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Investigation of the Gerber-Shiu discounted penalty function on finite time horizon
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Abstract. In this paper, the classical risk model with exponential claim sizes is considered. The explicit expression of
the Gerber-Shiu discounted penalty function ψ(x, δ, t) and discounted moments φm(x, δ, t) on finite time horizon is obtained,
where δ > 0 is the force of interest, x - the initial reserve. Also the expression of the Gerber-Shiu discounted penalty function
on time interval [t1, t2] is derived. The dependance of discounted penalty function on the main parameters x, θ, λ, δ, µ is
presented in diagrams, where λ > 0 is the parameter of Poisson process, θ > 0 is the safety loading coefficient and µ is the
parameter of claim distribution.
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1. Introduction and main result

In 1957, Sparre Andersen [1] proposed a classi-
cal risk model, which was applied to the risk business
of an insurance company. In this model, the insurer’s
surplus process {U(t), t ≥ 0} is given by

U(t) = x+ ct−
N(t)∑
i=1

Yi,

where x is insurer’s initial surplus, c is the rate of
premium income per unit time. {N(t), t ≥ 0} is a
Poisson process with parameter λ. Individual claims
Y1, Y2, ... form a sequence of independent and iden-
tically distributed positive random variables, with Yi
representing the amount of the i-th individual claim.

Define Tx to be the time to ruin, so that

Tx = inf{t > 0 : U(t) < 0|U(0) = x}.

If U(t) ≥ 0 for all t, then Tx =∞. The function

ψ(x) = P (Tx <∞)

is called the ruin probability, and the function

ψ(x, t) = P (Tx < t)

is called the finite time ruin probability.

In 1998, Gerber and Shiu [2] proposed, instead
of the probability of ruin in the classical risk model,
to analyze the discounted penalty function

ψ(x, δ) = E(e−δTxI{Tx<∞}), δ ≥ 0.

This function describes the expectation of the present
value of future ruin and is called the Gerber-Shiu dis-
counted penalty function. Here, δ is the force of inter-
est and Tx is the ruin time. In this case the penalty at
the moment Tx is accepted to be unit.

In 2000, a number of fundamental results about
the properties of ψ(x, δ) were presented by Willmot
and Lin [3]. For example, one of results says that the
Gerber-Shiu discounted penalty function ψ(x, δ) sat-
isfies the defective renewal equation. We formulate
this assertion below.

Theorem 1. [3] Assume that claim sizes Y1, Y2, ...
in the classical model have absolutely continuous dis-
tribution with a d.f. H(y) and a finite mean EY. Let
N(t) be a Poisson process with parameter λ, and let
the premium rate c = λEY (1 + θ), with θ > 0. Then
ψ(x, δ) satisfies the defective renewal equation:

ψ(x, δ) = φ̂

∫ x

0

ψ(x− y, δ)dF (y) + φ̂F̄ (x), 
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where

F̄ (x) =

∫∞
0
e−ρyH̄(x+ y)dy∫∞

0
e−ρyH̄(y)dy

,

φ̂ =

∫∞
0
e−ρyH̄(y)dy
EY (1 + θ)

and ρ is the unique non-negative root of Lundberg’s
equation

λ

∫ ∞
0

e−ρyH(y)dy = λ+ δ − cρ.

In 2005, using the double Laplace transform,
Garcia [5] obtained the expression for the density
function of the time to ruin in the case where indi-
vidual claims have mixed exponential distribution and
Erlang(2) distribution.

In 2003, Drekic and Willmot [4] obtained the
probability density function of the time of ruin Tx
in the classical risk model with exponential claim
sizes with parameter µ. By inversion of the associ-
ated Laplace transform they have got an expression
of this function:

f(t) =
e−µxe−λ(2+θ)t

t
√

1 + θ

∞∑
n=0

(n+ 1)(µx)n

n!(
√

1 + θ)n
(1)

× In+1(2λt
√

1 + θ),

where

Ip(y) =
∞∑
k=0

(y/2)2k+p

k!(k + p)!
(2)

is the modified Bessel function of the first kind of or-
der p.

In this paper, we analyze the classical risk model
with exponential claim sizes. Our purpose is to find
the explicit expression of the Gerber-Shiu discounted
penalty function on the finite time horizon:

ψ(x, δ, t) = E(e−δTxI{Tx<t}), δ ≥ 0, t > 0.

