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STRONGLY SUMMABLE AND STATISTICALLY CONVERGENT 
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Abstract. Strongly summable sequences and lacunary strongly summable sequences were studied by several 
authors including [5]. Also statistically convergent sequences and lacunary statistical convergent sequences were 
studied several authors, including [2],[3],[6],[7].In this paper instead of sequences, by taking real valued functions 
x,measurable (in the Lebesque sense) in the interval (1;1), we have given definitions of summability, strong 
summability, lacunary convergence, lacunary strong convergence, strongly almost convergence, statistical convergence 
and lacunary statistical convergence of these functions. Also we have given some inclusion relations. 

 
 

1. Introduction 

By a lacunary sequence we mean an increasing 
integer sequence θ = {kr} such that kθ = 0 and  
hr = kr – kr-1 ∞→∞→ ras . Throughout this paper the 
intervals determined by θ = {kr} will be denoted by  
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qr. The space of strongly Cesaro summable sequences 
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Definition 1.1. [1][W] is the space of real valued 
functions x, measurable (in the Lebesque sense) in the 
interval (1; ∞), for which there is a number l=l(x) 
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[W] for which l = 0 by [W0]. 

2. Lacunary strongly convergent sequences 

Definition 2.1. Let θ = {kr} be a lacunary se-
quence, Nθ  is the space of real valued function x, 
measurable (in the Lebesque) in the interval (1; ∞),  
for which there is a number l = l(x) such that  
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Let θ = {kr} be lacunary sequence. If we define a 
function x = x(t) by 

( rIx , 

then . 

Theorem 2.2. For any lacunary sequence θ = 
{kr}, [  if and only if lim infrqr > 1. 

Proof. If  lim infrqr > 1 then we can find λ > 0 
that 1 + λ ≤ qr for all r ≥ 1. For  we can 
write 
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. The general inclusion [ follows by 
linearity. 
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Now assume that lim infrqr = 1. Since θ is a 
lacunary sequence, we can select a subsequence (krj) 
of θ satisfying 
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We can prove the following theorem by using similar 
techniques to Lemmas 2.1, 2.2 and Theorem 2.1of [4]. jk
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 where rj ≥ rj-1 + 2. 

Theorem 3.3. Let θ = {kr} be a lacunary se-
quence. Then (i)  if and only if lim supFF ⊂θ rqr < ∞, 
(ii)  if and only if lim infFF ⊂θ rqr > 1, (iii) F = Fθ  if 
and only if 1 < lim infrqr ≤ lim suprqr < ∞. 

Let 
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We can prove the following theorem by using 
similar techniques to Theorem 1 of [7]. 

Then for any real number l, 

|1||)(|1

1

ldtltx
h

jr

jrj

k

kr

−=−∫
−

 for j = 1, 2, ..., and 

jr
k

kr

rldttx
h

r

r

≠=∫
−

for|||)(|
1

1

.  

Theorem 3.4. Let θ = {kr} be a lacunary se-
quence. Then (i) x(t) → l(Nθ ) implies x(t) → L(Fθ ), 
(ii) If x(t) is a bounded function and x(t) → L(Fθ ), 
then x(t) → l(Nθ), (iii) For bounded function x(t), Fθ  = 
Nθ .  

Hence . If u is any sufficiently large integer we 
can find unique j for 
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jj rr kuk  and write 4. Strong almost convergence 

Definition 4.1. C
)

 is the space of real valued 

functions x measurable (in the Lebesque sence) in the 
interval (1, ∞), for which there is a number l = l(x) 
such that 
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As it follows that also  and ∞→u ∞→j ][ 0Wx ∈ . 

We can prove the following theorem by using 
similar techniques to Lemma 2.2 of [2]. ∫
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1, 2, ... Theorem 2.3. For any lacunary sequence θ = 
{kr}, [W] = Nθ  if and only if lim suprqr < ∞. 

We can prove the following theorem by using 
techniques to Lemma 3.1 [2]. Combining Theorem 2.2 and Theorem 2.3 we get 

Theorem 2.4. For any lacunary sequence θ = 
{kr}, [W] = Nθ  if and only if 1< lim infrqr  < lim suprqr 
< ∞. 

Theorem 4.2. θNC ⊂
)

 for every lacunary se-

quence θ = {kr}. 

3.  Statistical and lacunary statistical 
convergence 

5. The space W and Cθ 

Definition 5.1. W is the space of real valued 
functions x measurable (in the Lebesque sence) in the 
interval (1, ∞), for which there is a number l = l(x) 
such that 

Definition 3.1. A real valued function x measur-
able (in the Lebesque sence) in the interval (1, ∞), is 
said to be statistically convergent to the number l = 
l(x) if for every ε > 0, 
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If we define where the vertical bars indicate the Lebesque measure 
of the enclosed set. In this case we write x(t) → l(F) 
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F = {x(t) : for some l, x(t) → l(F)}. 

Definition 3.2. Let θ = {kr} be a lacunary se-
quence. A real valued function x, measurable (in the 
Lebesque sence) in the interval (1; ∞),  is said to be 
lacunary statistically convergent to the number l = 
l(x) if for every ε > 0, 

then Wx ∈  and l = 1. 
Definition 5.2. For any lacunary sequence θ = 

{kr}, cθ  is the space of real valued functions x 
measurable (in the Lebesque sense) in the interval (1, 
∞), for which there is a number l = l(x) such that 
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In this case we write x(t) → l(Fθ) and we define 
Theorem 5.3. W  if and only if  

lim inf
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rqr > 1. 
F = {x(t) : for some l, x(t) → l(Fθ). 
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This function is in W and not in cθ . 


