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THE MATHEMATICAL MODELS FOR THE MULTISTAGE
INVENTORY CONTROL PROCESSES
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Abstract. In this paper two mathematical models of multistage inventory control processes with continuous and
discrete density functions of demands are investigated. These processes are modelled by recursion equations of the
dynamic programming. For inventory control problem with the continuous density function there was created a new
continuous optimal control problem, which is equivalent to the given one. Applying the maximum principle solves this
new problem. The optimal policy ordering policy is defined. Also, we have found the optimal policy for ordering of
products in the multistage inventory control problem with the discrete density function of demands. In this case such
number of moments of time was found that the demands are satisfied without extra products.
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1. Indroduction

The inventory control theory is one of the newest
operation research branches. The formulation of the
inventory control problem depends on the concrete
situation. However, there exist many common factors
whose give an opportunity to create a sufficiently
common model for the inventory control. In 1951
economists. Arrow (laureate of the Nobel prize in
1972), Harris and Marshak formulated the creation
principles of the mathematical model for the inventory
control problem. Latterly, many mathematicians and
economists in close cooperation with other scientists
work on solving the inventory control problems. A lot
of publications on the general inventory control theory
have been published [3, 4, 5]. Though, in many cases,
only the inventory control processes with linear or
convex product order functions are examined. In this
paper, the inventory control models, generalizing the
classical ones, are analyzed. In the developing these
models, some restrictions, so peculiar for classical
models, have been discarded. For instance, linearity
and convexity conditions for the products order
function. The models are constructed under general
conditions for the warehouse order receiving.

1. The stochastic inventory control problem
with continuous demands

We study infinite inventory control problem. We
solve it using approximation method for discrete
processes to control optimally the continuous proces-
ses [5, 6]. This allows us to solve the inventory control
problem with general conditions for warehouse order
receiving.
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Let x be the initial quantity of products stores in a
warehouse. We also assume, that the products are
ordering at the discrete moments of time ¢ = 0, 1, 2,
..., the orders fulfill at the same moments of time with
the probability p, and they are fulfill one moment
later with probability g =1-p .

Suppose given functions: ¢(s) — density function
of demands; c(z) — the order’s price function (z —
quantity of products’ ordered); A(z) — function of

products stored in warehouse (price of storing z pro-
ducts); p(z) — penalty function (penalty for shortage

of z products); o (0 < o <1) — discount coefficient.

Let’s denote f(x) minimal expected value of ex-

penses of the optimal inventory problem in infinite
time, as x — the initial number of inventory. Our
multistage inventory process is described by dynamic
programming equations as follows:

/(x)=min(c(y = x)+ pL(y)+ gL(x)+
o] -k v

0
here

(2009205 [y =)o), a5 >0,
L(y)=1{" '

[ (s = »osds, as y <0,
0

We are analyzed the solution to the equation (1). It
has the following form



f(x)=u( Z,(J.C u, 1)+ pL(u, - x,)+
=0 0
1-1
+qL H(p S; — inf 2)
i=0
Suppose
Xpp =U, X, =8, Xy =X,
Z:l zztt-oct, ' zo =1, 3)

here s, — random variables with density o(s, )

We construct of the optimal continuous problem in
the case of:

Ify s )o(s)d.

here p is mean of s,, defined as

=f(y-n)

o
n= jst(P(St )dS,.
0
In this case, the criterion of quantity for the initial
process is expressed as

J e f) = (el oy = 1))+ pLOs )+ L)) (4)
=0
The equation of motion are:
Xl SU X — W, X =X,
Zip1 =200, 7o =1,
the control u, 21 at t=0,1...

©)

Let’s find a trajectory for the continuous problem
of the optimal control problem (4)-(5). We are going
to study the case, when the differential equation for
the trajectory of the continuous control process
according to the first recursion relation of the system
(5) has the following

dy _ _
So=uay+bp, y(0)=x. (6)

Since the solution of this equation satisfies the
following condition in interval [¢,7+1),

y(S): eua(s—t)y(t)+ eua(s—t)jeua(t—r)bud_c,

t

by using the definition of the optimal continuous
problem [5], we get the following relations:

U= eua

t+1
e jeua(t_r)bdr =-1
t

From the relations we have obtained follows

a=Inu,
he_ lnu'
u—1

It’s not difficult to check, that the differential equa-
tion according to the second recursion relation of the
system (5) has the following
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d—izzlna, Z(O)zl.