Also we derive the expressions for discounted mo-
ments on the finite time horizon

φm(x, δ, t) = E(Tmx e
−δTxI{Tx<t}),

m = 1, 2, ..., t > 0, δ ≥ 0

and for Gerber-Shiu discounted penalty function on
time interval [t1, t2]:

γ(δ, x, t1t2) = E(e−δTxI{t1<Tx<t2})

where

δ ≥ 0, t1, t2 > 0.

Finally, all derived expressions are examined for var-
ious parameter choices (see Fig. 1 - 3). The following
statement is the main result of this paper.

Theorem 2. Assume the claim sizes Y1, Y2, ... in
the classical risk model have an exponential distri-
bution with parameter µ. Let, in addition, λ be the
parameter of a Poisson process, c = λEY (1 + θ) be
a premium income rate with positive parameter θ, let
x ≥ 0 be an initial surplus and let non-negative δ be
the force of interest. Define ν = δ + λ(2 + θ) and
κ = λ

√
1 + θ. Then the following statements hold.

(a) The Gerber-Shiu discounted penalty function on
the finite time horizon has the following form:

ψ(x, δ, t) = φe−(1−φ)µx − e−νt
∞∑
j=0

(νt)j

j!

×
(
φe−(1−φ)µx − λ

ν
e−µx

×
j−1∑
n=0

n+ 1
n!

(
µλx

ν

)n

×
[ j−n+1

2 ]−1∑
k=0

(2k + n)!
k!(k + n+ 1)!

(
κ

ν

)2k)
,

where

φ =
λ(ν −

√
ν2 − 4κ2)

2κ2
.

(b) The Gerber-Shiu discounted penalty function on
time interval [t1, t2] is given by

γ(x, δ, t1, t2) =
λ

ν
e−µx

∞∑
n=0

(n+ 1)
n!

(
µλx

ν

)n
×
∞∑
k=0

(2k + n)!
k!(k + n+ 1)!

(
κ

ν

)2k

×
n+2k∑
j=0

(
tj1e
−νt1 − tj2e−νt2

)
.

(c) Discounted moments on the finite time horizon are
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φm(x, δ, t) =
νm+1

λ
eµxφm(x, δ)

− λ

νm+1
e−(µx+νt)

∞∑
j=0

(νt)j

j!

×
(
φm(x, δ)−

j−1∑
n=0

n+ 1
n!

(
µλx

ν

)n

×
[ j−n+1

2 ]−1∑
k=0

(2k + n+m)!
k!(k + n+ 1)!

(
κ

ν

)2k)
,

where

φm(x, δ) =
e−

µθx
1+θ

1 + θ

(m− 1)!
λm

×
m−1∑
i=0

(
λx

c

)m−1−i (m− i+ λx
c )

(m− 1− i)!

×
i∑
l=0

(
m

i− l

)(
m+ l − 1

l

)
θ−m−l.

2. Proof of Theorem 2

In this section, applying (1) and (2) we will de-
rive the expression of the Gerber-Shiu discounted
penalty function on the finite time horizon as well as
on time interval [t1, t2]. Also we will find the expres-
sion for discounted ruin moments. We start our proof
of the theorem from part (c).

Step (1). According to (1) and (2),

φm(x, δ, t) = E(Tmx e
−δTxI{Tx<t} (3)

=
∫ t

0

ume−δuf(u)du

=
e−µx√
1 + θ

∞∑
n=0

(n+ 1)(µx)n

n!(
√

1 + θ)n

×
∫ t

0

um−1e−u(δ+λ(2+θ))

× In+1(2λu
√

1 + θ)du,

where

In+1(2λu
√

1 + θ) =
∞∑
k=0

u2k+n+1 (4)

× (λ
√

1 + θ)2k+n+1

k!(k + n+ 1)!
.

Substitution of (4) into (3) yields

φm(x, δ, t) =
e−µx√
1 + θ

×
∞∑
n=0

(n+ 1)(µx)n

n!(
√

1 + θ)n

×
∞∑
k=0

(λ
√

1 + θ)2k+n+1

k!(k + n+ 1)!

×
∫ t

0

e−u(δ+λ(2+θ))u2k+n+mdu.

Since ν = δ + λ(2 + θ), κ = λ
√

1 + θ and

∫ t

0

e−νuu2k+n+mdu =
(2k + n+m)!
ν2k+n+m+1

×
(

1− e−νt
2k+n+m∑
j=0

(νt)j

j!

)
,

we get the explicit expression of φm(x, δ, t):

φm(x, δ, t) =
λ

νm+1
e−µx (5)

×
∞∑
n=0

(n+ 1)
n!

