknown distribution.

Both deterministic and robust variant of the multi-
period model are tested by CPLEX 12.1 solver on the
set of modified real-life instances [33]. In the case of
robust variant, we propose the strategy that speeds up
objective function calculation and therefore, significa-
ntly reduces the running time of CPLEX 12.1 solver.
In spite of the applied time saving strategy, the largest
problem instances remained out of reach for CPLEX
within the given time limit of 3h. Therefore, a hybrid
optimization approach (PSO-RVNS), based on combi-
nation of Particle Swarm Optimization (PSO) and
Reduced Variable Neighbourhood Search (RVNS), is
proposed. The elements of the proposed hybrid PSO-
RVNS are designed for the problem under conside-
ration and its parameters are experimentally adjusted
to obtain the best algorithm’s performance.



The results of the conducted computational experi-
ments showed that the proposed PSO-RVNS quickly
reached all optimal solutions obtained by CPLEX 12.1
for both deterministic and robust variants of the
problem. In cases when optimal solutions are known,
the PSO-RVNS steadily converged to its best solution
in short CPU times. In the single-period case, it has
been shown that for largest problem instances, the
PSO-RVNS outperformed the EA-LS method from
[33] in the case of both solution quality and CPU
times. The analysis of the solutions obtained in the
robust case of the multi-period problem showed that
the value of objective function increases as the
protection level parameter I' increases, as in the
single-period case.

Based on the presented results of computational
experiments, we conclude that the proposed PSO-
RVNS showed to be successful when solving both
deterministic and robust variant of the multi-period
emergency service location problem, and it represents
a promising approach that may be applied to similar
location problems. Some directions for future work
involve parallelization of the proposed PSO-RVNS
method and its hybridization with other heuristic or
exact optimization techniques.
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Appendix A. Objective function calculation for the case I' > 0

For the objective function calculation in the case
I' > 0, we use the results of Theorem 2.

Proof. (Theorem 2) Let us first assume that z #
fi holds for all k, 1 <k <n + 1. Therefore, there
exists an index j such that z = f; — t, where t > 0.
Letz' =fj=z+tandr{ =r,—t,1<i<n. We
now have

Z’+ri=0E -0)+0/+t)=z+1; = fi,(A])
and
Fr(z,1y,..,t) =Tz+ Y 1

=T -0+ ), 0 +t)

=Tz’ + ) r+@m-Dt

=F (2, 7], ....,13) + (n—D)t. (A.2)
Since 0 < T’ < n, it follows that
Fr(z, 1, o 1) = Fp(2', 7, . 1),

We may now conclude that it is enough to
consider the case when z = f; fork € {1,...,n + 1}.
Let z = f;, for some k € {1, ...,n + 1}.

In order to achieve the minimum of

FF(ZI LT rn),

the following conditions need to be satisfied for all
1<i<n:

_(fi—z iffi=z
= { 0, iffi<z @3)
From (A.3) it follows that
i —2z, ifi <Kk,
e {ﬁ 0, ifi>k (@4)

We now rewrite Fr(z,1y, ..., 7;,) as
Fr(z,1ry, ..., i) =2 1+ Tz
=Y (fi = fid) + Tfe
=25 fi + T = Bfe. (A.5)

The following cases may be distinguished:
1°If k =T + 1, then

S it =0 fi= S fi+ (O =T = Dfpssy
= Z{=1fi + fl“+1 - fl“+1
=X fi (A.6)
2°Ifk > T + 1, then
i+ T—fe=3L1f
+Y i fi+ T = 0fi
=Y it Y i f. (AT
Since f;=>f, for all ie{l+1,..,k}, for
k >T + 1 we have
it Y (fimfO=3l fi (A8)
3°Ifk <T +1, then
]i(=1fi + (F - k)fk = zr=1fi
- {=k+1fi + (F - k)fk =
Lo fit D= £- (A9)

Note that in this case for alli € {k + 1, ...,['}, we
have f;, > f;. Therefore, for k < I + 1, we have

Lifit D= 2 I fi (A10)
From cases 1° — 3°, we may conclude that the
minimal value of Fp(z,1y, .., 1) =, + XL 1 is
obtained for z = fr,,, and it is equal to F/" =
i=1fi- [