We are going to write the quality’s criteria for the
continuous problem of the problem (4)-(5) in the
following way

T, uls))= Tz(s)(E(y(s)(u(s)— D)+ pLy (uls)- ¥(s))+

0
oL ()l ult)=u,.
Since z, = a' , by using the definition of the con-

tinuous analogue [5], we get the following relations:
t+1

JRO N - s =ael 1) )
TV 6 =2l ) ®
TN 6 s =02, o

t

forall u, 21, t=0,,..

Therefore, we get the optimal control problem

©

T(v(s)uls))= [ (sl (y(s)us) - 1)+

0 (10)
4 L, (u(s) )+ ¢, (5 > i,

% = ln”(s{y(s)— ” SH_ lj’ 1(0)=x,
% = z(s)ln a, Z(O) -1

We will find the optimal control by using the
maximum principle for (10) — (11) problems. For the
discussing problem the Hamilton’s function has the

following form
H(p(s). y(s)uls) =y (={s )ep(s Nus) - 1))+

+ L (uls)- y(s))++4L, (v(s))+ v/ (s)ln uls)-

(11)

(12)

here y, <0.
Theorem 1. Let the following three conditions be

satisfied:

1) Functional J (y(s),u(s)), defined by the equation
(10), is bounded;

2) Piecewise partially continuous control of the
problem (10) - (11) exist;

3) Functions E(y), fl(y), Zz(y) are continuous and
have continuous derivatives.

Then the optimal control uo(s) of the problem
(10)-(11) satisfies the maximum condition

nl}ng(l//O(S)ayo(S)v”(S)):

) 6 6) o
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H(\uo(s), yo(s),uo(s))z 0, Vsz=0. (14)
here function H(y(s), y(s)u(s)) is defined by formula

(12), 1//0 (s) is the solution of the differential equation

dwds(s) __ aH(\V (s)éj}/(s), u (s)) (15)

and y, = 0.

Proof. We are going to study the process with
fixed end of trajectory:

T
j £o(2(5), 9(5),u(5))ds —> inf , (16)
0

the (11) 2(T) =z%(T),
w(T)= yO(T) are satisfied. Here (zo(s),yo(s),uo(s))
is the optimal process of the problem (10)-(11);
SE), (), u(5) = ) () u(s) - 1) +

+ pLiu(s)(s))+ gL (y(s).

The maximum of the Hamilton’s function, defined
by formula (12), is reached at:

max H{y (5), " (9)())= H{y (), )" (9)),

as conditions and

here y°(s) is the trajectory of the corresponding cont-
rol u°(s).
We know, that uo(s)(O <s<T) is the optimal

control of (16). Besides, the maximum principle and
condition

Hy° (), (5),u°(5))=0, (0<s<T)

are satisfying for this problem.
Since this equation is valid for all 7, we have:

Hy°(5),° (5),u°(5))= 0, ¥s20. 17)

The only statement we have to prove is y, #0.
Basically, if uo( y)>1, then from the relation (12) it
follows, that the point uO(s) is the root of the
equation
Voo, (1(9).u” () + v (B, (¥(5).u" () = 0. (18)

If y,=0, then from (18) it follows, that either
y(s)=0 or B'u # 0, but this contradicts the maxi-
mum principle. So, if uo(s) >1, then y, #0. The

only case that remains to consider is «° =1. By sub-
stituting u® =1 in the formula (12), we get the equa-
tion

Voz(s)e(0) + pLi(y) +qL2(y) +y(s)u=0.

From this equation it follows y, #0.
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Theorem is proved.

The solution the equation (10) — (11) describing
the optimal control (10-11) is formulated in the fol-
lowing theorem.

