ISSN 1392 – 124X INFORMATION TECHNOLOGY AND CONTROL, 2006, Vol. 35, No. 3

VISUALIZATION OF FRINGES IN TIME AVERAGED
MOIRE PATTERNS
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Abstract. Time averaging interferometry is an experimental technique widely applied in different areas of optical
engineering. Typical example is an application of time averaging techniques for the analysis of fringes produced by a
moiré grating formed on the surface of oscillating elastic structure. Unfortunately, time averaged moiré produces
blurred images. Therefore, special digital image filtering is to be used for highlighting the pattern of time averaged
fringes. Such a procedure is essential for the investigation of dynamical systems with non-harmonic motion as the
produced moiré pattern is particularly blurred. This paper proposes some techniques for the sharpening of fringes in
time averaged moiré patterns.
Keywords: moiré, digital image, visualization, morphological operators.

structure in the state of equilibrium is interpreted as
harmonic function [5, 10]

1. Introduction
Double exposure geometric moiré [5, 9] is an experimental technique based on analysis of visual patterns
produced by superposition of two periodic gratings that
geometrically interfere. Moiré techniques are widely
applied in different areas of optical engineering. Deformations are measured directly from the moiré image by
interpreting the produced fringes [1, 6]. The contrast of
the obtained fringe pattern in double exposure moiré
image is sufficient enough and no extra visualization
techniques are required. Moiré grating is formed on the
surface of elastic oscillating structure for analysis of
dynamic displacements and time averaging techniques
are used for the formation of fringe patterns [10, 11].
Nevertheless, the produced time averaged moiré image
is not as sharp as image produced by double exposure
geometric moiré. Therefore, special digital image filtering must be used for highlighting the pattern of time
averaged fringes. This procedure is essential for the investigation of dynamical systems with non-harmonic
motion as the produced moiré pattern is then particularly
blurred. The paper introduces some techniques which
can be effective for the sharpening of the fringes in
moiré patterns. Additionally, morphological operations
are adapted for the removal of initial moiré grating
irrelevant for the interpretation of fringes.

π 
I 1 (x ) = cos 2  x  ,
λ 

(1)

where λ − is the pitch of grating, x – geometrical
coordinate. Values of I 1 vary in the range between 0
(black colour) and 1 (white colour) (Figure 1(a)).
Moiré grating in the deformed state can be expressed
in the following way (Figure 1(b)) [10]:
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I 2 (x ) = cos 2  (x − u(x )) ,
λ


(2)

where u (x ) stands for displacement from the state of
equilibrium at point x.
The intensity of illumination of double exposure
geometric moiré I d is calculated as the arithmetic mean
of intensity functions I1 and I 2 (Figure 1(c)) [11]:
I d (x ) =
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The centres of fringes are located at such point x
where the branches of the envelope function
1 1
π

± cos u ( x ) intersect [11]:
2 2
λ


2. Geometric moiré
One-dimensional example is analysed for simplicity.
Moiré grating formed on the surface of one dimensional
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Figure 1. Intensity of illumination: (a) I1 (x ) ; (b) I 2 (x ) ; (c) I d (x ) ; (d) I th (x ) ; (e) I hs (x ) ,
when u (x ) = kx ; λ = 0.5 ; k = 0.05 ; σ = 0.15

1

u (x ) = λ  n −  .
2


I th (x ) =

(4)

ment and J 0 is zero order Bessel function of the first
kind:
1
T →∞ T

3. Time averaged geometric moiré

J 0 (a ) = lim

Double exposure geometric moiré techniques provide
insight into static in-plane displacements of analysed
bodies. Time averaged geometric moiré is a technique
applicable for the analysis of oscillating elastic structures [10].
If the deformation of the grating from the state of
equilibrium (eq.(2)) oscillates in time, the intensity of
illumination at point x and at time moment t can be
described as:

u (x ) =

(5)

T

∫

∫ exp( ja sin (ωt − ϕ ))dt .