(
µλx

ν

)n
×
∞∑
k=0

(2k + n+m)!
k!(k + n+ 1)!

(
κ

ν

)2k

×
(

1− e−νt
2k+n+m∑
j=0

(νt)j

j!

)
.

Next, we change the order of the summation in (5)
and our expression becomes

φm(x, δ, t) =
λ

νm+1
e−µxα(x) (6)

− λ

νm+1
e−(µx+νt)

∞∑
j=0

(νt)j

j!

×
(
α(x)−

j−1∑
n=0

n+ 1
n!

(
µλx

ν

)n

×
[ j−n+1

2 ]−1∑
k=0

(2k + n+m)!
k!(k + n+ 1)!

×
(
κ

ν

)2k)
,
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where

α(x) =
∞∑
n=0

(n+ 1)
n!

(
µλx

ν

)n
×
∞∑
k=0

(2k + n+m)!
k!(k + n+ 1)!

(
κ

ν

)2k

.

Note that

φm(x, δ) = lim
t→∞

φm(x, δ, t) =
λ

νm+1
e−µx

×
∞∑
n=0

(n+ 1)
n!

(
µλx

ν

)n
×
∞∑
k=0

(2k + n+m)!
k!(k + n+ 1)!

(
κ

ν

)2k

.

Since (e.g. Drekic and Willmot, [4], equation (3.11))

φm(x, δ) =
e−

µθx
1+θ

1 + θ

(m− 1)!
λm

×
m−1∑
i=0

(
λx

c

)m−1−i (m− i+ λx
c )

(m− 1− i)!

×
i∑
l=0

(
m

i− l

)(
m+ l − 1

l

)
θ−m−l,

we have that

α(x) =
νm+1

λ
eµxφm(x, δ). (7)

Finally, substituting (7) in into (6) yields

φm(x, δ, t) =
νm+1

λ
eµxφm(x, δ)

− λ

νm+1
e−(µx+νt)

∞∑
j=0

(νt)j

j!

×
(
φm(x, δ)−

j−1∑
n=0

n+ 1
n!

(
µλx

ν

)n

×
[ j−n+1

2 ]−1∑
k=0

(2k + n+m)!
k!(k + n+ 1)!

(
κ

ν

)2k)
.

Step (2). It is evident that

φ0(x, δ, t) = E(e−δTxI{Tx<t}) = ψ(x, δ, t).

Hence, if we take m = 0 in equation (5), we get
the expression of the Gerber-Shiu discounted penalty

function on the finite time horizon

ψ(x, δ, t) =
λ

ν
e−µx

∞∑
n=0

(n+ 1)
n!

(
µλx

ν

)n
×
∞∑
k=0

(2k + n)!
k!(k + n+ 1)!

(
κ

ν

)2k

×
(

1− e−νt
2k+n∑
j=0

(νt)j

j!

)
.

Analogously as in Step(1), changing the order of
summation in the last expression we get

ψ(x, δ, t) =
λ

ν
e−µxβ(x) (8)

− λ

ν
e−(µx+νt)

∞∑
j=0

(νt)j

j!

(
β(x)

−
j−1∑
n=0

[
j−n+1

2

]
−1∑

k=0

(2k + n)!
k!(k + n+ 1)!

(
κ

ν

)2k)
,

where

β(x) =
∞∑
n=0

(n+ 1)
n!

(
µλx

ν

)n
×
∞∑
k=0

(2k + n)!
k!(k + n+ 1)!

(
κ

ν

)2k

.

Since

ψ(x, δ) = lim
t→∞

ψ(x, δ, t) =
λ

ν
e−µxβ(x)

and (see e.g. Willmot and Lin, [3], equation (4.1.12))

ψ(x, δ) = φe−µ(1−φ)x,

we obtain that

β(x) =
∞∑
n=0

(n+ 1)
n!

(
µλx

ν

)n
(9)

×
∞∑
k=0

(2k + n)!
k!(k + n+ 1)!

(
κ

ν

)2k

=
φν

λ
eµφx,

whith φ defined in the statement of Theorem 2.
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Substituting (9) into (8) yields

ψ(x, δ, t) = φe−(1−φ)µx − e−νt
∞∑
j=0

(νt)j

j!

×
(
φe−(1−φ)µx − λ

ν
e−µx

×
j−1∑
n=0

n+ 1
n!

