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STRONGLY SUMMABLE AND STATISTICALLY CONVERGENT
FUNCTIONS

F. Nuray and B. Aydin
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Abstract. Strongly summable sequences and lacunary strongly summable sequences were studied by several
authors including [S]. Also statistically convergent sequences and lacunary statistical convergent sequences were
studied several authors, including [2],[3],[6],[7].In this paper instead of sequences, by taking real valued functions
x,measurable (in the Lebesque sense) in the interval (1;1), we have given definitions of summability, strong
summability, lacunary convergence, lacunary strong convergence, strongly almost convergence, statistical convergence
and lacunary statistical convergence of these functions. Also we have given some inclusion relations.

1. Introduction

By a lacunary sequence we mean an increasing
integer sequence 6 = {k,} such that ky = 0 and
h.=k,— k.1 — o as r > o . Throughout this paper the

intervals determined by &€ = {k,} will be denoted by
I, = (k..1, k) and the ratio k,

r-1
q,- The space of strongly Cesaro summable sequences
is defined by

[w]={x=(x;) : there exists [ such that
. 1
lim, ,, —> |x, —[|=0}
n ko

Definition 1.1. [1]/W] is the space of real valued
functions x, measurable (in the Lebesque sense) in the
interval (1; ), for which there is a number [=I(x)

will be abbreviated by

1%
such that lim—{|x(t)=1|dt =0 with norm ||| =
T—w T 1

1 T
SupT>l(FJ|x(t)|dtJ. We denote those functions in
1

[W] for which I = 0 by [W;].

2. Lacunary strongly convergent sequences

Definition 2.1. Let 6 = {k,} be a lacunary se-
quence, Ny is the space of real valued function x,
measurable (in the Lebesque) in the interval (1; ),
for which there is a number [ = l(x) such that

1
11mh— J.| x(t)—1|dt=0 with norm
r ok,
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|k
||| = sup{h— J| x(t)| dt]. We denote those functions

"ok
in [Ng] for which 1 =0 by [ N ].
Let 0 = {k.} be lacunary sequence. If we define a

function x = x(¢) by

2
—si if tel
x0=17 signp(t) iftel, ’

0 otherwise

then xe Nj.

Theorem 2.2. For any lacunary sequence 6 =
{k,}, W]< N, if and only if lim inf,q,> 1.

Proof. If lim infg,> 1 then we can find 1 > 0
that 1 + A < ¢, for all » > 1. For x(¢) €[W,] we can
write

1 kr 1 kr 1 krfl
= [1x@1de =[x de == [1x(0) | dr
r ok, o1 ro1

k(1% k(1%
=h—f(k—j|x(t)|d¢J—hA[k— j|x(t)|dt].

r r

r 1+ h<l

——<—, <

A oh

Since and x(¢) €[W,] we have

x(¢) € Ny . The general inclusion [#] < N, follows by
linearity.

Now assume that lim inf,g, = 1. Since 8 is a
lacunary sequence, we can select a subsequence (k)
of Osatisfying
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kr- 1 kr-fl
—<1+— and k+<j where ;> 1y + 2.
Tj-1 J Tj-1
Let
1 if tel forsome j=1,2,..
x(t)= J . .
0 otherwise

Then for any real number /,
k..

hi j|x(t)—z|dt:|1—z| forj=1,2, ..,and

ri k.
7 Ryl

1
— j|x(t)|dt:|1|for rEr.
hr Ky
Hence x ¢ N, . If u is any sufficiently large integer we

can find unique j for k’/*‘ <u< kmrl and write

2
Ik

~. |-

17 k,./_71+hr/_
—[Ix(0)|de < —H—L <=+
ul krjfl J

As u — oo it follows that also j — o and x €[W].

We can prove the following theorem by using
similar techniques to Lemma 2.2 of [2].

Theorem 2.3. For any lacunary sequence 6 =
{k.}, [W] = Ny if and only if lim sup,q, < .