(8)

0

λ
2π

rn ,

(9)

where rn is the n-th root of the zero order Bessel function of the first kind.
It can be noted that time averaged fringes do not carry any information about frequency or phase of
oscillations.
It can be observed that time averaged moiré image is
blurred if compared with double exposure geometric
moiré (Figure 1(d)). Digital image filtering techniques
must be applied for fringe visualization. It is especially
relevant for the fringes of higher orders.
Equation (7) determines the intensity of time
averaged fringe pattern if only oscillations of the sample
are harmonic. How will the fringes be modulated if ζ (t )
is treated as a non-harmonic process? Let’s assume that
ζ (t ) is approximated by a discrete series of random

If time averaging techniques are used for the
determination of intensity of the surface (and the
exposure time is much longer than the frequency of
oscillations), then the averaged intensity of illumination
at point x is:
1

π
cos 2  (x − u (x ) ⋅ ζ (t ))dt ,
T →∞ T
λ


0

T

Fringes are modulated by the envelope function
1
 2π

Eth (x ) = ± J 0 
u (x ) (Figure 1(d)). The displace2
 λ

ment of the point x located at the centre of the n-th fringe
can be calculated [11]:

where ζ (t ) is a function determining the variation of
displacement u (x ) in time.

I t (x ) = lim

(7)

where u (x ) defines the amplitude of dynamic displace-

Figure 1(c) shows that the produced fringes are
sufficiently clear and there is no demand to increase the
sharpness of the image.

I 1 (x − u (x ) ⋅ ζ (t )) ,

1 1

 2π   2π
+ cos
x J 0 
u ( x ) ,
2 2

 λ   λ

(6)

where T – exposure time.
Let‘s assume that the analysed structure oscillates
harmonically with angular frequency ω and phase ϕ :

ζ (t ) = sin (ωt + ϕ ) . Then the intensity of time averaged

normally distributed numbers with zero mean and σ 2

(

moiré I th at any point x can be expressed [11]:

)

variance: ζ i ~ N 0, σ 2 . It can be shown [8] that intensity of time averaged moiré image is then:
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0, 0.5 − k ≤ I (x, y ) ≤ 0.5 + k ,
3. F (I (x, y )) = 
1, otherwise.

2

.

(10)
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Fringe pattern is modulated by the envelope function:
1  2π
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It can be noted that no fringes will be produced at all
(Figure 1(e)) and intensity converges exponentially to
0.5 for large displacements. The rate of convergence is
conditioned by the value of variance. The greater value
of variance results in the faster convergence.

4. Filtering techniques
Figure 2. F (I (x, y )) = tanh (k (I (x, y ) − 0.5)) ;
2

Let‘s assume that the intensity of the original twodimensional image is I (x, y ) . Then F (I (x, y )) denotes
the intensity of the highlighted image.
How should one choose the function F to sharpen the
pattern of interference fringes? Intensity of illumination
of original image I (x, y ) varies between 0 (black colour) and 1 (white colour); besides, the centres of fringes
correspond to intensity of I (x, y ) = 0.5 . These statements lead to the following properties of filtering function F:
• F is symmetrical in respect to the intensity level
I (x, y ) = 0.5 : F (I (x, y )) = F (1 − I (x, y )) ,
•

where k = 1, 2, ...,10

F ∈ [0; δ ] if and only if I (x, y ) ∈ [0.5 − ε ; 0.5 + ε ] ,

where ε and δ are small positive numbers. The digital
image is darkened where the intensity is around 0.5
( 0.5 − ε < I (x, y ) < 0.5 + ε ) and is brightened elsewhere.

1
 k ⋅ I (x, y ) − 0.5

Figure 3. F (I (x, y )) = if 0.5 − k ≤ I (x, y ) ≤ 0.5 + k ,
1, otherwise.



The following functions for the filtering of the digital
image are proposed.
1. F (I (x, y )) = tanh 2 (k (I (x, y ) − 0.5)) .

(12)

The curves of this function are presented in Figure 2
for various values of k ( k = 1,2,...,10 ). Parameter k defines the depth of darkening of the digital image around
I = 0.5 . Small values of k produce too wide fringes and
insufficient contrast between fringes and the whole
image. At k < 1 the whole image is darkened. Very large
k generates thin unsmooth fringes; moreover, the
obtained image is bleached.
1
 k ⋅ I (x, y ) − 0.5

2. F (I (x, y )) = if 0.5 − k ≤ I (x, y ) ≤ 0.5 + k , (13)
1, otherwise.


The shape of this function is demonstrated in
Figure 3 (at k = 0.2 ). The sharpness of the fringes for
large parameter k is poor; the fringe itself is rather wide.
Thin unsmooth fringes and bleached image is obtained if
parameter k is relatively small.