(
µλx

ν

)n

×

[
j−n+1

2

]
−1∑

k=0

(2k + n)!
k!(k + n+ 1)!

(
κ

ν

)2k)
.

Step (3). In this step the expression of γ(δ, x, t1, t2)
will be obtained. According to (1) and (2) we have

γ(δ, x, t1, t2) = E(e−δTxI{t1<Tx<t2}) (10)

=
∫ t2

t1

e−δuf(u)du

=
e−µx

κ

∞∑
n=0

(n+ 1)(µx)n

n!(κ)n

×
∞∑
k=0

(λκ)2k+n+1

k!(k + n+ 1)!

×
∫ t2

t1

e−uνu2k+ndu.

Since∫ t2

t1

e−νuu2k+ndu = − (2k + n)!
ν2k+n+1

×
2k+n∑
j=0

(
tj2e
−νt2 − tj1e−νt1

)
,

it follows from (10) that

γ(δ, x, t1, t2) = λe−µx
∞∑
n=0

(n+ 1)(µx)n

n!(κ)n

×
∞∑
k=0

(λκ)2k+n

k!(k + n+ 1)!
(2k + n)!
ν2k+n+1

×
n+2k∑
j=0

(
tj1e
−νt1 − tj2e−νt2

)
.

3. Graphs

In this section, we present several plots of the
functions whose expressions were derived in this pa-
per.

In graphs I, II and III dependance of the function
ψ(x, δ, t) on main parameters is presented. As we
may note, in all cases the function decreases in pa-
rameter x and increases in parameter t. Such a behav-
ior can be explained by the dependence of the value
of future ruin on the size of initial capital x. The
bigger initial capital of insurance company the less
probability to go bankrupt in future. Looking more
closely at the main parameter settings in these exam-
ples, we may examine the known function in more de-
tail. While the fixed value of the claim intensity λ re-
mains small (graphs I, III), we observe that the value of
future bankruptcy is less than in the cases where this
parameter is large enough (graph II). Moreover, com-
paring these graphs, we see that the value of future
bankruptcy is visibly smaller when λ is very small. If
we take δ = 0 (graph IV), we get the plot of ruin prob-
ability ψ(x, t) with decreasing failure rate behavior
by x and increasing by t.

Further, with parameter value m = 1, we get
plots of the discounted mean φ1(x, δ, t) on finite time
horizon (graphs V - VIII ), whose tendency of behav-
ior is similar to that of the function ψ(x, δ, t). More-
over, in the case δ = 0 (graph VIII) we have plots of
the mean of time to ruin, where the increase of the
initial capital x causes the decrease of the function
φ1(x, δ, t) with all t.

Finally, in the last two graphs we may observe
plots of the discounted penalty function on time in-
terval [t1, t2]. Comparing these two plots (graphs IX

and IX), we note that the lager time interval, the value
of future bankruptcy lager. Moreover, if we look more
closely, large value of the initial capital x has the pos-
itive impact on function’s γ(x, δ, t1, t2) behavior. As
we can see, the values of future bankruptcy are less
when initial capital remains bigger and increase with
small values of initial capital x.
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Fig.1. ψ(x, δ, t) dependance on parameters x, t, λ, µ, and δ.

Fig.2. φ1(x, δ, t) dependance on parameters x, t, λ, µ, and δ.

Fig.3. γ(x, δ, t1, t2) dependance on parameters x, t1 and t2.
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4. Conclusions

The main goal of this article was to get the ex-
pressions of:

1. the Gerber-Shiu discounted penalty function on fi-
nite time interval;
2. discounted moment on finite time horizon;
3. the Gerber-Shiu discounted penalty function on
time interval [t1, t2].

To derive all these expressions, the known probabil-
ity density function of ruin time has used. Also all
mentioned functions were examined for various pa-
rameters settings and presented graphically.
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Diskontuotos Gerber-Šiu baudos funkcijos
tyrimas baigtiniame laiko intervale
J.Kočetova, J.Šiaulys

Šiame darbe gautos žemiau išvardintų dydžių išraiškos.

1. Gerber-Shiu diskontuotos baudos funkcijos baigtiniame
laiko intervale;
2. Diskontuoto momento baigtiniame laiko intervale;
3. Gerber-Shiu diskontuotos baudos funkcijos intervale
[t1, t2].

Pastarųjų išraiškų išvedimui buvo panaudota žinoma bankroto
laiko tankio funkcija. Visos minėtos funkcijos su įvairiomis
parametrų reikšmėmis pavaizduotos grafiškai.
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