Theorem 2. Let the following two conditions be
satisfied:

1) Functional J =J(y(s)u(s)) defined by the
formula (10) is bounded;

2) Functions ¢(y), Ijl(y), Zz(y) are continuous and
have continuous derivatives.

Then the optimal control of the problem (10) - (11)
either satisfies the equation

xc! (o = 1))+ pl:,(u x)— (x(u —1) +

+ p(ulnu —u+ 1)(Ex(u —1)+ pL(u-x)+ qu(x))): (19)
(e = 1)+ Inuux —x — 1)) =0

il

condition max H(y(s), y(s)uls)) = H(y(s), y(s),uls)),

holds true.

Proof. To analyze the optimal control of the prob-
lem (10)-(11) we use the maximum principle [3].
From Theorem 1 it follows, that the Hamilton’s func-
tion with optimal control is equal to zero, it means

and conditions u(x)>1, u(x)#—+1, or u=1 and

H(\IIO(S),yO(S),uo(s))z 0, Vs>0.

Since z(s)=a’, the Hamilton’s function for this
problem has such form

Hlp (), 5 (),u"(5)) =
— e e () (5) - 1))+
+ pLi(u° (5)y°(5)) + g L2 (¥ () +

+ !//(S)(yo - jln u’ =0.

(20)

K
u’(s)—1

According to the maximum principle, function
\Vo(s) satisfies the differential equation

d 0. ) 0
& ‘§ = —a'yye (" () (s)~ 1)+
+ pLi () y (M (s) + gL (3 () - (21)
—y°(s)Inu’(s).
Since

H(y’(0),u’(0),x) =0,
assuming that y, = —1, from the last relation we get
H{p(0), 5°(0), (0)) = max H (y(0),u(0), x) =
=~ (0 )@’ ) = 1)+ pLi" (0)y°(0) + (22)

+qLa(y"(0)) + V/O(O)[y‘) —ﬁj Inu’=0.



So
w°(0) = (o (1 (0) — 1 ) e(x(u (0) - 1)
+ pLi°(0)x) + gLa(x) ): (23)
:(x(uO(O) —l)—,ulnuo)
Ifu®>1 , then
H, (" (0),u°(0),x)=
—a* (E'(x(u‘)(O) _ 1))x xpLi’(O)+
0
%0 o j 1 plnu ~0
A )[[x (0)-1)u0) () -1f
u?(0) = u(x). (24)

From the equations (23) and (24) it follows, that
the optimal control u(x) satisfies the equation (19). If

u(0)=1,
proof of the theorem.

then from the condition (17) we get the

Theorem is proved.

2. The inventory control problem with
discrete demands.

Let an initial inventory i of the i-th product be
equal to s; (si >0,i= I,_n) and at each moment of
time ¢ (=0, 1,...) the lot of products x = (xl,xz,..,x,,)
can be ordered. The lot order’s cost x is equal to ¢(x),

here

n

olx)=co + Z(Ci +x;01;),

i=1
where ¢; >0, a; >0, c(is general management ex-
penses, ¢; +a;x; is expenses of the order x; of i-th
product. Let ¢(0)=0, 0=(0,...,0). Furthermore, the

following data is given: 7 ( =1 n) — demands for the

i-th product; d; (l = l,n) — stock-price for the i-th pro-
duct; A — discount coefficient for one period of time
(0<A<).

In the single case the order function ¢(x) is
cf+o,x;, as x >0,

0, as x; =0,

here ¢ =¢y+¢.