0, 0.5 − k ≤ I (x, y ) ≤ 0.5 + k ,
1, otherwise.

Figure 4. F (I (x, y )) = 

An illustration of this threshold function is given in
Figure 4. Function (14) produces a binary image while
the result of functions (12) and (13) is a greyscale
representation.
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Filtering functions help to highlight fringe pattern but
they make no effect on original moiré grating which is
irrelevant for the interpretation of fringes. This grating
can be removed by applying morphological operators to
the digital image [2, 3, 4]. Morphological operators are

particularly used for the analysis of binary images
though their application to greyscale images is also possible.

Figure 5. Structuring elements: (a) for hit and miss transformation; (b) for erosion operation

Figure 6. Visualization of double exposure geometrical moiré: (a) original image;
(b) highlighted image; (c) highlighted and cleaned image

Figure 7. Visualization of time averaged geometrical moiré: (a) original image;

(b) highlighted image; (c) highlighted and cleaned image
Morphological operators use a binary image and a
structuring element as input and combine them using a
set operator (intersection, union, etc.). Usually, the
structuring element is a matrix sized 3×3 and has its
origin at the centre pixel [2, 4]. It is shifted over the
image and its elements are compared with the set of
the underlying pixels. If the two sets of elements
match the condition defined by the set operator, the
pixel underneath the origin of the structuring element
is set to a pre-defined value (0 or 1 for binary images)
[4].
The lines of original moiré grating have several
black pixels in width so foreground pixels with a
particular number of background neighbours must be
deleted for their removal. Hit and miss transformation
[4] is appropriate in this case as it can be used to look

for several patterns (or, alternatively, for the same
pattern in several orientations).
Several versions of structuring element for hit and
miss transformation are presented in Figure 5(a).
Surely, other variations of structuring element are also
possible. Foreground pixel (black) is set to
background colour (white) when its neighbours match
pixels in the matrix of structuring element exactly. The
number of background pixels n f in the structuring
element depends upon the width of original grating
lines. The thinner are the grating lines, the greater is
the parameter n f .
Erosion operator [4] is an alternative for hit and
miss transformation. In the following example, 3×3
structuring element (Figure 5(b)) is used. The goal of
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this operation is to remove any foreground pixel that
is not completely surrounded by other black pixels.
The grating is removed by iterating hit and miss or
erosion operations for several times. High iteration
numbers can degrade the fringes. Furthermore, the
whole image can be completely deleted in both cases.

5. Example for visualization of fringes
Visualization of fringes in double exposure
geometric moiré image is presented in Figure 6. The
threshold function (eq.(14)) at k=0.15 and the erosion
operator (Figure 5(b)) are used for the image
processing.

Figure 8. Chaotic oscillations of the dynamical system over exposure time T

Figure 9. Visualization of time averaged reflection moiré (harmonic oscillations):
(a) original image; (b) highlighted image; (c) highlighted and cleaned image

Figure 10. Visualization of time averaged reflection moiré (chaotic oscillations):
(a) original image; (b) highlighted image; (c) highlighted and cleaned mage

The same sharpening techniques are also applied
for images produced by time averaged geometric
moiré (Figure 7). Chaotic oscillations (Figure 8) and
sufficiently long exposure time T was used for the
simulation of original digital image. The value of k is
smaller (k=0.03) for this case.

Figure 9 illustrates highlighting of the fringes for
time averaged reflection moiré pattern constructed for
centrally clamped circular disk oscillating harmonically according to the tenth eigenmode [7]. Analogously,
the highlighted images of centrally clamped circular
disk oscillating chaotically are given in Figure 10.
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Visualization procedures for time averaged reflection
moiré patterns are the same as in the previous
examples. Parameter k is equal to 0.07 and 0.03 for
harmonic and chaotic oscillations, respectively.

6. Concluding remarks
The paper presents some techniques for sharpening
pattern of fringes and removing irrelevant moiré grating in digitized moiré images. The proposed visualization procedures help to highlight fringes and
interpret the digital moiré images with greater precision, what is essential in hybrid numerical –
experimental environments.
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