Combining Theorem 2.2 and Theorem 2.3 we get

Theorem 2.4. For any lacunary sequence 6 =
{k.}, [W] = Ny if and only if 1< lim inf,g, <lim sup,q,

< 00.

3. Statistical and lacunary statistical
convergence

Definition 3.1. 4 real valued function x measur-
able (in the Lebesque sence) in the interval (1, o), is
said to be statistically convergent to the number | =

I(x) if for every £> 0,

where the vertical bars indicate the Lebesque measure
of the enclosed set. In this case we write x(t) — I(F)
and we define

F = {x(¢) : for some /, x({) — I(F)}.

Definition 3.2. Let 6 = {k,} be a lacunary se-
quence. A real valued function x, measurable (in the
Lebesque sence) in the interval (1; ), is said to be
lacunary statistically convergent to the number | =
I(x) if for every £> 0,

lirnHwhtheI, Jx()—1]2 €} = 0.

In this case we write x(t) — I(Fy) and we define

F = {x(¢) : for some [, x(t) — I(F).
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We can prove the following theorem by using similar
techniques to Lemmas 2.1, 2.2 and Theorem 2.10f [4].

Theorem 3.3. Let 6 = {k.} be a lacunary se-
quence. Then (i) F, c F if and only if lim sup,q, < o,
(i) Fy, c F if and only if lim inf.q,> 1, (iii) F = Fy if
and only if 1 <lim inf,q, < lim sup,q, < .

We can prove the following theorem by using
similar techniques to Theorem 1 of [7].

Theorem 3.4. Let 6 = {k.} be a lacunary se-
quence. Then (i) x(f) — I(Ny) implies x(t) — L(Fy),
(ii) If x(¢) is a bounded function and x(f) — L(Fy ),
then x(t) — I(Ny), (iii) For bounded function x(t), Fg =
Nog.

4. Strong almost convergence

Definition 4.1. ‘é‘ is the space of real valued

functions x measurable (in the Lebesque sence) in the
interval (1, ), for which there is a number | = I(x)
such that
m+T
lim,._,, — [Ix()~11dt=0 uniformly in m = 0,
m+1
1,2,..
We can prove the following theorem by using
techniques to Lemma 3.1 [2].

Theorem 4.2. ‘é‘ c N, for every lacunary se-
quence 0= {k.}.

5. The space W and Cy

Definition 5.1. W is the space of real valued
functions x measurable (in the Lebesque sence) in the
interval (1, ), for which there is a number | = l(x)
such that

1 m+T
lim, .., — [x(tyde=1.

m+1

If we define

2" if n<t<n:2—ln, n=123,..

x(t)=

0 otherwise

then xeW and/=1.

Definition 5.2. For any lacunary sequence 6 =
{k.}, cgis the space of real valued functions x
measurable (in the Lebesque sense) in the interval (1,
o), for which there is a number | = l(x) such that

m+T
lim,._,, — j x(t)dt =1

m+l1

Theorem 5.3. W < C, if and only if
lim inf.q,> 1.



Proof. Suppose that lim inf,q,> 1. If x el , then
there exists 1 such that
T

. 1
lim,_,, Fjl.x(t)dt =1.

We write
1 k, 1 k, ke
— Hdt =— 1)dt — 1)dt
h,.k,Jf() hy“x() !x() J
k, Koy
. [x(t)at [x(t)at
=L _L by +mg..
l’lr kr hr k)__l ryi m} gl

where y, —>/,g —[and (b,) and (m,) are bounded

sequences satisfying b,+ m, =1 for r=1,2, ... . Then
we have that | bryr+ bryrf l| = | br(yrfl) + mr(grf
DI<1b| =1+ |m|lg-—I| > 0and xec,.

Suppose that liminf,g,> 1. Then we define a
function x(¢) as follows:

1 iftel, ,forsome;j=1,2,3,..
x(t)= ! .
0 otherwise

This function is in W and not in cy.
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