If s, > 7, then it is obvious that the optimal policy
is not to order the products till the inventory is larger
than 77. If s; <7, then the optimal policy has the

following structure: to order such quantity of product
that it would be possible to satisfy the demands at
certain time moments and also that all inventory after
these time moments would be used up.
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Let’s find the number of time moments, during
which the demands are satisfied, but the products are
not ordered. We denote the number of these moments
by N, (s1 ) and minimal expenses when the initial

inventory is s; <# — by f(sl). Let’s discuss the case
=0. We obtain, that the function f (0)
satisfies the equation of dynamic programming

1(0)= I]rvl)igl(cl +a, (N +1) +

when s,

+ 2dyi (NA+ 2(N 1)+ .+ 2 ) 257 £ (0)
Therefore, we have

£(0)= min[—cl - (j“ s,

Mi-2)- All- M]:
(-ar(-2")

=ming(N)= (N, )

Let’s find N, (s, ) when 0 < s; < 7. We have
flsy)=min(e, +a, (Nr; —s,)+
+ﬂ,d,rl(N+(N—1)/1+...+/1N’1)+/1N”(p(NO)):

A= 2)-20-2")

(1-ay(-2"")
+a,Nyry + A7 (N, )): o — a8, + oy No(s, ) +
N 2dyi (N (5,01 = 2) = {1 - /1N°(”)))+/1No(sl>+l¢(N0).

(1= 2V (1= 2777)

Let’s study the multistage case, with the condition
5;=0 (i=1n) Then 5 =0=(0....0) and

+d,nA

Co— s, + mm(

7(0)= man(c +a,(N+1))+c, +

+ 2y (d,-r,- (xlN o+ AN )+ /1N“f(0))
i=1
From the last relation we find

f(O): n]\}gl = 1— ¥ +
n N(-A)-A-2Y)

Ay dr =
+ ; i"i _1)2(1 /1N+1)

= nA}ZiglF(N) =F(N,).

Let’s study the case, when s; <7 (izl,m) and

§; 2 (i:m+1,...,n; ISmSn).
Suppose, m = n. We are going to find the number
of time moments, during which the demands are

satisfied, but the products are not ordered. Denote this
number by N (s'), here st =(s,,..., s, ) We have
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fo1-afr St

i=1

+#§:dir,(N(l—/1)—/l(l ~ )+

+ 27 1(0) )= 0(N,(5")

Suppose, 1< m < n. Consider an inventory control
problem, where the initial inventory (of products) is
specified by s'=(sy...,s,) Let us denote the time
period, the demand conditions are satisfied and no
new product orders are needed, by N(s'). Now,

No(s’)+1 is fixed, and the minimal time period,

associated with the very first depletion is found. Let us
denote indices of products, whose inventory is too
small to satisfy demand conditions, by
m+1lm+2,...m+t (m+t£n).

Consider an inventory control problem, where the
initial inventory is specified by s''= (sl 28 oo Stam )

We designate the time period, the demand
conditions are satisfied and no new product orders are
needed as N (s"). The latter quantity gives minimum

to the following expression:

f(sn):mir{ {CO S e + e (V-1 _s,.)}

i=1

min
N+l)ri >8;

t+m

m;diri(zva—z)—z(l—ﬂ)%AN“f@)}

It some products, whose indices fall into the set
{t+m+l,...,n}, are depleted during the time period

N, (s')+ 1, we come to the earlier discussed situation,
with the initial inventory s'= (sl,sz,...,sHm ) If
products, whose indices fall into the set {m+1,...,n}
are not depleted during the time period No(s')+1,

then the only optimal policy is to make a new order
with the following product amounts:

(Nols)+ 1) =5, (=Tm)

If the demand is satisfied in the time period
N, (s')+ 1, we pass to the earlier case, with the earlier

discussed inventory control policy.

3. Conclusions

The inventory control theory is one of the newest
branches of the operation research. In this paper, the
two multistage inventory control models are analysed.
These processes are modelled by the dynamic prog-
ramming equations. There is a new continuous opti-
mal control process for the inventory control problem
with the continuous density function of demands,
equivalent to the investigated one, created. In addition,
for the new continuous optimal and multistage inven-
tory control process with the discrete density function
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of demands the optimal policy for ordering the pro-
ducts is determined. For the discrete process amount
of time moment, during which the demands are satis-
fied without additional product restocking, are found.
While creating these models, some restrictions of the
classical models are discarded. The models using
more general conditions of warehouse inventory reple-
nishment are constructed.
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